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Résumé

Cette these traite de plusieurs problémes reliés aux matrices aléatoires et a I’énumération de cartes.
Informellement, les cartes sont des graphes dessinés sur des surfaces. Les travaux des physiciens Brézin,
Itzkson, Parisi, et Zuber ont permis de comprendre que le probléme de I’énumération des cartes est
relié a la distribution des valeurs propres de matrices aléatoires Hermitiennes Gaussiennes. Ce lien,
beaucoup étudié depuis, s’est révélé fructueux dans les deux directions: une bonne compréhension de la
combinatoire des cartes permet de décrire le spectre de matrices aléatoires, et des méthodes analytiques
applicables aux intégrales de matrices permettent d’approcher des problémes combinatoires a priori
difficiles. Le Chapitre 3 de cette thése propose une description de modéles de matrices aléatoires unitaires
en terme d’une famille de cartes, les cartes de type unitaire. Ces cartes constituent une généralisation
d’une famille d’objets combinatoires liés aux probabilités libres, les nombres de Hurwitz monotones.
D’autre part, la distribution de valeurs propres de matrices Hermitiennes unitairement invariantes
est un cas particulier d’'une famille de mesures appelée 3-ensemble. Au Chapitre 4, on propose une
méthode directe de calcul des moments du -ensemble en terme de cartes. Cette approche propose un
point de vue nouveau sur les moments du S-ensemble, différent de celui considéré par LaCroix, dans le
cadre la b-conjecture de Goulden et Jackson en combinatoire algébrique.

Des relations clés pour étudier les liens entre cartes et matrices aléatoires sont les équations de
Dyson-Schwinger. En théorie des matrices aléatoires, ces équations apparaissent comme conséquence
de invariance par translation de la mesure de référence considérée. Au dela, ces équations apparaissent
sous d’autres formes dans de nombreux domaines: en particulier, il s’agit des équations de Tutte en
combinatoire des cartes. Elles peuvent étre vues comme un cas particulier de la récurrence topologique
de Eynard et Orantin. Ecrites pour le 5-modele et dans la limite de grande dimension, les équations de
Dyson-Schwinger peuvent étre interprétées comme définissant une courbe hyperelliptique, la courbe
spectrale. De nombreuses observables de matrices aléatoires correspondent a des objets géométriques
définis en terme de la courbe spectrale. Il est alors possible de réinterpréter des identités probabilistes
de matrices aléatoires d’un point de vue géométrique. Une telle approche est discutée au Chapitre 5,
pour obtenir des analogues Pfaffiens de la formule de Fay.

Plutot que le spectre, on peut étudier les vecteur propres de matrices aléatoires. Dans ce cadre,
on discute du probléme de localisation des vecteurs propres d’une matrice d’adjacence d’un graphe
aléatoire. Cette question est liée notamment au probléme de la localisation d’Anderson, un probléme
encore partiellement ouvert en physique mathématique. Au Chapitre 6, on étudie le probléme de
localisation pour le modéle Generalized Random Graph, qui généralise le modéle d’Erds-Rényi.






Abstract

This thesis discusses several problems related to random matrices and to the enumeration of maps.
Informally, a map is a graph drawn on a surface. The work of the physicists Brézin, Itzykson, Parisi,
and Zuber showed that the problem of enumerating maps is related to the distribution of eigenvalues
of random Gaussian Hermitian matrices. This link, much studied since, turned out to be fruitful in both
directions: a good understanding of the combinatorics of maps allows the description of the spectrum
of some random matrices, and analytical methods applicable to integrals over spaces of matrices can be
used to treat combinatorial problems that are a priori difficult. Chapter 3 of this thesis give a description
of random unitary matrix models in terms of a family of maps, the maps of unitary type. These maps
are a generalization of a family of combinatorial numbers related to free probability, the monotone
Hurwitz numbers. Moreover, the distribution of eigenvalues of unitarily invariant random matrices is
a particular case of a family of measure called 8-ensemble. In Chapter 4, we give a direct method to
compute the moments of the 5-ensemble in terms of maps. This approach gives a new point of view on
theses moments, different from the one taken by LaCroix in the context of the b-conjecture of Goulden
and Jackson in algebraic combinatorics.

Some key relations to study the links between maps and random matrices are the Dyson-Schwinger
equations. In random matrix theory, these equations appear as a consequence of the invariance by
translation of the relevant reference measure. Beyond this, these equations appear under different
guises in many fields: in particular, they are Tutte’s equations for the combinatorics of maps. They can
be seen as a particular case of the topological recursion of Eynard and Orantin. Written for the 5-model,
and in the limit of large dimension, the Dyson-Schwinger equations can be interpreted as defining
a hyperelliptic curve, the spectral curve. Many observables of random matrix theory correspond to
geometric objects defined in terms of the spectral curve. It is then possible to reinterpret probabilistic
identities from random matrix theory from a geometric point of view. Such an approach is discussed in
Chapter 5, to obtain Pfaffian analogues of Fay’s formula.

Rather than the spectrum, one can study the eigenvectors of random matrices. In this context, we
discuss the problem of localization of the eigenvectors of the adjacency matrix of a random graph.
This question is related in particular to the problem of Anderson localization, still partially open in
mathematical physics. In Chapter 6, we study the problem of localization for the Generalized Random
Graph model, which generalizes the Erd6s-Rényi model.
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Chapter 1

Introduction

We start by motivating our main contributions through an overview of the main themes of this Thesis.
The mathematical notions we discuss informally in this introduction will be defined rigorously in
Chapter 2.

1.1 Some questions in random matrix theory

Random Matrix Theory originated from many sources. One could argue, like Diaconis and Forrester
[DF16], that it started with the work of Hurwitz [Hur97] on the Haar measure of classical groups.
Hurwitz gave a parametrization of the group SO(N) in terms of Euler angles, which allowed him to
express the Haar measure in a simple way. However, this point of view is centered on the algebraic part
of the theory. The origin of Random Matrix Theory as a part of probability theory may rather be traced
back to Wishart’s work in statistics [Wis28]. Wishart was interested in p x NN rectangular matrices
X, made of p families of N samples. His goal was to estimate the empirical variances and covariances
between these p families. He thus introduced rectangular random matrices with independent entries
as a main object of study. The topic entered mathematical physics with the work of Wigner [Wig55;
Wig58], related to nuclear physics. In particular, he introduced in [Wig58] the random Hermitian
matrices with identically and independently distributed entries (up to Hermiticity) that now bear his
name. Wigner matrices appeared as a model Hamiltonian for a heavy nucleus, whose eigenvalues
could be computed (see also the review [Wig67]). He showed that the eigenvalues of such matrices
are distributed in the large dimension limit as the semicircle distribution, ubiquitous in random matrix
theory.

Wigner’s interest was to understand the spectrum of some random matrices, that corresponds to
energy levels of heavy nuclei. Soon after this work, Anderson [And58] proposed a random matrix model
in condensed matter physics. His goal was to describe quantum diffusion in a random medium: the
behaviour of the eigenvectors rather than the eigenvalues was the question of interest. If an eigenvector
is (roughly) supported on a small number of components, we say that it is localized, and delocalized
otherwise. The random Anderson Hamiltonian is made of a diffusion part on a lattice (that may or may
not be random) and a random potential part, effectively a random diagonal in the matrix. Despite the
apparent simplicity of the model, many questions related to Anderson localization remain open. A way
to probe this physical question is to consider graph models. The adjacency matrix of a random graph
can then be thought of as being an analogue of the random diffusive part of a random Hamiltonian.

We stressed that Wishart and Wigner matrices are assumed to have independent entries. Building on
works of Wigner, Dyson [Dys62a; Dys62b] argued that while independence is a convenient mathematical
assumption, it does not describes the relevant physical invariances in most situations. He argued that
the truly physical assumption was that of invariance of the measure under the action of a group of
symmetries. The group of invariance we shall be interested in, as well as the corresponding matrix
models, will be discussed in Section 2.3.

Following Wigner, we will approach the study of the spectrum of random matrices by studying

11



CHAPTER 1. INTRODUCTION

the moments of the empirical distribution of the eigenvalues of our random matrices. By moments of a
random matrix X, we mean quantities of the form

E [T Xt fork>o0.
The joint moments are then
E[Trx’ﬂ---TrX’ﬂ for ki, ...k > 1.

We will discuss moments in Section 2.2. A surprising fact is that in many cases, such quantities can
be expressed in terms of enumeration of maps. Informally, maps are graphs drawn on surfaces, or
alternatively, discretized surfaces, made of several polygons glued together along their edges. They will
be defined formally in Section 2.4.1. This point of view was pioneered by physicists such as ’t Hooft
[tH74] in the context of quantum field theory. We start be giving a short account of how the description
of the moments of the GUE in terms of maps appeared in physics.

1.2 The planar approximation in physics

In quantum field theory, one wishes to compute complicated integrals over spaces of classical fields.
Those classical fields are functions X — Y between a space X, a model of the universe, and a target
space Y. Defining the integration procedure is often a difficult problem which may in some cases be
tackled by an appropriate discretization scheme. In many cases, we can define the integration when
the fields considered are not interacting together. Roughly speaking, this means we are integrating
over the space of classical fields under a generalization of the Gaussian measure. This case is usually
called the free field. Once this is defined, many computations can be done using perturbation theory. In
this setup, to make the computation tractable, the interaction terms between the fields are assumed to
be a perturbation of the free field. A parameter scaling the strength of the interaction is introduced
and assumed to be small. It allows to express the integral under study as a series in the strength
parameter of the interaction. The coefficients of the series are described using a graphical method: to
each contribution to the series corresponds a Feynman diagram, a graph with different types of vertices
and edges, all of which admit a physical interpretation. Each Feynman diagram is weighted by an
integral encoded by the diagram.

An important step toward the introduction of topological expansion is the work of "t Hooft on
the strong interaction [tH74]. He proposed a model in which he considered N types of particles in
interaction, with a coupling parameter g'. In the limit N — oo and g — 0 with A\ = g2 N kept constant,
he remarked that among the Feynman diagrams for his model, only the planar ones gave a contribution.
The contribution of the other diagrams decay with a power of N depending on their genus. This
highlighted that models with a large number IV of internal degrees of freedom (in this case, a large
number of different type of particles or colors) simplify considerably when N — oo.

A few years later, Brézin, Itzykson, Parisi, and Zuber [Bré+78] continued the study of this simplifi-
cation in the planar limit. They considered a toy quantum field theory in which the model universe is a
point and the target space of the classical field is the space of Hermitian N x N matrices Ha (V). In
fact, they considered (up to a different scaling) the following integral:

Zé\,]v _ / efNTrV(X)fg TrXZdX’
Ha(N)

where V =5, %xk is a polynomial and d X denotes the Lebesgue measure on the space Ha (V)
of N x N Hermitian random matrices. This integral can be seen as a perturbation of a free field: up

'In quantum chromodynamics, the particles studied are quarks, which may have different colors. Usually, the number
of colors is chosen to be 3 (corresponding to the gauge group SU(3)). 't Hooft considered a model in which the number of
colors is IV, taken to be large (this corresponds to the gauge group SU(N)).
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1.2. THE PLANAR APPROXIMATION IN PHYSICS

to a normalization factor Zé\,[(p the weight exp (—% Tr (X 2) ) dX is the Gaussian measure on Ha(N),
called the Gaussian Unitary Ensemble (GUE), and exp(— NV (X)) is the perturbation, provided the
coefficients (¢;) are small.

For the sake of simplicity, let us consider the case V(X ) = gX*, the quartic potential. This integral
can be studied in two ways in the limit N — oo:

N
2gz

« the quantity N2 In is the free energy of a system of IV interacting particles (the eigenvalues

of the random matrlx X ) which can be studied through the steepest descent method,

N

;’1%“”4 can be shown to be (at
2,0

least formally) the generating function of quadrivalent planar maps.

« using Gaussian calculus as in the work of t Hooft, lim ﬁ In

We will discuss the second point in detail in Section 2.5.1, and for now give an informal discussion. The
computation of the moments under the appropriate Gaussian measure, the GUE, are carried out using
the Isserlis-Wick formula. In essence, this formula relates the expectation of any product of centered
Gaussian variables, to sum of products of covariances. It allows to show that the moments of the GUE
can be expressed as sums over maps. Working at the level of formal power series, the results of Brézin
et al. directly imply:

m is an orientable rooted
lim —In ’g s Z g m: planar map

n>1

with vertices of degree 4

These two different ways to tackle the computation of the limit of the free energy make it possible
to solve the combinatorial problem of counting some planar maps with random matrix tools. This
method was developed in details in [BIZ80] for the case of the quartic potential. In Section 2.5.1, we
shall be interested in the second technique, which links matrix integrals to combinatorial problems.
Note that the random matrix considered here is invariant under conjugation by a N x N unitary matrix.
This is, as in ’t Hooft’s model, a model with a large number of degrees of freedom.

We just saw that a one-matrix model can be seen as a quantum field theory with a universe reduced
to one point (a dimension zero universe). This remark generalizes to universes of dimension zero which
are a finite number m of points. A multi-matrix model with m matrices can thus be seen as a quantum
field theory over such a universe.

We remark that during the developments we recounted, the Feynman diagrams are considered in
two different ways: as tools for computing complicated integrals in 't Hooft’s model (combinatorics
is used to obtain analytic result), and as a set of combinatorial objects that we can study in their own
right in Brézin et al’s work (analytic methods are used to obtain a combinatorial result).

This point of view was used many times in the physics literature, in particular in connection with
2D quantum gravity. An important technical question of 2D quantum gravity is to be able to integrate
over random surfaces, as famously emphasized by Polyakov [Pol81]. A point of view (see the review
[DGZ95] and references inside) was to consider a finite sum over discretized surfaces, that is, maps.
The matrix model techniques of Brézin et al. thus appeared as an analytically tractable way to study
those discretized surfaces and investigate their continuum limit.

In statistical physics, this approach was used in particular by Kazakov [Kaz86], and Kazakov and
Boulatov [BK87], to study the Ising model on a random quadrivalent planar lattice. It corresponds to
considering the 2-matrix model with potential

V(X,Y)=gX*+gY?—cXY.

As we shall explain later, in Remark 2.5.3, the parameter g controls the number of quadrivalent vertices
in the lattice, and the parameter c the number of frustrated edges of the model. This matrix model was
studied first by Itzykson and Zuber in [IZ80] and soon after by Mehta [Meh81].

13



CHAPTER 1. INTRODUCTION

1.3 A few results on the combinatorics of maps

The analytic approach to the combinatorics of maps of Brézin et al. was preceded by the foundational
work of Tutte on planar maps [Tut62a; Tut62b; Tut62c; Tut63]. One remarkable result shown by Tutte
was an exact formula for the number of planar maps for a given number of edges and prescribed degrees
of vertices, known as the “slicing formula” [Tut62c]. He proposed an approach centered on generating
series to study planar maps. He introduced a surgery on planar maps that allowed him to obtain an
equation on generating series of planar maps, now known as Tutte’s equation [Tut68]. This will be
explained in Section 2.4.1. The decomposition of Tutte was extended to any genus by Walsh and Lehman
[WL72a; WL72b]. Using such methods, Bender and Canfield [BC94] gave formulae for counting the
number of planar maps with vertex degrees lying in a particular set. Hence, by the method of Tutte, the
results of Brézin et al. could be obtained by purely combinatorial techniques.

The combinatorial approaches are more satisfying than the matrix integral approach, which hide
away the details of the combinatorics of planar maps. In particular, bijective methods — methods based
on bijections between families of combinatorial objects — allow a very complete understanding of
enumerative formulae.

Pioneering work on these bijective arguments was done by Cori [Cor75], who gave a bijective
proof of the “slicing formula” of Tutte. Cori and Vauquelin [CV81] then introduced their celebrated
bijection, relating rooted planar maps and a family of trees with labelled vertices. A similar bijection
for the case of hypermaps (or maps with bi-colored vertices) was proposed by Arques [Arq86]. Building
on these developments, a number of results of Tutte were re-proved in a bijective way, and extended,
by Schaeffer [Sch98]. The construction of Schaeffer gives naturally a bijection between labelled trees
and planar quadrangulations, i.e. planar maps with vertices of degree four. However, an elementary
bijection due to Tutte relates planar maps with n edges to quadrangulations with n vertices, thus
showing that in particular, treating the case of quadrangulations suffices for the enumeration of maps
with a given number of edges. Bouttier, di Francesco, and Guitter [BDG04] subsequently provided an
analogue to the bijections of Cori and Vauquelin, and of Schaeffer, between bi-colored planar map with
prescribed vertex degrees, and a family of labelled trees called mobiles. Most of the bijections up to
now were bijection between planar maps and labelled trees. The bijection of Cori-Vauquelin-Schaeffer
was extended to a bijection between orientable maps of higher genus and one-face labelled maps of
higher genus by Chapuy, Marcus, and Schaeffer [CMS09], and then, to the case of non-orientable maps
by Chapuy and Dotega [CD17]. The Bouttier-di Francesco-Guitter bijection was extended to orientable
maps of higher genus by Chapuy [Cha09], and to non-orientable maps by Bettinelli [Bet22].

By relying on these techniques, the results of the physicists we mentioned in Section 1.2 were
recovered, and improved, by purely combinatorial methods. For instance, Bouttier, di Francesco, and
Guitter [BDG02] obtained the results of Brézin et al. with a purely bijective method. Similarly, the Ising
model studied analytically by Kazakov was studied combinatorially by Bousquet-Melou and Schaeffer
[BS03]. They provided a very general technique to express the generating series of the Ising model on a
random map, with a specified vertex degree distribution.

Interestingly, the bijections relating planar maps to labelled trees discussed so far also give insight
in the geometric properties of the planar maps, such as the graph distance to a marked vertex, as studied
in [CS02; BDGO03a; BDGO03b]. The study of graph distances in planar maps started with the predictions
of Ambjern and Watabiki [AW95] in physics. The two point function, which describes the distribution
of distances between two random points in a planar map, was computed for several families of maps by
Bouttier, di Francesco, and Guitter [BDG03a], and di Francesco [DiF05]. A general approach for general
maps with bounded vertex degrees was given by Bouttier and Guitter [BG12]. The case of unbounded
vertex degrees was studied by Bouttier, Fusy, and Guitter [BFG14]. In the latter article, they gave a
further generalization of the maps-to-mobile bijection that will be used in Chapter 4.

Our first two results are at the crossroads of the matrix model approach and the combinatorial
approach: one one hand, they are random matrix results which offer insight on the enumeration of
some maps, and on the other hand, they rely on combinatorial techniques such as Tutte’s decomposition
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1.4. FIRST CONTRIBUTION: TOPOLOGICAL EXPANSION OF UNITARY INTEGRALS, AND MAPS

or bijective methods.

1.4 First contribution: Topological expansion of unitary integrals, and
maps

The result of Brézin, Itzykson, Parisi, and Zuber was extended to a full asymptotic topological expan-
sion by Ercolani and McLaughlin [EMO03] in the perturbative regime, i.e. when V' has small enough
coeflicients. More precisely, they showed that in that regime, for all g > 0,

1 Zg v
— In —=
N2 ZéVO

1 1 1

with M}, (V') a generating series of maps of genus h, i.e. graphs drawn on a torus with h holes. This
expansion is called topological as the genus of the maps, a topological invariant, governs the order of
the terms. This expansion was shown to hold in the multi-matrix case by Guionnet and Maurel-Segala
[GMO06; GM07], and Maurel-Segala [Mau06]: models obtained by a perturbation of the law of m > 1
independent GUE matrices were shown to display the same kind of expansion as in (1.1). In the approach
of Guionnet and Maurel-Segala, the key tool to upgrade the result of Brézin et al., that holds at the level
of formal power series, to an asymptotic expansion, is the Dyson-Schwinger family of equations. The
Dyson-Schwinger equations relate different joint moments of our random matrices together. They are
obtained by integration by part. For instance, the first Dyson-Schwinger equation in the one-matrix
case is:
Y E[rX Tr X/ =E[Tr (V/(X)+X) X",
i+j=n

The Dyson-Schwinger equations will be discussed in Section 2.6.2. Two important facts about the
Dyson-Schwinger equations are relevant for us:

« in the perturbative regime and in the large N limit, the Dyson-Schwinger equations admit a
unique solution;

« generating series of maps are solutions to the Dyson-Schwinger equations.

The latter point is due to Tutte [Tut68]: it turns out that Tutte’s equations alluded to earlier happen to
coincide with Dyson-Schwinger equation for a perturbation of the GUE. The two above points were
successfully used by Guionnet and Maurel-Segala to show the existence of the topological expansion in
the multi-matrix case, and express it in terms of maps.

The main result of Chapter 3 (based on [Buc24]), Theorem 1.4.1 below, is the analogue of the result
of Guionnet and Maurel-Segala, in the case of integrals over the unitary group U(N). In this case, we
consider integrals against perturbations of the Haar measure, of the form

1
F‘EJ}T,V = N exp(NTrV(U,U*, Ay, ... aAp))dU>
u,v

with Z{X v a normalization constant, dU the Haar measure, and V' a non-commutative polynomial
in the matrices U and U*, and in p > 0 deterministic square N x NN matrices A1,..., A, i.e. linear
combination of products of matrices U, U*, A1, ..., A,. This question was studied by Collins, Guionnet,
and Maurel-Segala [CGMO09], who gave the leading order of integrals against ,u[[]}[ y in terms of a family
of planar maps. A full asymptotic expansion was then given by Guionnet and Novak [GN15]. This

expansion, however, was not topological: the coefficients of the expansion were not identified with
series of maps. We were able to prove results of the following type.
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CHAPTER 1. INTRODUCTION

Theorem 1.4.1. Assume that for all N > 1, Tr(V') is real for allU € U(N) and that

sup sup ||A4;i] < oo.
N>11<i<p

Then, there exists € > 0 such that if the coefficients of V' are bounded by ¢, then for all g > 0, and
non-commutative polynomial P, we have the asymptotic expansion as N — 0o

g
7E[TYP(U7U*7A17" A Z hVN )+O( 29_2)7

h=0

LM
N7

where M%,h%’N(P) are generating series of maps of unitary type of genus h whose structure depends on V'
and P.

In the above result, the dependence in N of /\/lgf %’N(P) only comes from the dependence in NV of
the matrices (Ay)1<k<p. The actual result showed in Chapter 3, Theorem 3.1.4, holds in the multi-matrix
case, and for all cumulants (introduced in Section 2.2.2).

In both the result of Collins, Guionnet and Maurel-Segala [CGM09], and in the result of Guionnet
and Novak [GN15], the main tool was the Dyson-Schwinger equations for the deformation of the Haar
measure, similar to the ones for Hermitian matrices. To derive Theorem 1.4.1, we adopt a different point
of view, and stick more closely to the way the multi-matrix expansion was obtained in the Hermitian case:
we first express moments of the Haar measure in terms of maps to obtain a formal expansion, and then
upgrade the formal expansion to an asymptotic expansion using the Dyson-Schwinger equations. To
express the moments under the Haar measure, we make use of the Weingarten calculus, which replaces
the Gaussian calculus in our setup. The Weingarten calculus for the unitary group was developed by
Samuel [Sam80], based on previous work by Weingarten [Wei78]. It was subsequently rediscovered and
expanded upon by Collins [Col03], and Collins and Sniady [CS06]. We will use in particular expressions
derived by Novak [Nov10]. Using Weingarten calculus, we express joint moments under the Haar
measure in terms of a family of maps, which we call maps of unitary type. We show that the unitary
Dyson-Schwinger equations can be seen as an analogue of Tutte’s equation for the maps of unitary
type. This allowed us to prove a results of the form of Theorem 1.4.1. An interesting point is that
beyond showing that the expansion is topological, our result improve the expansion of Guionnet and
Novak, as the bound on the coefficient of the potential V' does not depend on the number of terms in
the expansion.

In particular cases, the combinatorics of maps of unitary type reduces to the combinatorics of mono-
tone Hurwitz numbers. These numbers appeared as the main combinatorial object in the asymptotic
expansion of the Harish-Chandra-Itzykson-Zuber (HCIZ) integral derived by Guay-Paquet, Goulden,
and Novak [GGN14]. This integral is related to the Ising model mentioned in the previous section. It is
defined by

/ ezN Tr(AUBU*)dU'
U2(N)

It was studied by Harish-Chandra [Har57], and independently by Itzkyson and Zuber [IZ80]. Fur-
thermore, the study of unitary integrals is a way to obtain results in free probability theory, which in
particular describes moments of random matrices in the large N limit. Free probability uses combina-
torial objects in a way that will often be paralleled by the the point of view centered on maps, which
we adopt in this thesis. In particular, monotone Hurwitz numbers play a key role in the functional
relations of all order freeness, given by Borot, Charbonnier, Garcia-Failde, Leid, and Shadrin [Bor+21].
An expansion such as the one of Theorem 1.4.1 provides insights on the combinatorics of monotone
Hurwitz numbers, and on the combinatorics of higher order free probability.

Beyond the interest in combinatorics, knowing the sub-leading order of the moments allows to show
a central limit theorem: the fluctuations of the normalized trace of any polynomial in the eigenvalues
can be shown to be Gaussian, see for instance [GN15, Corollary 4]. The higher orders in the expansion
give additional information on the fluctuations of such traces.
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1.5. SECOND CONTRIBUTION: MOMENTS OF THE -ENSEMBLE AND MAPS

1.5 Second contribution: Moments of the -ensemble and maps

The preceding section discussed one way to extend the results of Brézin et al., by going from the
Gaussian matrix of the GUE, to unitary matrices. In Chapter 4, we rather consider moments under the
measure Vév o of the 3-ensemble defined by

1
dvlo(Ar,. ., AN) = I IT - AP e T Ei N - dAy.
8,0 i<j

When = 2, this is the distribution of the N eigenvalues Ay, ..., Ay of a GUE matrix. Two other
remarkable values are 5 = 1 and 3 = 4, corresponding respectively to the eigenvalues of a Gaussian
real symmetric matrix — in the Gaussian Orthogonal Ensemble (GOE) — and to the eigenvalues of a
Gaussian quaternionic self-adjoint matrix — in the Gaussian Symplectic Ensemble (GSE). At the level
of the eigenvalues, the moments and joint moments are the expectation of the power sums of the
eigenvalues, respectively

N
E [py(A, - An)] =D AP fork > 1,
=1

and
l

N
Hp(ki)()\l,...,)\]v)] :Z)\f forkl,...,k121.
1=1 1=1

E

Out of the integrable cases § € {1,2,4}, the method of Brézin et al. based on Gaussian calculus
is not applicable, and the moments may not be directly expressed in terms of maps in the same way
as before. However, such an expression was provided using techniques from algebraic combinatorics.
Goulden and Jackson [G]97] noticed that while the moments of the GUE are related to the combinatorics
of orientable maps, i.e. graph drawn on orientable surfaces, the moments of the GOE and GSE are
related to the combinatorics of all maps, possibly on non-orientable surfaces. They showed that the
generating function of orientable maps My and of all maps M; could be expressed in terms of Schur or
zonal polynomials respectively. Schur and zonal polynomial are two families of symmetric polynomial
related to integration over the unitary and orthogonal group. A third family of symmetric polynomial,
the Jack polynomials, depends on a parameter b and interpolates between the Schur b = 0 and zonal
b = 1 polynomials. Replacing the Schur or zonal polynomials by Jack polynomials in My and M,
Goulden and Jackson defined a new generating function Mj. They conjectured [G]96] that this function
is a generating function of orientable and non-orientable maps, each map m weighted by b%(™) with
¥(m) a measure of how non-orientable m is. Quickly after that, Goulden, Harer, and Jackson [GHJ01]
showed that a particularization of M} with b = % — 1 was related to the free energy of the 5-ensemble

%lnyé\jo egzk%zl"\f] .
Hence, provided a particular case of the Goulden-Jackson conjecture is true, the moments of the 3-
ensemble can be expanded as sums over maps, each map m weighted by N X)) with x(m) the
Euler characteristic of the map m. This particular version of the Goulden-Jackson conjecture was
shown to be true by LaCroix [LaC09], thus giving a way to express combinatorially the moments of the
[-ensemble. Beyond the moments of the 3-ensemble, the b-conjecture of Goulden and Jackson is still
a partially open problem in algebraic combinatorics. In particular, Chapuy and Dolega [CD22] gave
very general results on a generalization of the conjecture of Goulden and Jackson, using ideas from the
theory of integrable systems.

The goal of Chapter 4 is to propose a more direct approach to compute the moments of the -
ensemble. We stressed that in the case 5 ¢ {1,2,4}, the Gaussian calculus of Isserlis-Wick is not
available. However, a celebrated result of Dumitriu and Edelman is that the 5-ensemble is the distribution
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of eigenvalues of a tridiagonal real symmetric matrix whose entries are either distributed as Gaussian or
X random variables. Abdesselam, Anderson, and Miller [AAM14] used that fact to compute the leading
order of the joint moments of the GUE (3-ensemble at 5 = 2) in terms of the mobiles introduced by
Bouttier, di Francesco, and Guitter [BDG04]. We simplify and extend the approach of Abdesselam et
al. and compute an exact expansion of the joint moments of the S-ensemble for all 5 > 0. The key
combinatorial object are orientable suitably labelled maps, a class of maps with labelled vertices, which
are in bijection with well-labelled hypermaps, which generalize mobiles. This bijection was obtained
by Bouttier, Fusy, and Guitter [BFG14]. A simplified version of our result, whose general statement is
Theorem 4.1.2, is the following,.

Theorem 1.5.1. Letn > 2 be even, and = (12 ... n) a cyclic permutation of order n. We have the
following expansion for the moments of the 3-ensemble:

N

V30 PO, Aw)] R 2\" (<1)1B, (r+n/2—v
N _UZ:;)NU Z (5) n/2—1—v< , ><€‘J>€,u7 (1.2)

u+q+r=v

where (-), , denotes a sum over suitably labelled maps whose structure depend on § and p, introduced in
Section 4.4.1. The sequence (By);>0 = (1,—1/2,1/6,...) is the sequence of Bernoulli numbers, defined
inductively by

- 1
Z <nz >(—1)kBk = 6,0 foralln > 0.

k=0

A similar result holds for all joint moments of the 5-ensemble. In fact we will prove the result in
terms of cumulants, defined in Section 2.2.2.

Interestingly, this expansion is quite different from the one obtained by LaCroix, which features
only positive terms, and a sum over all maps, orientable and non-orientable. We were able to show
bijectively that the first two orders in N ! of both expansions coincide. This is done by using a novel
many-to-one mapping relating some suitably labelled maps to maps on the projective plane RP?2.

1.6 Third contribution: Fay formulae of Pfaffian type for hyperelliptic
curves

In Chapter 5, based on a joint work with Gaétan Borot [BB24], we derive geometric identities with
methods of random matrix theory. The first Dyson-Schwinger equation mentioned in Section 1.4 can
be seen in a geometric way, as an equation defining a complex curve, the spectral curve. This geometric
point of view appeared in mirror symmetry [DV02], and was subsequently used by Eynard [Eyn05], and
then Eynard and Orantin [EO08], to recast the Dyson-Schwinger equations in the language of geometry
of Riemann surfaces. In this form, dubbed topological recursion, Dyson-Schwinger-like equations could
be shown to govern the behavior of many numbers of combinatorial or geometric interest. If we remain
in the world of random matrix theory, this geometric point of view centered around the spectral curve
allows us to reinterpret observables of random matrix theory in terms of geometric objects related to
the spectral curve.

Besides, it was shown by Borot and Guionnet [BG24], that the large N asymptotics of the 3-ensemble
could be computed in terms of a Riemann theta function, whose parameters depend on the spectral
curve. Riemann theta functions are functions of two parameters (z,7) +— 6(z | 7) with z € C9 and 7
a matrix of size g X g, which appear frequently in the geometry of Riemann surfaces. Informally, those
are elliptically deformed trigonometric functions with convenient quasi-periodicity properties.

In Chapter 5, we consider exact formulae of Borodin and Strahov, which relate different averages of
characteristic polynomials of our random matrices together. If we use the two ingredients we mentioned:
take the large IV asymptotics of theses formulae, and re-express the limit identities in terms of geometric
quantities of the spectral curves, we obtain new identities between theta functions. For instance, when
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1.7. FOURTH CONTRIBUTION: SEMI-LOCALIZATION IN THE GENERALIZED RANDOM GRAPH
MODEL

B = 1, we obtain the following result. The geometric notions used to state this theorem will be defined
in Section 2.7.

Theorem 1.6.1. Consider a hyperelliptic curve C. Let 1, 21, 22, # be in the universal covering of(i*, and
let x € CY9. We have

c1(z1, 21, 22, 29)0 (2 + w(21) — w(z]) + u(z2) — u(zé)‘%)ﬁ(av 7
= c9(21, 21, 22, 25)0 (x + w(z1) — w(z5)|5)0 (2 + u(z2) — u(z))]
+ e3(z1, 21, 22, 29)0 (z + u(z1) — w(2))| ) 0(z + u(z2) — u(zh

(

— u(2h) + u(oo-)|3),

where ¢;,i € {1,2,3,4} are explicit meromorphic functions of the four points z1, 2}, z2, zo, T is a choice
of period matrix for C, a matrix defined in terms ofC’, and u is the Abel map ofC', a mapping from the
universal covering ofC’ to C9 well-defined up to a choice of base point in C'. The two points 0oy and co_
are points at infinity, related by the hyperelliptic involution.

Such an identity is reminiscent of Fay’s identity, an identity between theta functions valid for any
Riemann surface, which we discuss in Section 2.7.3. It has applications in geometry and in the theory
of integrable systems. Note that our result is valid only for hyperelliptic curves, a special family of
Riemann surfaces. This limitation comes from the Dyson-Schwinger equations: seen in a geometric
light they are equations of hyperelliptic curves only. More complicated models than the S-ensemble,
for instance involving several interacting groups of particles, would be needed to treat a greater class of
curves.

1.7 Fourth contribution: Semi-localization in the Generalized Random
Graph model

In Chapter 6, based on a joint work with Antti Knowles, we study the eigenvectors — rather than the
spectrum — of random matrices, and use quite different tools from those presented in Sections 1.4, 1.5,
and 1.6.

We are interested in the notion of localization and delocalization of eigenvectors. Indeed, for
N € N*, a normalized eigenvector of a N X N matrix can be seen as a function [N] — C supported on
N sites. Informally, the vector is localized if it has a big absolute value on a few sites. On the contrary, it
is delocalized if it has roughly the same absolute value on all sites. The relevant mathematically precise
definition differs depending on the application: the localized-delocalized behavior is a continuum rather
than a dichotomy. The criterion we can use for now is that a normalized vector v in C¥ is delocalized
if ||v||oo is close to 1/N, and is localized if ||v||o is close to 1.

The question of whether eigenvectors of a random matrix are localized or not appeared first in
the seminal work of Anderson [And58] in condensed matter physics. Anderson was interested in the
quantum diffusion in lattices subjected to a noisy potential. He predicted that depending on the strength
of the noise?, the system undergoes a transition from the “metallic phase” (low noise, delocalization of
eigenfunctions) to the “insulating phase” (higher noise, localization of eigenfunctions). A comprehensive
description of this phenomenon from the physical point of view can be found in the review [EM08]. A
landmark result in the mathematical community was obtained by Frohlich and Spencer [FS83], who
showed that in the regime of strong disorder the eigenvectors are localized. Aizenman and Molchanov
[AM93] subsequently obtained a similar result for a variety of models generalizing the Anderson model.

From the point of view of random matrix theory, the Anderson model is a random matrix XV

written
XN =AN 4 VN,

?Anderson considered a three-dimensional lattice, but the localization phenomenon depends of the dimension. In particular,
it has been shown that when the dimension is 1, the eigenfunctions are aways localized [MT61], see also [AW15] for a modern
mathematical discussion.
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where A" is the deterministic adjacency matrix of a (finite) lattice in dimension d, and V' is a diagonal
matrix whose entries are random. The matrix A" is the diffusion part, and V* is the random potential
part. Anderson fixed a disorder parameter A > 0 and chose the diagonal entries of V'V to be uniform
random variables in [— ), A].

The localization phenomenon, and the presence or absence of transition, have been studied in many
different models, including band matrices [FM91; Mir+96] or the sum of a Wigner and a diagonal matrix
[LS13; LS16]. In Chapter 6, we shall be interested in adjacency matrices of random graphs. One of the
simplest random graph model is the Erdés-Rényi model [ER59], in which we fix a number of vertices NV
and a parameter p € [0, 1], and

« we set an edge between two distinct vertices with probability p,
» the edges are all independent.

The localization phenomenon for the Erd6s-Rényi model was studied in particular by Alt, Ducatez
and Knowles in the series of articles [ADK23; ADK21b; ADK21a; ADK24]. They showed that there is
localization-delocalization transition in the regime where

vIn N < pN < O(In N).

The eigenvectors associated to large eigenvalues where shown to be localized, and those associated to
small eigenvalues where shown to be delocalized.
In a different regime, for an average degree close to constant order, i.e.

(InN)~Y9 < pN < (In N)V/40

the eigenvectors corresponding to eigenvalues at the edge of the spectrum where shown to be localized
by Hiesmayr and McKenzie [HM23], using a different approach from the one of Alt et al.

In Chapter 6, we consider only the localization result for a generalization of the Erds-Rényi model,
the Generalized Random Graph (GRG) model. In the GRG model, we fix a number of vertices IV, and a
sequence of weights (wz),e(1,... n)- Then,

« we set an edge between two distinct vertices x and y with probability SN Wally

3
=1 Wz Fwzwy

« the edges are all independent.

Hence, in the GRG model, the graph is inhomogeneous: vertices are biased to have a greater degree if
they have a greater weight.

To state our result, we refine the notion of localization, and distinguish between localization and
semi-localization. We consider the adjacency matrix of a GRG graph with IV vertices and take the
N — oo limit. We will say that an eigenvector g is localized if its support is essentially of size bounded
by a constant. More precisely, if there exists a normalized vector v with a support of constant size such
that

(@ o) =1 = oxoroe(1):

We will say that ¢ is semi-localized if there exists a set I of size 1 < #I < N and a family of
orthonormal vectors (v;);er such that

Sl o) = 1 - onosolL).
el

In our result, the actual order of #/ will depend on the eigenvalue associated to the eigenvector ¢, and
on the choice of weights.

An important feature in the case of the Erdés-Rényi model, in the regime studied by Alt et al., is
that an eigenvector ¢ associated to a large eigenvalue A is localized around vertices x of degree D,
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close to \2. This fact is also true in the GRG model, in the regime we consider. With that in mind, we
introduce the set

W,\,n:{xe{l,...,N}:‘E—Algn} forn > 0.
The main result of Chapter 6 is then the following.

Theorem 1.7.1. Let v > 0. There exists C,, > 0 such that for all N the following statement holds with

probability 1 — O(N ™). For every eigenvalue \ with associated normalized eigenvector q, and for every
1 < |A|/2, we have
C, mN

2
Z <Q7usign)\($)> > 1-— ?ma
IEWAJ,

where uy (x) is a vector supported in Bo(x), the ball centered on x of radius 2 for the graph distance,
defined in Proposition 6.3.4.
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Chapter 2

Preliminaries

We now define and discuss in some detail the notions briefly introduced in Chapter 1. We first give some
important notation and definitions in Sections 2.1, 2.2, 2.3.2, and 2.4. We then discuss some techniques
to study moments and cumulants of matrix models in Sections 2.5 and 2.6. An overview of the geometric
notions used in Chapter 5 is proposed in Section 2.7. Section 2.8 is a discussion of the derivation of
asymptotic expansion for matrix models. Finally, Section 2.9 discusses the techniques used in Chapter 6.

2.1 Partitions and permutations

We will describe the moments of a random matrix in terms of combinatorial objects, whose building
blocks are partitions and permutations. We start by giving the notation pertaining to these objects.

We denote by N = {0, 1,2,...} the set of non-negative integers, and N* = {1,2,...} the set of
positive integers. For n € IN*, we denote by [n] the set {1,2,...,n}. The cardinality of a set S is
denoted by #S5 € N U {+o0}.

Definition 2.1.1. Let S be a subset of N. A partition of S is a set II of nonempty subsets of S, called the
blocks of 11, which are pairwise disjoint and such that

U B=s.
Bell
We denote the set of partitions of S by P(S), and use the shorthand notation P,, := P([n]) forn € N*.

Note that #II is the number of blocks of the partition II. Given an integer n € N*, we define the
two partitions of [n]:

0p = {{i}: i€ [n]} and 1, = {[n]}.

The set of partitions P,, can be endowed with a partial order <.

Definition 2.1.2. Let I, II' € P,,. We say that 11 is finer than Il', and write I1 < II' if for all B € 1I,
there exists B’ € 11’ such that B C B’.
We define the partition I V T1' as being the finest partition 11" in Py, such that I1 < 11" and Il < 11",

We now turn to partitions of integers.

Definition 2.1.3. Let n € N*. A partition of the integer n is a non-increasing sequence of integers

A= ()\i)izl such that
—+00
=1

We write A = n, and set [(\) to be the cardinality of the support of \.
We denote by < the containment order, i.e. given \, |1 two partitions of integers, we write X = pu if

Ai < p; foralli € N*.
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A partition with m; times the integer 1, mg times the integer 2, .. ., m; times the integer [ = A; is
denoted by
(me...2mem),

Finally, we introduce notation pertaining to permutations. Let S be a subset of N. We denote by
GS(S) the set of permutations of the set .S, that is bijections S — S. Let n € IN*. We use the shorthand
notation &,, := &([n]). The support of a permutation o € &(.5) is the set

Suppo ={i € S:0(i) #i} C S.
A permutation o € &(S) acts naturally on S by

S — S

i o-1=0(i).

A subgroup G of &(S) similarly acts on S. We say that G is transitive if G the natural action just defined
is transitive: for each i, j € S, there exists p € G such that j = p(i). Given 01, ..., 0% € &(S)¥, the
subgroup of &(S) generated by o1, ..., 0y is denoted by

(01,...,0k) .
A permutation ¢ € &,, may be written in product of disjoint cycles
0 =010 0
for some k > 1. The permutations o;,i € [k| are permutations with disjoint support which are cyclic,

i.e. (0;) seen as a subgroup of G(Supp o0;) is transitive for all i € [k]. Fix ¢ € [k] and let d; = # Supp o;.
The permutation o; is written in cycle notation

o= (J1J2 - Jd;),

where j is any element of Supp o; and jy,+1 = 0;(jm) with the convention that jg4, 1 = ji. There are
thus d; equivalent ways to write this cycle. Most of the time, we shall write permutations using this
notation. We write Cycles™ (o) to denote the set of cycles of o:

Cycles*(0) = {o1,...,0k},
and Cycles(o) to denote the set of cycles of o and fixed points:
Cycles(o) = Cycles* (o) U (S \ Suppo) .

In that case, an element ¢ € Cycles(o) \ Cycles*(o) is seen as acting on S as the identity. With this
notation, the elements of Cycles(o) are in bijection with the orbits of the action of (o) on S. These
orbits define a partition of .S, which we denote by 0,. The ordered family of length of the cycles of o
define a partition A of the integer #.S. We say that A is the cyclic type of o. Given an integer n > 1
and a partition A of n, we denote by C the set of permutation in &,, that are of cyclic type A.

2.2 Observables, moments, and cumulants

2.2.1 Empirical measure and moments

We denote the set of N x N matrices with coefficients in a field K by My (K). Consider a family of
random diagonalizable (say, Hermitian) matrices (X ) y>1, with X of size N x N and sampled under
a measure ,uN. In this Section, we denote by A\; > Ay > --- > Ay the N eigenvalues of XN, taken
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with multiplicity. A way to study the spectrum of XV in the large NN limit is to consider the empirical
measure of the eigenvalues of X%, defined by

N = 1%@ (2.1)
N =1 "

and consider its weak convergence as N — oo. Note that it is a random measure as the eigenvalues
(Ai)ie|n) are random. There are several ways to study ©N. One way is to consider its Stieltjes transform:

X V@) 1L 1
V[/(z)—/]R _sz—)\i forz € C\ R.

Z—X .
=1

It can be seen as the trace (up to a factor 1/N) of the resolvent of X, G(2) = (2 — X™V)~. The
resolvent G(z) will be used in Section 2.9 in the study of eigenvectors. Indeed, if z1, ...,z are the
normalized eigenvectors of X N we have

1
G(z) = ;.
( ) Z o — Az et}
1=1
An important technique in probability — see [Dia87] for instance — and more to the point, in random
matrix theory, is the moment method. It was used by Wigner to prove its celebrated convergence
theorem for Wigner matrices.

Theorem 2.2.1 (Wigner’s theorem [Wig58]). Let (Y j)1<i<j<oo and (Z;)icn+ be two infinite sequence
of independent, identically distributed real random variables with unit variance, whose moments exists and
are bounded by a constant independent of i, j. For all N > 1, let XV be the N x N symmetric matrix
defined by

N _ YN ifi# ],
imj - LA S
ZZ/\/N ifi =j.
Then, the empirical measure 0V of the eigenvalues of X converges weakly, in probability, to the
standard semicircular distribution, given in term of the Lebesgue measure by

V4 —x?
771_]].[,272} (SU)CL’E

dog(z) = 5

For a modern discussion of this Theorem, see [AGZ10, Theorem 2.1.1]. This Theorem was proved
by Wigner by computing the moments of the random matrix X, which we now define.

Definition 2.2.2 (Moments). Let N € IN*. The moments of a single diagonalizable N x N random
matrix X is the expectation of the moments of its empirical spectral distribution i’ :

mY = E [ﬁN(xk)] .

Wigner compared the moments of a Wigner matrix XV to those of the semicircular law, whose
(usual) moments are the Catalan numbers:

Caty,p = %H (kljz) if k is even,

k
Mse,k = Osc\T ) =
# = 7wl {0 if k is odd.

The moments of the random matrix X can be re-expressed as:

my =B [ﬁN(a:k)} =K

;fﬁ:)\f] = L [n o)) =B [ur [ ork 2o
i=1
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In the expression above, Tr denotes the trace and tr is the normalized trace:

tr = % Tr. (2.2)
We are going to follow the moment approach in most of the sequel. Its interest in random matrix theory
mostly lies on the fact that random matrix models are often specified in terms of their entries. While
studying the expression of the eigenvalues in terms of the entries is usually intractable, the moments
can easily be expressed in terms of the entries: the empirical moments coincide with the traces of
powers of X%,

We also consider the joint moments of X*. Let A be a partition of an integer. We define for a matrix
Ma
ey

ey
TFA(M):HTr<M>\i> and  try(M) :Htr(M)\i)‘
=1 i=1
The joint moments are then the quantities
E [Try (X)),

for all partitions of integers A.

This approach generalizes in the case of several random matrices. Let m > 1, and assume that
XN ..., XN are N x N Hermitian (not necessarily independent) random matrices. The joint moments
of these matrices are defined using the notion of non-commutative polynomial.

Definition 2.2.3 (Non-commutative polynomial). The algebra of non-commutative polynomials in m
indeterminates is the free K-algebra generated by m elements x1, . . ., x,,. We denote this algebra by

K(z1,...,Zm) -
A monic monomial in K (1, ..., xy,) is an element of the free monoid with m generators x1,. .., Tp,.

Said otherwise, a monic monomial is a word in the letters x1, . .., z,, or the identity, and a non-
commutative polynomial is a linear combination of such monomials.

Given P € C(z1,...,%n), and m matrices X{¥,..., X of size N x N, we can evaluate P in
X1, ..., X, by replacing each letter z; in P by XV and the empty word by Idy, the identity matrix
of size N. Formally, we consider the representation of K (x1, ..., z,,) (that is the algebra morphism
K{(z1,...,2m) = Mn(K)) determined by

p:x; — X7, foralli € [m].

and set
P(X,..., X)) = p(P) € My(K).

Analogous notions to those available for commutative polynomials can be defined. In particular, we
have a notion of degree.

Definition 2.2.4 (Degree). Let P € C(z1,...,%y) be a monomial. The degree of P with respect to x; is
the number of occurrences of the letter x; in P. We denote it by deg,. P.

The moments and joint moments are then defined using the following notation. For any tuple of

matrices My, ..., M, € My(K) and permutation o € &,,, we define the generalized trace
Tro(My,. . Ma) = Y [[M)igaeeny = [I T (MulMuz - 'MuwA) :
i: [n]—[N]p=1 w€Cycles(o)

m=(U1 e U] 1)
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We also define the associated normalized trace

1

tra-<M17 .. ’Mn) = W

Tr, (M, ..., My,).
The joint moments of the random matrices X 1N ,..., XN are then the numbers

E [trg (X[, X))

withn > 1,4: [n] — [m],and 0 € &,,.

2.2.2 Cumulants, connected and disconnected objects

Rather than studying the moments of our random matrices, it will prove easier to study their cumulants
instead. Cumulants were introduced by the Danish astronomer Thiele at the end of the XIXth century
(see for instance [Hal00]). They contain the same information as moments but are often easier to work
with — especially when the moments have a combinatorial interpretation.

Definition 2.2.5 (Cumulants). Let Z1, ..., Z,, be complex random variables whose joint moments
E [Z{“ .--Z,’j;n} Kty km >0
are all finite. Let| > 1 and i: [l| — [m]. The joint cumulants are defined inductively by

;ﬁl’am

Notice that # is a symmetric multilinear form, hence the term k4 (Z;(,); p € B) in (2.3) is well-
defined. As it is a multilinear form, it will be convenient to use the tensor notation in the sequel: for
li,....l;m, >0andl =), ;, we write

Q1 lm
K] (Zl 1,...,2;% )

to mean

kil 20, 20 Ty Zom

1 times ly, times

Example 2.2.6. The first three cumulants are

k1(Z) =E[Z],
ko(Zy, Zo) = E[Z1 2] — E[Z1| E[Z,],

K3(Z1, Zo, Z3) = B [Z) Zo Z3) — ZIE HZ E[Z] + 2B [Z| E [ Z,] E [ Zs] .

J#l

There are several alternative definitions of the cumulants. One is
ki Ziays o Ziy) = > (DTN HFT =) [T B | ] Ziy | (2.4)
IieP; Bell pEB

another is

J l
Hl(Zi(l)a ey Zz(l)) = 7815[ InlE exp Z thi(p) ’tl:...:tl:(). (2.5)

p=1
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See for instance the review by Speed [Spe83] for a proof of the equivalence of these definitions.
Cumulants are best understood in the context of Mobius inversion theory pioneered by Rota in his
seminal article [Rot64]. Mobius inversion appears as a general way to understand the principle of
inclusion-exclusion that appears frequently in combinatorics. In particular, the moment-cumulant
relations (2.3) and (2.4) appear in the theory of Mdbius inversion in the case of the lattice of partitions
of [1].

Those inversion formulae can be though of as relating numbers counting connected and disconnected
objects. Fix an integer [ > 1 and consider a family of numbers indexed by subsets of [I], (cs)sc(y,
thought of as numbers of connected objects. An analogue of formula (2.3) allows us to define number
of disconnected objects: for all B C [I]

> Iles (2.6)

MeP(B) Sell

where the sum on II describes all the way to cut a disconnected object into connected objects. This
relation can be inverted using an analogue of (2.4):

cs= Y ()@ -] ds. (2.7)
[eP(S) Bell

We can rewrite those relations in terms of (formal) generating series in an infinite number of parameters
t = (t;)ien+. We set

Z > <Ht>cs, and D(t Z Y <Hti>d5‘a

>0~ SCN* \ieS >0 SCN* \ieS
#5=1 #5=1

and (2.7) becomes
C(t) =In D(¢).

which corresponds to (2.5). See the book of Flajolet and Sedgewick [FS13] for a thorough discussion of
this kind of transformations.

2.2.3 Free probability theory

In the multi-matrix case, a powerful framework for the study of the moments is free probability theory.
It was introduced by Voiculescu to study operator algebras and soon came to be of interest in random
matrix theory [Voi91]. It is the study of non-commutative probability spaces, together with the notion
of freeness, loosely speaking a non-commutative analogue of independence. We only give a quick
introduction to free probability theory. For a more complete discussion, see for instance [MS17].

Definition 2.2.7 (Non-commutative probability space). Let A be a unital C-algebra and T a linear map
A — C satisfying 7(1) = 1. We say that the pair (A, T) is a non-commutative probability space. The
elements of the algebra A are non-commutative random variables.

If A is a x-algebra and T satisfies T(a*a) > 0 for alla € A, we say that T is a state and that (A, T) is
a x-probability space.

We shall consider two natural *-probability spaces.

Example 2.2.8. Fix a probability space ({2, F,IP) and N € N*. Denote by L™~ (2, F,P; C) the set of
complex random variables having all their moments finite. Define

A=Mpn(C)®c L= (22, F,P;C).
It is a unital x-algebra (the involution being the complex transposition). We set
=Eftr(-)].
The Cauchy-Schwarz inequality implies that 7 is a faithful state, i.e. 7(a*a) = 0 if and only if a = 0.
Hence, (A, 7) is a x-probability space.
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Example 2.2.9. Let m € N*. Consider the algebra A = C (x1,..., 2y, z],...,2},), endowed with
the involution * defined by (z;)* = ] and for any P, € A, (PQ)* = Q*P*. This makes A into a
x-algebra. For any state 7, (A, 7) is a x-probability space.

Definition 2.2.10 (Convergence in distribution). Let (An, 7n)n>1 be a sequence of non-commutative
probability spaces, and (A, T) be a non-commutative probability space. Fix an index set I and for all
N € N*, a family (a)ie; € AL,. We say that (alY);c; converges in probability to (a;)ic; € Al if for
allk > 1 andj: [k] — I we have

<
—~
>
N
~—~
B
—_
S
<.
—~
=
—
S
<.
—~
>
N
~—

: N
R CON

We denote this by (%N)iel — (a;)ier-
N—o0
When we consider the convergence of the joint moments in multi-matrix models, we are considering
the convergence in distribution of a sequence of non-commutative random variables in the spaces of
Example 2.2.8 to variables in a space of the form of Example 2.2.9.

Definition 2.2.11 (Freeness). Let n € N*. Let (A, 7) be a non-commutative probability space, and
Ai, ..., Ay, be unital sub-algebras of A. We say that Ay, . .., A, are free with respect to T if for all integer
m > 2, function j: [m] — [n], and elements ay, . .., a,, € A satisfying

« 7(a;) =0 foralli € [m],
. a; € Aj(;) foralli € [m],
< (1) #35(2),5(2) #3(3), ..., 4(m = 1) # j(m),

we have
T(arag - - apy) = 0. (2.8)

If we unpack the identity (2.8), it means that in presence of freeness, we can express the value of 7
on any product in terms of product of values of 7 evaluated in produces involving elements of only one
sub-algebra.

In this context, the notion of freeness can be understood as a way to compute the joint law of
several random variables from their marginals: by computing the moments involving any number
of non-commutative random variables from moments involving only one non-commutative random
variable. We do not have freeness in general, but Voiculescu’s theorem allow us to obtain freeness in
the large N limit. The relevant statement for random matrix theory can be found in [MS17, Chapter 4,
Theorem 9].

Theorem 2.2.12 (Voiculescu [Voi90]). Let (AN)n>1 and (BY)n>1 be two sequences of deterministic
complex matrices, and (UN) a sequence of Haar-distributed unitary matrices, with AN, BY, and UV of
size N X N.

IfAN —~ q and BN ——— b, then
N—o0 N—oo

(AN, UNBN(UN)") —— (a,),

N—o00
where a, b are free. We say that A™ and UN BN (UN)* are asymptotically free.

This is the version of Voiculescu’s theorem that we shall be interested in in Section 3.4. There exists
several similar asymptotic freeness results, for instance between sequences of deterministic and Wigner
matrices.

Freeness is governed by the combinatorics of non-crossing partitions [MS17].
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Definition 2.2.13 (Non-crossing partition). Let n € N*. A non-crossing partition of [n] is a partition I
of [n] such that there are no quadruplet 1 < i < j < k <1 < n such that {i,k} and {j,l} are subset of
distinct blocks.

We shall not use non-crossing partitions in the sequel but rather maps, informally graphs drawn on
surfaces. However, we remark that the two points of view are in many cases equivalent. In particular,
non-crossing partitions correspond to maps on the sphere with one vertex.

In fact, the notion of freeness can be enriched by the notion of higher order freeness, developed
by Mingo and Speicher [MS06; MSS07], and Collins, Mingo, Sniady, and Speicher [Col+07]. Higher
order freeness comes with its own combinatorial objects, partitioned permutations. A description of the
functional relations appearing in higher order freeness, and a description of sub-leading order terms,
was given by Borot, Charbonnier, Garcia-Failde, Leid, and Shadrin [Bor+21]. A salient point of their
work is the key role played by monotone Hurwitz numbers, which will appear in Chapter 3.

2.3 Symmetries and invariant models

2.3.1 Groups of symmetries

Dyson argued that three types of groups are singled out from physical arguments [Dys62b]: the
orthogonal, unitary and symplectic groups. This “Threefold way” follows from Frobenius Theorem.

Theorem 2.3.1 (Frobenius Theorem). There are three associative division algebras over the real numbers:
o the real numbers K; = R,
« the complex numbers Ko = C, and

« the quaternions Ky.

The Threefold way is at the root of the definition of most of the matrix models we will consider
in this Thesis. Fix a matrix size N. The three groups we discuss are the groups Ug for g € {1,2,4}
defined by
Ug(N) ={U e Mn(Kp): UU* =U"U = Idn}.

Here, the involution * is the operation of conjugation and transposition: U™ is the transpose of U in the
case 3 = 1, the usual conjugate transpose in the case § = 2, and the quaternionic-conjugate transpose
in the case 8 = 4. It will be convenient in the sequel to write U(/N) = Uy(V) to denote the usual
unitary group.

We recall that these three groups are compact Lie groups, and thus each of them admits a Haar
measure. The Haar measure on a compact Hausdorft continuous group G' is the unique (up to rescaling)
measure on the Borel subset of GG the that is invariant under multiplication on the left or on the right
by an element of G, see for instance [Fol95, Section 2.2].

The three groups Ug appear as symmetry groups of the vector spaces of symmetric 71 (V), Hermi-
tian H2(/V), and quaternionic self-adjoint H4(/N') matrices of size N x N. We define them by

Hp(N) ={M € Mn(Kg): M = M*} for 5 € {1,2,4}.
Fix f € {1,2,4}, U € Ug(N), and H € Hg(N). The group Ug(N) acts on H(N) by conjugation:
U-H=UHU* € Hg(N).

Remark 2.3.2 (Conjugation-invariant observables). In the presence of conjugation invariance, the
joint moments are the natural polynomial observables. Indeed, let n > 1 be an integer and O: X €
Mn(C) — O(X) € C be a monic (commutative) polynomial in the entries of X of degree n that is
unitarily invariant, i.e. for all X € My (C) and all U € Ug(N), we have

O(UXU*) = O(X).
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In that case, a result of geometric invariant theory, see [Pro76], implies that there exists a partition A of
n, such that
O(X) = Try\(X).

Similarly, let O be a monic polynomial of degree n in the entries of m matrices X1, ..., X, thatis
unitarily invariant, i.e. for all X;,..., X, € My(C) and U € Uy(N),

OoUX U, UXU", ..., UX,U") = O(X1, Xo,...,Xy).
Then, there exists a mapping i: [n] — [m] and a permutation 0 € &,, such that

O(Xl, Ce ,Xm) = TI'U(Xi(l), e 7Xz(n))

2.3.2 Ug(N)-invariant matrix models
One-matrix models

Fix an integer N > 1. The first invariant random matrix models were models involving a single random
matrix X € Hg(N), whose law is invariant by conjugation by one of the group Ug(/N) defined in
Section 2.3.1: for a given § € {1,2,4} it is assumed that for all U € Ug(/N) the matrices X and
UXU* have the same law. If we further assume that the entries of X are — up to the self-adjointness -
independent, there is only one possible law, up to rescaling of the matrix. This is explained in details
in the book of Mehta [Meh04], for instance. This law is called the Gaussian orthogonal, unitary, or
symplectic ensemble depending on whether § = 1, 2, or 4 (abbreviated as GOE, GUE, or GSE). It
corresponds to X having entries which are distributed according to the real, complex or quaternionic
normal law. We write this measure as

1

N
5,0

where d X denotes the Lebesgue measure on Hs(N), and Z}' is the partition function

N Ay \ BN?/4+(1-B/2)N/2
zy :/ exp<—BTr X2 )dX = <> .
70 Hp(N) 4 ( ) BN

In the sequel, we consider the family of probability measures on Hg(V) of the form

pgy (X) = Zjlv exp(—ﬂév Tr [V(X) + )S])dX, (2.10)
B8,V

with Z é\’f v the corresponding partition function, and V' € C (z) a polynomial which is confining.

Definition 2.3.3 (Confining potential). Let 8 > 0. Let V: R — R be a continuous function. We say that
V is confining if
2
2
lim inf M

> 1.

In the particular case where V' is a polynomial, it being confining means that V(X ) + X?2/2 — oo
as || X|| — oc. Note that Tr V(X) = Tr V(UXU*) for any U € Ug(N): pd) is thus invariant by the
action of Ug(NN).

A random matrix X distributed according to ,u/ﬂ\{ v can be diagonalized as

X =UDU",
with U a random element of Ug(N) and D = diag(\1, ..., An) a random diagonal matrix whose
coefficients Ay, ..., Ay are the N eigenvalues of X (taken with multiplicities). The invariance of uév v

under action of Ug(N ) implies that U is Haar-distributed, see for instance [AGZ10, Corollary 2.5.4].
The joint law of the eigenvalues of X is as follows.
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Theorem 2.3.4 (See for instance [AGZ10, Theorem 2.5.2]). Let N > 1,8 € {1,2,4},andV € C (x) be
a confining potential. The joint law of the eigenvalues of X, distributed according to /ﬂﬁ\fv, is a measure

Vév v absolutely continuous with respect to the Lebesgue measure on R, whose density is

d”é\,fv 1

BN A2
(A, AN) = = JA AP — E V(\ i : 211
d)‘1"'d)‘N( oo Aw) ZéVV’ Ot Al eXp( 2 i=1< (o) + 2>> (2.11)

with Zév v the appropriate normalization constant.

The 5-ensemble

The joint law (2.11) of the eigenvalues of a Ug(V)-invariant random matrix can straightforwardly be
generalized to all 3 > 0. This gives a measure on R” called the 3-ensemble.

Definition 2.3.5 ($-ensemble). Let N > 1 be an integer and 5 > 0. The 3-ensemble is the measure Vé\,fv

on RY that is absolutely continuous with respect to the Lebesgue measure, and whose density is given by
(2.11).

A natural question follows:

Question 2.3.6. When 3 ¢ {1,2,4}, is l/é\,fo the joint law of eigenvalues of a random matrix with
independent entries?

This question was answered positively by Dumitriu and Edelman [DE02]. We postpone the descrip-
tion of this matrix model until Chapter 4, where it will be used. Note however, that for 8 ¢ {1, 2,4},
there is no natural group of symmetries similar to U; (N), U2(N), or Us(N).

Multi-matrix models

In Chapter 3, we will consider the more general case of models involving several random matrices
X1,..., Xy for m > 1, possibly not independent. We will consider models in which these random
matrices are jointly Ug-invariant, that is for all U € Ug:

(X1,...,Xm) and (UX U™, ..., UX,,U") are identically distributed. (2.12)

The following discussion applies in the three cases § € {1,2,4}. However, the case of interest in
Chapter 3 is 5 = 2, and we concentrate on this. Let us define the family of models we are interested in.
Let V € C(Xy,...,Xy,) be such that Tr V(X1,..., X;;) — 00 as maxepy,) || Xi|| — co. We define

the measure i) on Ha(N)™ by

1
p (X1, X)) = ZNexp(—NTr
\%4

VX1, Xm) +Z;]>dxl..-d){m. (2.13)
=1

The particular case V' = 0 corresponds to the law of m independent GUE matrices. A way to study this
kind of models is to proceed as in Section 2.3.2 and diagonalize the matrices. We write the potential V' as
a sum of one-matrix potentials V; € C (z;) ,7 € [m] and an interaction potential W € C (1, ..., ZTm):

V(o am) = Y Vilw) + Wiz, ..., 2m),
=1

and set V (1, ..., 2m) = > Vi(2;). We assume that on Hy(N), Tr V takes real values only and that
for each i € [m)], Vi is confining with degree satisfying deg, W < deg,, V. This ensures that the
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measure is well-defined. For any /f&f -integrable function f: H2(/N)™ — C of the m random matrices
we have after diagonalizing

B pl [(fe N WY (X, X)) CE[(feNTW) (ULDUY, .. Un DU

N
wy (f) = MJ{\// e NI W (X1 - Xn)] = B [e N V(X1 Xn)] ’

where in the last expectation IE: for all i € [m], D; = diag(\; 1,..., A\ n) with (X; ;) je[n distributed
according to I/‘]/V , and U; a Haar-distributed N x N unitary matrix. The matrices Dy, U, ..., Dp,, Up,
are independenlt.

We may perform the integration on the unitary matrices before the integration on the diagonal
matrices. This leads naturally to the problem of estimating unitary integrals, which we study in Chapter
3. Let us detail this. We can assume that the diagonal matrices (D;);c|,) are deterministic, and consider
the new probability measure proportional to

exp(—NW (U1 DUy, ..., UpDyUS))dHaar® ™ (Uy, ..., Uy,).

As we shall see in Chapter 3, under some hypotheses, we can express cumulants under this measure in
terms of the joint moments of the matrices D1, ..., Dy, only, i.e. quantities tr (Df) for i € [m] and
k > 0. Said otherwise, we can compute all the moments involving all m matrices X, ..., X,, in terms
of the moments of the marginals. The latter moments, each involving only one random matrix, are
easier to study than moments of multi-matrix models.

2.4 Maps and coverings

2.4.1 Maps

Informally, the discrete surfaces we consider are graphs drawn on surfaces. They were much studied by
Tutte, who developed an enumerative theory of planar maps [Tut62a; Tut62b; Tut62c; Tut63]. Among
many other results, he obtained a closed expression for the number of maps on the sphere with a given
number of edges [Tut68].

By surface, we mean a compact topological manifold of dimension 2. A simple curve in a surface S
is a continuous mapping 7: [0, 1] — S such that /g 1) is injective.

Definition 2.4.1 (Embedded graph). LetI' = (V, E') be a graph with vertex set V and edge set E. This
graph may have loops and multiple edges. Let S be a connected compact surface. A graph embedding of T’
in S is a mapping ¢ such that:

« forall vertexv € V, 1(v) is a point on S, and all such points are distinct;

« forall edge e € E with endpoints vy and v, t(e) is a continuous simple curve . from v.(0) = ¢(v1)
t0Ye(1) = t(v2), and all such curves may only intersect at their endpoints;

« each connected component of S\ (.(V) U, t(€)([0,1])) is homeomorphic to a disc.
The triple (S, T, 1) is said to be an embedded graph.

Definition 2.4.2 (Embedded graph isomorphism). Let (S,T',¢) and (S’,T",.") be two embedded graphs.
We say they are isomorphic if there exists an orientation-preserving homeomorphism ¢: S — S’ and a
graph isomorphism ¢: ' — T such that

L=¢ Lol o

Definition 2.4.3 (Map). A map is an isomorphism class of embedded graphs (in the sense of Definition
2.4.2). The genus of a map is the genus of the underlying surface of any of its representative.
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The genus of a surface is a topological invariant so the genus of a map is well-defined. An important
topological formula that we will use is Euler’s formula.

Theorem 2.4.4 (Euler’s formula, see for instance [Spa81]). Let m be a map with V vertices, FE edges,
and F' faces. We have

2-2g=V -—E+F

Remark 2.4.5. We said earlier that a surface was a continuous topological manifold. In fact, we could
have restricted the discussion to smooth manifold, or in the case of an orientable map, to Riemann
surfaces. The main point is that compact topological manifold of dimension 2 are well-behaved: they
are triangulable — see [MTO01, Theorem 3.1.1] — and can be equipped with a smooth atlas or, it the
orientable case, with a holomorphic atlas — see for instance [Rey89, Théoréme 2.2].

Remark 2.4.6. In the sequel, we shall introduce maps with additional labellings (of the edges or vertices
for instance). In that case, we change the notion of isomorphism as follow: two embedded graphs with
labelling are isomorphic if there exists an orientation-preserving homeomorphism ¢: S — S’ and a
graph isomorphism ¢: T' — I which preserves the labelling such that

L=¢ 1ol o
We immediately make use of Remark 2.4.6 and introduce maps with colored vertices.

Definition 2.4.7 (Hypermap). A hypermap is a map whose vertices are colored either white or black and
such that each edge is incident to exactly one white vertex and one black vertex. A black vertex may be
referred to as a hyperedge.

Equivalently,a hypermap is a bipartite map with a bi-coloration of the vertices. Every hypermap can
be seen as a map by erasing the coloring of the vertices. Conversely, we may see a map as a hypermap
by coloring all the vertices white, and adding a black vertex in the middle of each edge. The edges of
the hypermap thus created will be referred to as the half-edges of the map.

Figure 2.1: (a) a planar hypermap with labelled edges, (b) a map on the torus with labelled half-edges.

Definition 2.4.8. The degree of a face or vertex is the number of half-edges incident to it. The face or
vertex profile of a map with n half-edges is a partition \ of n such that each part of A is the degree of a
distinct face or vertex of the map.
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In the case of orientable maps, we orient each edge of a hypermap from its white vertex to its
black vertex. We thus distinguish a left side and a right side of each edge. We say that an edge e (or a
half-edge, in the case of a map) is incident to a face f if f is at the left of e. Note that it is no longer
possible to canonically distinguish the left and right side of an edge in a non-orientable map.

We now make use of Remark 2.4.6 to consider orientable bipartite maps with edges labelled by
integers. We now give a way to describe those maps using permutations.

Definition 2.4.9. Letn > 1 be an even integer. A combinatorial hypermap is a pair of permutations
(0,) € &y, such that (o, a) is transitive. We say it is a combinatorial map if « is an involution without
fixed point, i.e.

acl, = {pe6y: p? =1d,Vi € [n], p(i) # i}.

Let us explain how to obtain a a combinatorial hypermap from an edge-labelled orientable hypermap
m. By an edge-labelled map, we mean a map whose n edges are labelled in a bijective way by a chosen
subset of the integers of size n, usually [n].

Construction 2.4.10. Let v be a vertex of m. Let d(v) be the degree of v, i.e. the number of edges incident
to it, and let Iy, ..., 14, be the labels of these edges, in counterclockwise order. We define the cyclic
permutation

We then define
o(m) = H 7(w) and a(m) = H 7(b).

w white vertex b black vertex

Let f be a face of m of degree d(f). Letly, ..., 14y the labels of the half-edges incident to f, in this
order when exploring the face in the counterclockwise order. We set

and define

f face

Notice that the permutations 7(w) for w a white vertex have disjoint supports. A similar remark
holds for the black vertices and the faces. Note that the choice of exploring the vertices and faces in
the counterclockwise direction is only a convention. Picking the opposite convention translates in the
permutational model by replacing the permutations just defined by their inverses.

Lemma 2.4.11. Let m be a map with labelled half-edges. We have
o(m)a(m)p(m) =1d.

A pictorial proof of this fact appears in Figure 2.2. A formal proof can be found in [LZ04].

A theorem of Edmonds then shows that Construction 2.4.10 gives a bijection between hypermaps
and combinatorial maps. This result is also discussed in [LZ04, Chapter 1.3 and 1.4] and [MT01]. It
shows that once the local structure of the map (and a labelling of the half-edges) is fixed, the map only
depends on the underlying graph.

Theorem 2.4.12 ([Edm60]). Let n > 2 be an even integer and 0 € &,,. Let €(n,o) be the set of
hypermaps with n labelled edges m such that o(m) = o. Then,

¢(n,o) = 6,
m— a(m),

is a bijection. When restricted to the subset of €(n, o) consisting of hypermaps with all their black vertices
of degree 2, this mapping is a bijection to the set of involutions Z,,.
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Figure 2.2: Proof by a drawing of Lemma 2.4.11: (i) = j,a(j) = [, and o (1) = i.

Considering maps with labelled half-edges is convenient, since specifying that automorphisms must
preserve the labelling make the automorphism group trivial. However, it is sufficient to mark only one
edge for the automorphism group to be trivial.

Definition 2.4.13 (Rooted map). A rooted map is a map with a marked half-edge.
It is convenient to work with rooted maps when the possible labeling is not relevant. We can go
from labelled maps to rooted maps by erasing all the labels, except for, say, the label 1.

Tutte’s equation

To study generating series of planar maps, Tutte derived a quadratic equation based on the following
decomposition procedure. Consider a rooted planar map m. It has a root vertex v, and a root edge e,.
We contract e, to produce a new map m’. There are two possible cases, illustrated in Figure 2.3.

Figure 2.3: The two cases in Tutte’s decomposition: (a) the contracted edge connects two distinct
vertices, (b) the contracted edge is a loop. The root is marked by an arrow.
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1. The root edge connects two distinct vertices v, and v, respectively of degree d. and d. When
contracting e, we replace v, e, and v by a new root vertex v}, of degree d, = d, +d — 2. If
the new map m’ has edges, the new root edge is the next edge after e, in the clockwise direction
around v if it exists, and the next edge around v, otherwise.

2. The root edge is a self-loop (i.e. connects v, to itself). When contracting e, we cut the map into
two connected components.

Denote by m(n,d) the number of planar maps with n edges and root vertex of degree d. The de-
composition just described allowed Tutte to derive an equation for the generating function of the
(m(n,d))n>0,4>1. Solving this equation allowed him to give a simple closed expression to the number
of rooted planar maps with a given number of edges.

Note that we departed from the usual way this procedure is presented (in which the root edge
is removed) by considering it in a dual way. This choice is made to match with the description of a
Tutte-like equation described in Chapter 3, Section 3.5.

2.4.2 Coverings and Hurwitz numbers

Hurwitz numbers were introduced by Hurwitz in the XIXth century [Hur91]. They are numbers of
ramified coverings of two-dimensional surfaces, up to isomorphism. In this section, we give first the
topological picture, and then define them in term of number of some factorization of permutations. We
may also understand them in term of particular maps. This discussion prepares the introduction of
maps of unitary type, introduced in Chapter 3. See the review of Lando [Lan11] for more on Hurwitz
numbers.

A covering is a surjective open map that is locally a homeomorphism. A ramified covering 7 : S-S
between two compact topological spaces is a mapping such that upon removing a finite set of ramification
points R from S, the mapping 7| S\R: S\ R — S\7(R) is a covering. We set for convenience R = 7(R),
the set of branch points.

Let us assume that S and S are compact Riemann surfaces. It is indeed a natural framework: any
holomorphic mapping : S — S may be seen as a branched covering, as we now explain. For any
point p € S, may be expressed in a chart near p as

5 s kP)

with k(p) > 1 an integer. This is the degree of 7 at p. We define the set
R:{peS: k(p)>1}.

Then, 7 is a ramified covering with ramification points R.
Given g € S, write 7~ '({q}) = {p1, ..., Pm}. The integer

m

d= Z k(pi)

=1

does not depend on g, it is the degree of the covering 7. The integers k(p1), . . ., k(pm) form a partition
of d, called the ramification profile at q.

We now explain how an isomorphism class of ramified covering may be encoded in terms of
permutations. A detailed explanation of this may be found in the book of Miranda [Mir97]. Fix a point
q € S\ R. The fundamental group (S \ R) acts on the fiber above ¢, 7~ ({q}), as follows. Pick
p€m t({q}), [7] € (S \ R), and 7 a representative of [y] based at q. We can lift by 7 to a curve 4
on S \ R that starts at p. The other endpoint of 4, p’, does not depend on the choice of representative
in [7]. It is the image of p. This construction gives a morphism

m(S\ R) = &(r~ ' ({a}))-
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If we label the d preimages of g, we obtain a morphism
p: 7T1(S\R) — G4.

We call this mapping a monodromy representation of 7. Note that there is one monodromy representation
for each way to label the preimage of g, any two such monodromy representations are related by a
conjugation by a permutation in &,4. The image of p is a subgroup of G, which acts transitively on
[d] as S is connected. In fact, the monodromy representation characterizes the isomorphism class of
ramified coverings, or equivalently of holomorphic maps.

Proposition 2.4.14 ([Mir97, Proposition 4.9]). There is a one-to-one correspondence

isomorphism class of holomorphic maps group morphisms w1 (S \ R) = &4
88 — < whose image is a transitive group
of degree d with branch points in R (up to conjugacy in &g)

Assume now that S = CP!, and write R = {q1,...,¢n}. For alli € [m], let v; be a small loop in
the positive direction enclosing ¢; only, and denote by [v;] its class in 7(CP! \ R). The data of the m
permutations

o1 =p([nl)s- s om = p([vm])

determines the isomorphism class of 7. Note that
o1 oy =1d.

The bottom line is that, as a corollary of Proposition 2.4.14, there is a one-to-one mapping

isomorphism class of holomorphic maps conjugacy classes of
7§ — CP! — < (01,...,0m) € 67 withoy -+ -0, = 1d
of degree d with branch points in R such that (o1, ...,0,,) is transitive

We now give a few applications of this fact. The main point of what follows is that a map m on S
can be lifted to a map m on S. If we fix m and vary the covering, we obtain a family of maps.

Maps as coverings

Consider a ramified covering of the Riemann sphere 7: S — CP! with three branch points: 0, 1, and co.
Let 09, 01, and 0 the three permutations describing the monodromy above the three branch points.
It turns out this data describes a hypermap. This fact is discussed in [LZ04, Construction 1.3.22]. To
see this, assume that e: [0, 1] — CP* is a smooth path, say a straight line in C ¢ CP!, with ¢(0) = 0
and e(1) = 1. This defines an embedded graph, and thus a map m, with one edge. We now lift e to a
S. This gives a graph embedding: the white vertices are the preimages of 0, the black vertices are the
preimages of 1, the edges are the preimages of e, and the faces are the preimages of CP! \ ([0, 1]) -
which are discs around co. In particular, the preimages of CP! \ ¢([0, 1]) are homeomorphic to discs.
See Figure 2.4 In this way, an equivalence class of ramified covering to the sphere corresponds to a
(orientable) map M.

The edges are naturally labelled by the choice of labelling of preimages of the fixed point g. We
have

On = 00,04 = 01, Pi — Oco-

Note that the factorization property 0po10~ = Id corresponds to Lemma 2.4.11.
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CP!

Figure 2.4: A planar map (upper sheet) as the lift by a ramified covering of an edge on the lower sheet.
The ramification profile of the white vertex is A\, = (3'2!1') and of the black vertex is Ao = (3'2!11).

Hurwitz numbers

Hurwitz numbers are numbers (up to isomorphism) of branched coverings with [ points with specified
ramification profiles. We give a combinatorial definition.

Definition 2.4.15 (Hurwitz numbers). Letd,l > 1 be integers, and A1, ..., \; - d. We define the general
Hurwitz numbers as

. o foralli€[l],o; € Cy,
h()‘l"“’m:ﬁ# (01,...,01)662: o 0,0,_1 01 =1d
' e (01,...0.) istransitive
Letr > 0, and \, i, v. The triple Hurwitz numbers are
BT\, p,v) = h(\, py v, (211970 (28197Y).

T times

We now explain how the triple Hurwitz numbers may be seen as number of maps of a special kind,
which we now define. The construction that follows is inspired from [Joh12]. Fix r,d > 1, A\, u, v - d,
and set &, = exp(2ink/(r+ 1)) for k € {0,1,...,r}. Consider a ramified covering 7 with set of
branch points

R:{Ovlzg()vélv""gmoo}'

With 0, 1, co of ramification profile A, i, v respectively, and for k € [r], & of ramification profile
(211971, Let C be the unit circle in C C CP', and O, the arc between &, and £ 1 (with the convention
that &1 = 1). The &’s and the C},’s define an embedded graph with two faces,  + 1 edges, and r + 1
vertices. This defines a map m.

The preimage by 7 of the C}’s and of the branch points &, for k& € {0,...,r} defines an embedded
graph on S, and hence a map m. There are two types of vertices: preimages of 1 — say white vertices
— and preimages of &, k € [r] — say black vertices. There are also two types of faces: preimages of
the lower hemisphere (containing 0) and preimages of the upper hemisphere (containing cc). We may
orient C in the positive orientation. The preimages of the C}’s are then oriented edges. The black
vertices are of degree either 4 or 2. By following an edge we go from a preimage of &;,_; for some
k € [r + 1] to a preimage of . See Figure 2.5.
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cp!

3

CP!

Figure 2.5: Example of covering counted by a triple Hurwitz number. Here, r = 2 and the ramification
profiles are A\ = (1°), u = (3121), v = (4'11).

Remark 2.4.16. Note that by the Riemann-Hurwitz theorem, we can deduce the genus of the resulting
map — or of the surface S - from r, d, A, u, v. Here, we can use it in the form of Euler’s formula. There
are r(d — 1) + [(u) vertices, (r 4+ 1)d edges, and [(\) + [(v) faces. Hence,

2—-29g=(r(d=1)+1l(p)—r+1)d+ (1N +1(v)) =l +1(p) +1(v)—d—r.

With this point of view, the class of 7 is determined by m. In a sense that we do not make precise at
this point, the triple Hurwitz number count maps such as m. Indeed, in Chapter 3, we will consider
maps of unitary type who can be seen as generalization of the maps constructed by lifting m.

A further refinement of triple Hurwitz number, relevant for the integrals over the unitary group, is
the notion of monotone Hurwitz numbers.

Definition 2.4.17 (Monotone Hurwitz numbers). Letd,l > 1 be integers, and A, 1, n = d. We define
the triple monotone Hurwitz numbers as

;

o 0ccC\veClypel,

R . o p7Tr_1---T1yo =1d

h"(\ p,v) = E# (0,7, s T1y -« Tyr) € 62+3: e (0,7,p,T1,...Tr) is transitive
Vi € [r], 7 = (a; b;) witha; < b;

e 01 <by<-- <y

Simple and double monotone Hurwitz numbers are defined respectively by

I I (A ) = BN (19), p).

RTO) = BT (19, (19)  and KT
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Actually, in Chapter 3, we will use a different version of triple monotone Hurwitz number, where
we fix the permutations o, v, p instead of talking them arbitrary in a class. This corresponds to making
a choice of labelling of the sheets of the covering.

We may also consider covering of higher genus compact surfaces. We defer this discussion to
Appendix 8.2.

2.5 Computation of moments: direct approach

We now explain how moments may be computed directly. The most important case is the one of the
GUE.

2.5.1 The Wick calculus and maps

Let us explain how the moments of the GUE and the enumeration of orientable maps are related. An
introduction to this can also be found in the review [Zvo97] by Zvonkin. This idea is based on the
following formula, due to Isserlis [Iss18] and rediscovered later by Wick [Wic50]. It can be seen as a
consequence of the moment-cumulant relations (2.3).

Proposition 2.5.1 (Isserlis theorem or Wick formula). Let (X1, ..., X,,) be a centered normal random
vector. We have

EX X = > [] BXX,].

a€ly (ij)Ea

Proof. The key property of Gaussian random vectors that we use is that the only joint cumulants of the
X1, ..., X, that can be nonzero are the second ones: for [ > 1 and i: [I] — [n],

Ki(Xi(1ys -+ Xi)) = O1,26(Xi1) Xi(2))-

The moment-cumulant relations (2.3) immediately give:

E[X| - X, = Z HK#B(Xp;pEB): Z H&#B(Xp;pEB).
[P, Bell gﬁpn Bell
=2

The result is a consequence of the fact that the mapping from Z, to the set of partitions of [n] with
blocks of size 2, a +— 0, is a bijection. O

The moments of the GUE are simply expectations of product of traces of powers of a GUE matrix X:
the computation of these moments is thus based on repeated use of Proposition 2.5.1. We now explain
how the computation goes with an additional twist. Firstly, we compute cumulants, they correspond to
connected objects, maps, while the moments correspond to disconnected maps. Secondly, we compute
the cumulants not of X but of AX for A a deterministic matrix. In the physics literature, A corresponds
to an “external field”, see for instance [BH16]. We will see below that this has a combinatorial interest.

Proposition 2.5.2. Let X be a GUE matrix of size N x N, and A be a deterministic square matrix of size
N x N. Letn > 1 be an integer and let A\ - n be a partition of n. We have

Ki(x) [ Tr ((AX)A1> .. Tr ((AX)M) ]

_ (n#—CAl)!NQ_z(,\) Z Z N"2m tr, (A),

vkn m is a rooted map with
vertex profile \ and face profile v

where gy, is the genus of a map m.
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Proof. We start by fixing a permutation o € C). We compute first the moments:

E [Tr)(AX)] = Z (HA (k). (k )E HXj(k)vi(U(k))]'
k=1

it [n]—=
j:n]= [N J

We use Wick’s formula, Proposition 2.5.1, to compute the expectation. Notice that the covariance of
element of the Gaussian vector (X; j); jc[n] are

05105,k

E[Xj X = for i, j, k,1 € [N].

We obtain

Ny 5. 4
E[Tra(AX)] = > <HA M) 3 I1 J@),z(a(q)])V i(o(p).i(@)

i: [n]—[N] a€Zy, (pq)€Cycles(a)
J: [n]=[N]

Notice that after exchanging the sum on ¢, j and the sum on «, the delta functions can be rewritten as

5j,i(701_1 = szl 5j(k:),’i004_1(k’)' This giVeS

TI‘)\ AX Z Z (H A'L(k: ),ica— 1(k)> N}L/Q - Z TrO'Oc 1(A®n) Ni/2

a€lp i: [n]—[N] a€ly,

We notice that the sum on (o, «) is a sum on possibly disconnected combinatorial maps. If we decompose
on the orbits of the group (o, ), we have following the discussion in Section 2.2.2:

iy (T (AN o ((ax) ) ) = 3 v, 1(A®")Ni -

(XGIn
(o,a) acts transitively on [n]

We recognize a sum over maps: (o, «) is a connected combinatorial map, and Theorem 2.4.12 implies that
we can replace the sum over o with a sum over half-edge labelled maps with vertex profile determined
by 0. We have

o (3 (01 T () = 5 e
mis a labelled map

_ N H#om—n/2
= Yoo tr i (A¥NFS .

m is a labelled map
Om=0

Euler’s formula - see Theorem 2.4.4 — gives
n
#0m — 2+ #om = 2 20m.

The overall power of N is then #pn — n/2 =2 — 29 — #0m = 2 — 2gm — I(A). To go from half-edge
labelled maps to rooted maps, we average over all possible choices of ¢ € Cy and sum on the possible
cyclic types of ¢n:

Ki(x) (Tr ((AX)’\1> N % ((AX)*Z(M))
_ N2 2U(A\ Z Z tr«p;l (A®n)N729m

O’GC/\ m is a labelled map
Om=0

= Loy 3 tr, (A)N~2m

C
# A vkn m is a labelled map with
vertex profile A and face profile v
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Each rooted map correspond to (n — 1)! half-edge labelled maps with root labelled by 1. We obtain the
result. -

In particular, if we choose A to be the diagonal matrix with formal coefficients 21, ..., zx on the
diagonal, the quantity

1\
Hlo\) ®TI‘ ((AX)AZ> (214)
=1

is a symmetric polynomial in the variables z = (z;);c|n]- A basis of symmetric polynomials is provided
by the power-sum polynomials, defined by

I(v) N
Py = Hp(uj) where p(k)(:rl, Ce o IN) = me, for k > 1. (2.15)
j=1 i=1

Proposition 2.5.2 expresses the polynomial (2.14) it in the basis of the power-sum polynomials p,,(z) as

1)
Hl()\) ( ® Tr ((AX))\Z> )
1=1

N m is an orientable rooted
= Z Z (7;;6,)']\72[()‘)29# m: map of genus g with vertex » p,(z).
A

920 vtn profile A and face profile v

One is then tempted to use this computation to express the free energy of a unitarily-invariant
Hermitian one-matrix model: given a potential V (z) = 3, ‘¥, we have formally

1y Nm—2 ot - ;
—In— = : i ( TrXZ(p))
N2 2 ; no [n]z—m* z];[l ip) ;@
B Nn—2 n n \
=> —— > #u|[]ny | s(@Tx)
n>1 7 Awithl(\)=n p=1 p=1

(2.16)

1 n
=2 > (1w > N
n
n>1 Awithi(A)=n \p=1 m is an orientable rooted map with
vertex profile A

1) m is an orientable rooted
1 1 o, ) # )
= ~90 — m: map of genus
N2g I(\) Ap polg g )
920 A p=1 with vertex profile A

where in the last line, the sum on A is on all partition of a positive integer. The first equality is
z3y,
Z50
consequence of the orbit-stabilizer theorem for the action of &,, on functions [n] — N*, acting by
composition on the right. In the course of this computation, we exchanged several infinite sums. This is
not justified in general: the above equality only holds in the sense of formal power series, see [Eyn11]
for instance. By this, we mean that the derivatives with respect to any number of ¢;’s evaluated at
tj = 0 for j > 1 of the left and right sides of the equation above coincide. In fact, the integral on the
left side or/and the series of maps on the right side may not converge in general. The expansion (2.16)
is sometimes called a formal matrix integral.

consequence of the fact that In is a cumulant generating function. The second equality is a
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Remark 2.5.3. This formal computation generalizes to the case of m > 1 GUE matrices. The maps thus
obtained are maps with each edge colored in one of m colors.
Taking for instance the potential for the Ising model on a random lattice:

V(X,Y) =gX*+gY* - cXY,

the formal integral is a power series in g and c. The coefficient of ¢*(—c)' N =29 is (up to symmetry
factors) the number of maps:

« of genus g;
« with edges that are of one of two colors, say red or blue;
« with k vertices of degree 4, each of them incident to all red or all blue edges;

- with [ vertices of degree 2 incident to one blue edge and one red edge, the frustrated edges of the
Ising model.

Remark 2.5.4. Up to now, we only discussed orientable maps. Cumulants of the GOE (8 = 1) and the
GSE (8 = 4) can also be expressed in terms of maps: it can also be shown using Wick calculus. However,
rather than only orientable maps, maps of all possible topologies — including maps on non-orientable
surfaces — are counted. This fact was shown in the physics litterature by Cicuta [Cic82]. A random
matrix-centered derivation can be found in the work of Mulase and Waldron [MW03].

2.5.2 Moments of the J-ensembles and Jack polynomials

We saw in Section 2.5.1 that when 8 = 2, we could compute the joint moments and cumulants of the
GUE in terms of maps. We now consider the computation of the joint moments of the 5-ensemble for
any 3 > 0. A priori, for a general /3, the moments are given by

<pl/(A17 ey A]\f)>]ﬁ\f(] )

with v the partition of a positive integer, and p,, the power-sum polynomial defined in (2.15).

It turns out that the most natural polynomials to work with the S-ensemble are the Jack polynomials.
They were introduced by Jack in [Jac70] to study zonal polynomials. Zonal and Schur polynomials
appear naturally when considering integrals over the orthogonal or unitary group respectively —
corresponding to 5 = 1 and 8 = 2. The interpolation between the measures V{\’fo and Vé\’fo is mirrored
in the interpolation between zonal and Schur polynomials provided by Jack polynomials. Let us now
define the Jack polynomial and give some of their properties. Two references are the review of Stanley
[Sta89] or the book of Macdonald [Mac15]. Recall that the monomial symmetric polynomials are defined
for a partition y by

my(z1,...,xx) = Z x’;h)xfjé) . --xg“(“k),
ceSy
with p; = 0if ¢ > [(p). They form a basis of the symmetric polynomials. Given a symmetric
polynomial P, we denote by [m,|P the coefficient of m, when P is expressed in the basis of the
monomial symmetric polynomials.

Definition 2.5.5 (Jack polynomials). Let v be a real parameter. We define the inner product (-, -) , on the
space of symmetric polynomials by the orthogonality relations:

!
<p,u7pu>a = #7%0/([05#,1/7

for p, v two partitions of integers. The Jack polynomials (J,,(-; «)) form a basis for the set of homogeneous
symmetric polynomials. They are determined by:
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« If u # v are two partitions, (J,,, J,),, = 0;
« We have [m,].J, = 0 unless ji < v;
« Let 1 be a partition of an integer k, [x1 - - - x| J, = k.

In particular, when o = 1 the functions J,(+; 1) are (up to a constant) the Schur polynomials, and
when o = 2 the function J,(+; 2) are the zonal polynomials. A formula about Jack polynomials we will
use in the sequel is Cauchy’s formula.

Theorem 2.5.6 (Cauchy Theorem for Jack polynomials [Sta89, Proposition 2.1]). Let o« € R, and
x = (x;)i>1 and y = (y;)i>1 be two families of formal variables. We have

1 o Lz a)Ju(y; )
e =2,

ijo1 (1= aiy;

where the sum is on all partitions of integers (including the empty one).

Averages under the $-ensemble measure may be seen as a degeneration of Selberg’s integrals.
Selberg’s integral is

N-1 . ﬁ é ﬁ
/ lﬁﬂvl— ydA—HF(H(Hﬁl)z) F(H“)F(yﬂz)ﬁ . (217)
0,1V oo l+3) T+y+(N-1-j)3)

for x,y, 8 > 0. It can be seen as the partition function of a multi-particle generalization of the Beta
distribution. It was shown by Kadell [Kad97] that expectation values of Jack polynomials against the
integrand of the Selberg integral could be exactly computed for even parameter f.

The partition function of the 5-ensemble may be computed using the Selberg-Mehta integral, which
can be seen as a degeneration of Selberg’s integral (see the book of Mehta [Meh04, Section 17.6]). By
doing appropriate changes of variables, we obtain the Selberg-Mehta integral:

N(B/2AN-1)+1)/2 N 1+]2

—BNTIN a2 I54

Rather than the power-sum symmetric polynomials, it seems more natural to compute the averages
under the 3-ensemble of the Jack polynomials. Indeed, we have the following Theorem, which was a
conjecture of Goulden and Jackson [G]97] before being proven by Okounkov [Oko97].

(2.18)

Theorem 2.5.7. Let N > 1 be an integer and 3 > 0. We have for all partition 11 of an integer m that
N 2] _ [N )RS B). ifm s even,
p 0 if m is odd,

where 1y = (1,...,1).
——

N times

We may relate the quantities V[]?\,To {JH()\; %)} and Vé\{() [pu(X)] by expressing J,, in the basis of
power-sum polynomials. In particular, we have [Sta89, Proposition 2.2]:

2 2\ " HK) n!
T3 =2 () T
ﬁ pukn ﬁ szl] Jmél‘

where mé‘ is the number of parts of i of size j € N*. While possible in principle, relating the two bases
of symmetric polynomials to compute the moments of the 5-ensemble is arduous in practice.
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It was noticed by Goulden, Harer, and Jackson [GHJ01, Proposition 5.1] that the free energy of the
[B-ensemble could be expressed formally as a series of Jack polynomials. Indeed, we have at the level of
formal power series

B 27/? 5 AP2ylN
vio |exp | 530 Zm@ni V) | | = [exo| 5 D0 T2
=1 J i gk I>1 J
= vl ST (1 - 220
= Vo |€XP 2 Z n Z 0 YR
ki>1

.2
:VN Z ‘,U,‘/Q [l, y?ﬁ)'] <A7E)
(Jus Tudays

where in the last line we used Theorem 2.5.6. Theorem 2.5.7 then implies

B B2 /2 Ju(y; 5)u(1n; 3) 2
v eSZJZI 7 p,(y)pJ(A)] = E Z ] p|“|/2 Ju(55)- (2.19)
5,0 . (N) (T uda 5 PV B
|| even

On the other hand, Goulden and Jackson had introduced in [G]J96] the hypermap series:

1+0)J,(y;1+b 145
U(z,y,2t,1+b) = +bt6tlnz (i 1+ <<(7y,Jt )Ju(z:1+0)
Hy Sl o

=D 1" > huv )PA(®) D (Y)po (2)-

n>1 RWIRY )

The coefficient in the power-sum basis, the (hﬁy) can be interpreted as number of orientable hypermaps
when b = 0 and possible non-orientable hypermaps when b = 1, with hyperedge, vertex, and face
profile given by A, i, v respectively. This led Goulden and Jackson to conjecture that for all b, the
coefficients of the Hypermap series in the power-sum basis count maps, weighted by a factor depending
of their orientability.

Conjecture 2.5.8 (Hypermap-Jack conjecture [GJ96]).
WL
m

where the sum is on possible non-orientable hypermaps m with hyperedge, vertex and face profile A, u, v
respectively, and 9(m) is a measure of the non-orientability of the map m.

If we restrict the terms of the series to the case where the hyperedge profile is (2") - that is, the
case of maps — we obtain the related map series:

Ju(y; 1+ 0)Ju(2;1+0)
<JM’JH>O¢

M(y, z;t,1+b) = (1+b)tdIn Y

1
|| even

=20 3 W )pu(y)pn(2).

n>1 w,v2n

(P21 7, (1 + b)
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Using the result of Goulden, Harer, and Jackson, we can express the map series in terms of an expectation
under the measure of the 5-ensemble:

[z 2 2 8 o .

M Iy — 2)Yy=Z2 Ol N 3 2'21 -pi (¥)p; (A) .
(y7 N N7 /B) /8\/2 t‘t_\/gyﬁ70 |:e 7 J

In particular, we get that the cumulants of the S-ensemble coincide with sums of coefficients h,(fyn): for

all integer n > 1 and pu F 2n,

2 z 3 () Up)
S N = (5] g | @m0
j=1

v2n

where the cumulant is with respect to the measure Vév o- This computation gives one answer to the
question of computing the cumulants of the 5-ensemble. These sums of coefficients were computed by
LaCroix [LaC09]. In particular, he showed the following result.

Theorem 2.5.9 (Marginal b-conjecture [LaC09, Corollary 4.17]). Let f,n € N* and pu - 2n. The sum

> b))

v2n
(v)=f

is a polynomial in b with integer coefficients. Given | € N, the coefficient of bl is the number of rooted
maps with f faces, vertex profile i, and | twisted edges when decomposed by an iterative root deletion
algorithm (see [LaC09, Section 4.1]).

The approach of LaCroix was based on inductions equations and tools from algebraic combinatorics.
We may wonder if there could be another approach, based purely on random matrix theory techniques
as for the cases # € {1,2,4}. When 8 ¢ {1, 2,4}, it is not possible to use Wick calculus: a self-adjoint
matrix model with independent Gaussian entries is not available. However, the 3-ensemble coincide
with the distribution of the eigenvalues of a tridiagonal random matrix defined by Dumitriu and Edelman.
The computation of the cumulants of the -ensemble using this model will be carried out in Chapter 4.

2.6 Computation of moments: induction relations

In Section 2.5, we related some averages of observables to numbers of (weighed) maps. A way to provide
closed expressions for these numbers is to use induction relations. We discuss first the Harer-Zagier
recurrence, and then the powerful method of Dyson-Schwinger equations. The Dyson-Schwinger
equations are used in particular to show that some formal expansion of matrix models are in fact exact.

2.6.1 The Harer-Zagier recurrence

The computation of the moments in the case 5 = 2 was carried out by Harer and Zagier [HZ86] using an
induction formula. They were not interested in theses moments per se, their aim was the computation
of the orbifold Euler characteristic X(M;) of M;, the moduli space of curves of genus g > 1 with a
base point. Their proof relied first on a reduction of the computation of X(M;) to the enumeration of a
class of one-face maps (maps without vertices of degree one or two), and then to a computation of this
number of maps using expectations under the GUE. The latter computation was carried out using the
induction equation given in the following Theorem.

Theorem 2.6.1 (Harer-Zagier recursion [HZ86, Theorem 3]). Let k > 0, N > 1 be two integers. We
have

(Pary (s AN))g = N 752k = 1)lle(k, N),
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where c(n, N) is defined by ¢(0, N) = N, c(k,0) = 0 and the recursion
c(kyN)=c(k,N—-1)+c(k—1,N)+c(k—1,N —1). (2.20)

The ordinary generating function of the (c(k, N))k>o is

1+z\V
1—|—2Zc(k,N)xk+1 = () .

1—=z
k>0

Together with Proposition 2.5.2, Theorem 2.6.1 allows us to compute the number of one-face maps
of any genus, with any number of edges.

2.6.2 Dyson-Schwinger equations

We introduce the Dyson-Schwinger equations, which will be used in Chapters 3 and 5. These equations
rely on the invariance by translation of the reference measure of the model, of the Lebesgue and Haar
measures in our case. Equivalently, it corresponds to using the fact that integrating a derivative gives 0
when the functions we consider vanish at infinity.

Hermitian matrix case. Let us study the derivation of non-commutative polynomials with respect
to a coefficient of a matrix. In the case of one Hermitian matrix X, for all k € N and ¢, j, i, j' € [N]
we have
P k
ky. . =1y, (xk-py., .
5%, X =2 1:<X )i (XF)15.
2 p:

At this point, it is natural to see the product of coeflicients in the sum above as the coefficient of
the simple tensor X?~! ® X*~P. Let us fix our notation. We write the elementary tensor matrix in
My (C)®? for the indices 4, §, 7', j’ as

Eij =FEi;®Ey;j,

Y
7 7-]

and for a pair of matrices of size N x N, A and B,

(A® B)ij = Ai;jBi gy,

ilyjl
so that
N
A®B= Y AiyByjyEq;.
il =1 g
Two simple tensors A ® B and A’ ® B’ may be multiplied:
(A B) x (A @ B') = (A4") ® (BB'),
and this definition extends by linearity. It is then natural to introduce the two following definitions.

Definition 2.6.2. Let A be the algebra of non-commutative polynomials in | + 1 indeterminates with
complex coefficients A = C (x, 1, ..., x;) . We define the non-commutative derivative

Op: A— AQc A

and the cyclic derivative

D, A— A

as follows. Given a monomial P, we set

. P= Y Q®RandD,P= > RQ,

P=QzR P=QzR

and we extend O, and Dy, by linearity to all polynomials in A.
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With this notation, we have

a)g,ﬁj, (XF)ij = <8XXk> "

J'J

This can be generalized as follows.

Lemma2.6.3. Let P € C(x1,...,x;), X1,...,X; be N x N Hermitian matrices, q € [l], andi, j,7',j" €
[N]. We have

0
(P(X177Xl))z: aIP .4 (Xla"'aXl)a
X )y o= 0Pl
and 5
— 2 TrP(X1,...,X)) = (Ds, P)., ., (X1,..., X))
kg TP X0 = (P2 P (0

With this non-commutative derivative, we can state the Dyson-Schwinger equations in the Hermi-
tian case.

Theorem 2.6.4. Fix N,m € N*,p € N, and a family of p deterministic matrices A1, ..., A, € My(C).
Foralll > 1and Q,...,Q; € C(z1,...,&m,a1,...,an) set

WH(Q1,...,Q) = ki(TrQq, ..., Tr @),

where the cumulants are under the measure ,uévv and the polynomials are evaluated in the random matrices
X1, X, A1, A,
Foralll > 1 and k € [m], we have

NEUOST oWl (@Pi@gld)@WfVY#M Q)P e1d| (0cP)

TuJ=[1-1] i€l jeJ
+ NI (PL® - © Py @ 0gR)
=NW (PL@- - ® Py @ (DyV + X3,)P)

-1

NI W (P @@ ® Py @ (DyP)R),
j=1

(2.21)

where * means that the term is omitted.

To illustrate how these equations may be used, we consider the first Dyson-Schwinger equation,
obtained by taking [ = 1 in (2.21), and we divide it by N2:

1 1 1 1
V01 © WL (0eP) + 35 Wia(0kP) = W (DiV + Xp)P).

In the large N limit, it turns out that the term ﬁW‘J,V ,(0; P) is negligible. Let us assume furthermore
that the matrices (A;) ¢, converge in distribution, i.e. that there exists

Ta: Cla,...,ap) = C

such that for all Q € C (a1, ..., ap):
. 1 . 1
Jim W Q) = lim L THQ)(Ar - Ay) = 7a(Q)

We are led to consider the equation with “boundary condition” specified by 74:

{ TR T(OP) =7 ((DrV + Xi)P), forall P € C(z1,...,2m,a1,...,ap), (2.22)
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where 7 is a linear map C (x1,...,2m, a1,...,ap) = C.

This equation has a unique solution if V' is in some sense, small enough. As an example consider
the case V' = 0. If we denote by deg,, P the the degrees of P in xj, (recall Definition 2.2.4), we see that
the left-hand side in the first line of (2.22) is in terms of polynomials whose degree is deg;, P — 1, while
the right-hand side is expressed in terms of a polynomial whose degree is deg;, P + 1. By induction,
the values of 7 on monomials of positive degree is specified by the value of 7 on polynomials of total
degree 0. As it is, this argument fails as soon as V' # 0, but we have the following Theorem.

Theorem 2.6.5 ((GM06, Theorem 2.1]). Let V € C(x1,...,Zm,a1,...,ap). It can be written as

d
V= Z 2iqi
i—1

with d > 1 an integer, (z;) complex numbers, and (q;) monic monomials.
There exists € > 0 and R > 0 such that if

max |z;| < e,
i€(d]

then the problem (2.22) has at most one solution T satisfying for all k > 1

mlgx\T(Pﬂ < R,

where the maximum is on monic monomials P with ), deg, = k.

By a combinatorial argument generalizing the derivation of Tutte’s equation of Section 2.4.1, we
can show that generating series of (weighted) planar maps satisfy (2.22). The uniqueness of the solution
of this problem provided by Theorem 2.6.5 implies that the first order asymptotics of the Hermitian
one-matrix model we consider is given by a generating series of maps. This is the result obtained by
Guionnet and Maurel-Segala in [GMO06]. This result generalizes to the case of a nonzero (yet small)
potential V' the first order of the result obtain with Wick calculus in Proposition 2.5.1.

[-ensemble case. When (3 € {1, 2,4}, rather than deriving the Dyson-Schwinger equation at the
level of the matrix entries, we may derive them at the level of the eigenvalues. In particular, this
allow to obtain Dyson-Schwinger equations for the 3-ensemble for any 5 > 0. Such an equation was
obtained by Johansson [Joh98] in the study of the fluctuation of the eigenvalues of the S-ensemble.
A convenient way to obtain it is to consider the n-points functions, which can be seen as ordinary
generating functions of the cumulants:

l

N

1 1

Wé\,[\/,l(zlv-wazl):’ﬂ @NEI ' forz1,...,z7€ C\R.
1= J]=

Note that for [ = 1, this is the expectation of the Stieltjes transform of the empirical measure of the
particles of the S-ensemble. The Dyson-Schwinger equations are then obtained by making the change
of variable

€
A A — ——
~ Z—)\i

for some small real parameter e, differentiating with respect to €, and then taking € = 0.
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Theorem 2.6.6 (Dyson-Schwinger equation for the S-model). Letl € N and z, 21,...,2z1 € C\ R. We
have

Y Wara(z 20 Wasia (2, 210)

IuJjcl)
N l N
1 VI(Ai) + Ni 1 1 /
— K41 Nzﬁ SN 2 %=\ (V'(z) + 2)
J=1 =1 j=1 (2.23)
2 Wiz, 215 oy Ziye ooy 21) = Wilz1, ..., 21)
It 0.
e
2
= (B —1D)0Wii1(z, 21,y 21) — Wiaa(z, 2, 21, - -+, 21).

Unitary matrices case. Finally, the Dyson-Schwinger equations can be written for measure having a
density with respect to the Haar measure on the unitary group. The idea is as follows: the Haar measure
is invariant under translation so if U is Haar-distributed, we can make the change of variable

U UeM

where M is an Hermitian matrix. After differentiating with respect to € and setting ¢ = 0 we obtain a
family of equations. Consider a monomial P € C (u,u*, a1, ..., ap,), a Haar-distributed unitary matrix
U, and a family of p deterministic matrices Ay, ..., A,. We have

0

0:/ dUa—|6:g (P(Ue“M,e_ieMU*,Al,...,Ap))ij
Uz2(N) €

:/ dU > (QUMR),;— Y  (QMU'R),;.
U2(N) P=QuR P=Qu*R

By considering matrices M which are basis elements of H3(N), and doing appropriate linear combi-
nations, we can assume that M = (M) is such that My, = d, 04, for some k,l € [N]. We then
have

0 :/ dU Z (QU )y, Rij — Z Qi (UTR),; - (2.24)
U2(N)  p—qur P=Qu*R

This motivates the introduction of the following logarithmic version of the non-commutative derivative.
Definition 2.6.7. The logarithmic non-commutative derivative is the linear map

®2

oV: C(u,u*ay,...,ap) — Clu,u*,a1,...,a,)

defined on a monomial P by
"P= > QueR- ) Q@u'R,

P=QuR P=Qu*R
and extended to C (u,u*, a1, ..., ap) by linearity.

With this notation, (2.24) becomes
/ tr®2(0Y P)(U,U*, Ay, ..., A,) =0,
UQ(N)
forall P € C (u,u*,a1,...,ap).

Proceeding similarly, we may define a family of Dyson-Schwinger equations, analogous to those of
(2.21). We postpone the discussion of these equations to Chapter 3.
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2.7 Geometry and integrable systems

2.7.1 A geometric interpretation of the Dyson-Schwinger equations

The Dyson-Schwinger equation for a one-matrix model (2.23) (in the case [ = 0) can be rewritten in
terms of the Stieltjes transform of the empirical measure. When taking the limit of a large matrix
dimension [V, the Dyson-Schwinger equation becomes

Wi (x)? — V'(z)W (x) + P(z) = 0, (2.25)

where W is the Stieltjes transform of the limit distribution of the eigenvalues, V' is the potential of the
matrix model, and P is a polynomial. Equation (2.25) can be interpreted as the equation of a hyperelliptic
curve. We thus associate to the matrix model a complex curve, equipped with a distinguished 1-form
constructed from W1, the spectral curve of the matrix model. This idea was first used by Dijkgraaf
and Vafa in the context of mirror symmetry [DV02]. It was subsequently used by Eynard [Eyn05] to
re-express the hierarchy of Dyson-Schwinger equations in terms of computation of residue on the
spectral curve. This point of view was enriched by works of Eynard and Orantin [EO07a; EO08]. Written
in this framework, dubbed the topological recursion, the induction equations could be shown to describe
many sequences of numbers of combinatorial or geometric nature: the topological recursion describes
the enumeration of maps[CE06], intersection numbers[Eyn14] and Weil-Petersson volumes [Mir07;
EOO07b] on the moduli space of curves, (monotone) Hurwitz numbers [Bor+11; DDM14; Ale+18; BG18]...
A main idea of topological recursion for matrix models is to use the dictionary between the
observables of the random matrix model and geometric quantities on the spectral curve, see for instance
[BE12, Section 9], to turn problems of random matrix theory into residue computations. In Chapter 5
(based on [BB24]), we cross the bridge in the other direction: identities of random matrix theory are
transported to the world of algebraic geometry, to become formulae on hyperelliptic curves.

2.7.2 Riemann surfaces and theta functions
We recall a few notions of geometry, needed to introduce the theta functions — the main character of
our formulae - and Fay’s formula, to which our formulae resemble.

Cycles and fundamental domain

Consider a compact Riemann surface without boundary . Assume that 3 is of genus g at least 1. It is
at times convenient to work on the universal covering 3 of . We choose a fundamental polygon in 3,
a choice of fundamental domain for the deck transformations. A way to construct this polygon is to
choose a symplectic basis of the homology group Hi(X;Z), i.e. abasis Ay, ..., Ay, Bi,..., By such
that their intersection numbers are

Aiﬂ.Aj:O,BiﬂBjZO,Aimszdi,m

for i, j € [g]. We can then choose a point Py € ¥ and curves ay, ..., ag4,b1,. .., by representing these

classes such that all these curves intersect only at /. Cutting the surface ¥ along the curves (a;, b;);c[g)

gives a simply connected domain 3, see Figure 2.6. Note that this polygon is by no mean unique.
By duality, the classes (A;);c[q) define a family of 1-forms (dw;);e[g). These forms are characterized
by the normalization property on the A-cycles

% d’LL]' = 5@',]' fori,j € [g]
A;

The integrals on the B-cycles define the period matrix 7 = (7;5); je[g € Mg(C):

Tij Z:% de.
B;
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(b)

Figure 2.6: (a) A fundamental polygon (b) The corresponding Riemann surface, of genus 2, with a choice
of paths a;, b;,1 = 1, 2.

An important property of the period matrix is that Im 7 is a positive definite matrix. It is not uniquely
defined as it depends on a choice of A and B-cycles. However, any two choices are related by the action
of a symplectic matrix with integer coefficients.

The period matrix allows us to define the Jacobi variety of X:

J(X) =C%/(Z2®1Z9).

It is a complex torus determined by the curve 3: two choices of period matrix for ¥ yield the same
Jacobi variety. Having fixed the point /%, we can define the Abel map u = (u;);g[g: X° — J(X): for

all z € ¥° 3
ui(z) = / dus,
Py

where the integration is over a path contained in 3. This mapping can be shown to be injective. We
can naturally extend this map to a holomorphic map on the universal cover 3 of . For our purpose, its
interest is that it relate the Riemann surface X to its Jacobi variety, a much simpler variety since it is a
complex torus (albeit of greater dimension 2g).

Theta function

The theta function can be defined without any reference to geometry, as a Fourier series.

Definition 2.7.1. Let g > 1 be an integer, and T € My(C) be such that Im T is positive definite. The
Riemann theta function is defined by

O(z|T1)= Z exp(imm - T - m + 2irm - z) forz € CI.
mecZ9

Consider the particular case g = 1. As a function of z, the theta function can be considered as an
elliptically deformed version of the trigonometric functions, see [KZ15] for a review of some of its
properties.

Its key property is that it is a quasiperiodic function: for n,n’ € Z9 and z € C9,

O(z+n+71-n'|71)= eTImTnIR22)g (4| 7).

We can thus consider it as “almost” a holomorphic function on the Jacobian variety J(X). A geometric
way to define the theta function is as (up to homothety) the section of a line bundle on J(X).
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On compact Riemann surfaces, non-constant holomorphic functions do not exist because of the
maximum principle. This entails a lot of rigidity regarding which meromorphic function exist: a
meromorphic function is determined by the position of its zeros and poles. Furthermore, it is not
obvious that a meromorphic function with a given set of zeroes and poles do exist. A reason why the
theta function is important is that it is a building block to construct meromorphic functions on compact
Riemann surfaces. In particular, given ¢ € CY, the function

Yy —=C
P —0(c+u(P)|T)

is a holomorphic function of 3. that could be extended to a holomorphic function on ¥ if it were not
for the phases by which it differs on the boundary of the fundamental polygon. A way to remedy to
this problem is to construct a bispinor form using the theta function, the prime form E, which is a
generalization of the function (z,y) + = — y that can be defined on C2. We do not define precisely
the prime form yet. It is a bispinor form (z,y) € ¥ — E(x,y) whose only zero is at z = y. Ratios of
prime forms can then be used to define meromorphic functions on 3.

Hyperelliptic curves

We mentioned that Dyson-Schwinger equation (2.25) can be seen as the equation of an hyperelliptic
curves. Hyperelliptic curves are Riemann surfaces that can be defined by an equation of the form

w? = Q(2)

with ) a polynomial, or equivalently, which are branched double coverings of the sphere. They can be
described explicitly using two sheets which are copies of the Riemann sphere CP!, and a set of curves,
the “cuts”, by which the two spheres are connected. By crossing a cut, we go from one sheet to the
other. While the cuts are not intrinsically defined, their endpoints are. They are exactly the roots of Q)
(when @ is a polynomial of even degree with only simple roots), or equivalently the Weierstrass points
of the curve. The analysis is then greatly simplified: most computations can be written in terms of one
of the two sheets only.

Finally, when considering only hyperelliptic curves rather than all complex curves, the deformations
of curves are easier to describe. It suffices - for our purpose at least — to consider local deformation of the
roots of the polynomial @) describing a hyperelliptic curve X: let oy, . . . , &g be holomorphic functions
from a neighborhood of 0 in C to C, with a1 (0), ..., og the roots of Q. Let Qz(z) = ngl(z —a;(x))
be a deformation of () = Qo. The polynomial (), defines a hyperelliptic curve ¥, through:

w? = Q. (2).
If ¥ is equipped with a family of A and 5. cycles, for small enough deformation the deformed curve ¥,
is naturally equipped with a family of 4 and B cycles. The integrals on the .4 and B cycles are then
holomorphic in the complex deformation parameter z. It follows in particular that the period matrix is
a holomorphic function of the deformation parameter x. See [CMP17] for more.

2.7.3 Fay’s formula and some applications

In [Fay73], Fay gave the following formula, in terms of the theta function 6, the Abel map u, and the
prime form E.

Theorem 2.7.2 (Fay’s formula [Fay73, Corollary 2.19] or [Mum07, IIb. §2]). Lete € C9, andn > 1.

A

Forallzy,...,n,Y1,...,Yn € 2,

Hi<jE(xi’xj)E(yiayj) - wu(z:) —uly;)) —e e) !
sz‘zl E(l‘i,yj) 0 (Z( () (i) )9( )

i=1
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CP*
CP!
z:;._/‘ 24
Z.l_/.22
CP*

Figure 2.7: A hyperelliptic curve of genus 1 as a double covering, ramified at the Weierstrass points
21, - .., 24. Note that when arriving from one side of one of the cut on the upper sheet, we arrive in the
lower sheet from the opposite side of the cut.

where 0 is the theta function where T is a period matrix of 3.

In fact, the general determinantal formula that we reproduced above can be deduced from the case
n=2:
E(x1,22)E(y1, y2)
E(z1,y1)E(21,y2) E(2,51) E(22, y2)

0 (u(r1) +u(r2) —u(y) —u(y2) —e) 0 (e)
O(u(z1) —u(y1) —e) O(u(zz) —u(y2) —e)

N E(x1,y1) E(x2,y2) (2.26)
_O(ulz1) —u(y2) —e) O(u(zz) —u(y1) —e)
E(x1,y2) E(x2,1) '

We now consider three applications of this formula, in geometry and the theory of integrable
systems.

Fay’s formula as a trisecant identity

The Jacobi variety J(X) being a complex torus, we can define on it the mapping o: z — —z. The
Kummer variety of J(X) is then the variety with singularities K (X) = J(X)/o. Its singularities are at
the points corresponding to the lattice %Zg + %ng. As a consequence of Lefschetz’ theorem, the theta
function allows us to define an embedding of the Kummer variety K (X) in a projective space CP?" 1.

Definition 2.7.3 (Secant of a Jacobian variety). Let n > 3 be an integer. A n-secant of the Jacobian
variety J(X) is a projective plane V ~ CP"~2 of dimension n — 2 which intersect the Kummer variety
K (X) atn distinct points.
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It was noticed by Mumford [Mum07] that Fay’s formula (for n = 2) can be interpreted as the
equation of a trisecant. We now concisely explain why, for a detailed account of this see the review of
Taimanov [Tai97]. We remarked that the theta function is a building block of an embedding of K (X) in
CIP?’~1. The equation of a trisecant — if it exists — can thus be given in terms of theta functions. Given
21, 22, 23 € J(X), there is a trisecant going through the image in projective space of the three points
21, 22, 23 if and only if there exists nonzero coefficients ¢y, ca, c3 such that

c10(z + 21)0(z — z1) + c20(z + 22)0(z — z2) + c30(2 + 23)0(2z — z3) = 0 for all z € CY.

For appropriate choices of 21, 22, 23 (in terms of e and w(x;), u(y;),7 = 1, 2), Fay’s formula (2.26) with
n = 2 can be expressed in this way, thus giving the equation of a trisecant.

Integrable systems

Integrable systems are families of partial differential equations whose flows commute. Beyond their
intrinsic interest, these hierarchies of equations appear both in combinatorics and in random matrix
theory. We give an informal description of some part of the theory that is relevant to this Thesis.
For a thorough description of the theory see [BBT10], or the gentler introduction [MJD02]. Many
integrable systems can be written in the following setup. Let L be a differential operator, or rather a
pseudodifferential operator, which is a formal extension of differential operator allowing for negative
powers of differentials. We may be interested in the eigenvalues and eigenfunctions of this operator,
and hence study the equation

Ly = k.

The operator L and the eigenfunction ) may have additional symmetries, that could be encoded into
additional differential operators (A,,),>1. The eigenfunction 1) thus depend on an infinite number of
parameters, the “times” t = (1, to, .. .), such that

9y

— = Apt.

ot n?
The differential operators (A, )n>1 are well-chosen, so that the flows of these equations are compatible.
We do not make this precise and refer the reader to the references above. The important point for us is
that integrable systems such as the Korteweg-de Vries (KdV), Kadomstev-Petviashvili (KP), or Toda
hierarchies can be written in the form

LY = k¥
0w ‘ (2.27)
o, = A;¥, forj > 1.

In this form, the eigenfunction V¥ is a function of the so-called spectral parameter k and of an infinite
number of times ¢ = (t1,t2,...). A solution of (2.27) is called a Baker-Akhiezer function. This function
can be expressed in terms of another function of the times £, the tau function. The integrable system
equations (2.27) can the be recast in term of an equation on the tau function, the Hirota bilinear equation.

Theta functions appear in a crucial way in the algebro-geometric approch to integrable systems,
due in particular to Krichever [Kri77]. The construction starts with geometric data, and produces an
integrable system together with its Baker-Akhiezer function. More precisely, to a compact Riemann
surface ¥ and a choice of punctures Py, ..., P, in 3, we can construct uniquely a function V: it is the
unique meromorphic function on ¥ \ { P4, ..., P,} having a particular behavior around the punctures.
The function ¥ can be expressed in terms of theta functions. A family of operators with appropriate
commutation relation can then be constructed, such that their Baker-Akhiezer function is W. This
procedure allows the construction of quasiperiodic solutions to many integrable systems.

On the other hand, the quasiperiodic solutions constructed by the method of Krichever could be
constructed independently by Mumford. Indeed, he noticed that degenerations of Fay’s formula (i.e.
corollaries obtained by taking limits in the points x;, y;) lead to equations of some integrable systems.
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In this way, he constructed solutions to the KdV, KP, and Sine-Gordon equations [Mum78]. In fact, in
many situations such as for the KdV, KP or Toda hierarchies, Hirota equation can be rephrased as Fay’s
formula, see for example the recent review [EO24].

The Schottky problem

The Fay identity appears in the Schottky problem, an old problem in geometry:

Question 2.7.4 (Schotty problem). Among complex matrices 7 with positive definite imaginary part,
which ones are period matrices of a Riemann surface?

The first results, in genus 4, were obtained by Schottky in 1888 [Sch88]. See the review by Grushevsky
[Grul2] and reference therein for more on this problem. Beyond the relevance of this question in
geometry, it appears in the theory of integrable systems under the guise of Novikov’s conjecture which
characterizes Riemann theta functions associated to Riemann surfaces (and hence period matrices) in
terms of the KP hierarchy. This conjecture was proved by Shiota [Shi86], by refining the approach and
results of Mulase [Mul84]. He showed that Fay’s identity gives a characterization of period matrices,
giving an answer to Question 2.7.4.

2.7.4 Integrable formulae for the 5-ensemble

The /3 ensembles for 3 € {1,2,4} are also known for supplying solutions to some integrable systems.
For § = 2, the partition function is a tau function of the Toda hierarchy [Ger+91]. For 5 = 1 or
B = 4, the partition function is a tau function of the Pfaff lattice introduced by Adler, Horozov, and
van Moerbeke [AHvM99], and studied by Adler, Shiota, and van Moerbeke [ASM02]. These links
explain why observable of these matrix model enjoy many determinantal (5 = 2) and pfaffian formulae
(6 =1,4).

At the root of this link is the description of the 5-model in terms of orthogonal polynomials (8 = 2)
and skew-orthogonal polynomials (8 = 1, 4). Orthogonal polynomials are a powerful way to study the
[B-ensemble at 5 = 2. Fix N > 1 and a confining polynomial potential V. The associated sequence
of orthogonal polynomials (py ;);>0 is the sequence of monic polynomials, with py ; of degree j for
j € N, which are orthogonal with respect to the scalar product

(P.Q) = / P)Q(x)e NV @-Na/2qy

that is
(PN,i»PN,j) = 6ijhNis

for some positive real numbers (hy;);>0. Gerasimov, Marchakov, Mironov, Morozov, and Orlov
[Ger+91], showed that the recurrence equations satisfied by the orthogonal polynomials where equiva-
lent to the equation of the Toda hierarchy together with the Virasoro constraints (equivalent to the the
Dyson-Schwinger equations in this setting). A similar discussion involving the recurrence equation of
skew-orthogonal polynomials allowed to show a corresponding result linking the Pfaff lattice and the
cases § = 1 and 8 = 4 [ASM02].

The particular observable we are interested in are averages of ratio of characteristic polynomials of
the random matrix, i.e. quantities of the form

n N
< [1;2, det(x; — X) > (2.28)
m Y .
Hj:l det(y; — X) sV
for two integers m,n > 0 and z1, zp, Y1, - - ., Ym € C\ R. These observable encode much information

about the distribution of the 5-ensemble. For m = n = 1, such ratio are related to the Stieltjes transform

d /det(z— X)\ "V 1 \Y
- S ——— Z:Z/ = T :NW .
dz<det(z’—X)>ﬁ’V| < rz—X>B7v 1(2)
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For 5 = 2, we recover the orthogonal polynomials in the case n = 1, m = 0.

Proposition 2.7.5 (Heine’s formula, see for instance [EKR18, Equation (5.2.9)]). Let V be a confining
potential. The k-th orthogonal polynomial associated to the potential V is

2> (det(z — X))5 -

Formulae relating general ratio of the form (2.28) to a determinant (5 = 2) or or a Pfaffian of simpler
ratio involving only to characteristic polynomials where obtained by Borodin and Strahov [BS06]. They
we be introduce in Chapter 5.

2.8 Asymptotics of matrix models

We now discuss asymptotics of matrix models, starting from the topological expansion for one and
multi-matrix models in the case § = 2. We then discuss the asymptotic expansion of models of unitary
matrices, to introduce the topological expansion derived in Chapter 3. We then discuss the asymptotics
of the S-ensemble in the multicut regime — the case where the limiting eigenvalue distribution (when
N — 0), the equilibrium measure, has a disconnected support.

2.8.1 Topological expansions

What is a topological expansion?

Consider the multi-matrix models introduced in Section 2.3.2, with m > 1 random matrices and a
potential V. Recall that we defined the partition function by

N m
Z3y = / exp (—N TrV(X1,..., Xm) — > > T X}) AX;---dX,,. (2.29)
HY i=1

A simple example which we encountered before is the quartic model, i.e. the choice m =1, V(X) =

AX*? for A > 0:

ZY :/ e AT XI5 Tr X2y (2.30)
) HN
We explained in Section 2.5.1 how the free energy
1. Zy
N, = — 2% (2.31)
) N2 Z[])V

can be expressed at the level of formal power series as an expansion in powers of 1/N:

1. zZN
In 2V

N2 N Mo(V) + N72Mi(V) + N7 Ma(V) + - (2.32)

Fpy =
In the above expression, the functions M, are formal series in the coefficients of V. They are generating
function of maps. For instance, in the example (2.30), M, is a generating function in the parameter A
of numbers of quadrangulations (maps with vertices of degree 4) of genus g. Because of the importance
of the genus of the maps, such an expansion is called a formal topological expansion.
Let us interest ourselves in the analytic large NV expansion of the free energy. We would like an
expansion such as (2.32) to hold at the level of convergent series rather than formal series. There are
thus two related questions:

Question 2.8.1. Is there an asymptotic expansion of the form
Fpy = Co(V)+ N2C1(V) + N2Co(V) + -+ + N 2Cy(V) + O(N~2972), (2.33)

for some coefficients C; that depends on the potential V' but not on N? Are the C; analytic functions
of the coefficients of V'?
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Question 2.8.2. Can the coefficients C; be identified with the coefficients M, of the formal expansion?

If the two questions can be answered positively, we have shown that F: V admits an asymptotic
topological expansion.

Heuristically, it is expected that such an expansion holds rigorously only when V' has small coeffi-
cients, in some sense to be determined later. Once this expansion is established, the main question is to
determine the properties of the coefficients (M},);>¢. For instance a question of interest in 2D gravity
is: do these functions have singularities, and if so what are their critical exponents? See [DGZ95] for a
discussion of this question.

In the situations we consider, we have a topological expansion not only for the free energy, but also
for its derivatives. As we saw in Section 2.2.2, by differentiating the free energy (2.31) we obtain the
cumulants of observables of the matrix model. We will also consider the expansion of the joint cumulants
of variables Tr Py, ..., Tr P, for P, ..., P, non-commutative polynomials under the measure ,ug . We
denote these cumulants by

W%(Pl, ., P)=r(TrPy,...,Tr P;) (under ud). (2.34)

The one-matrix model and orthogonal polynomials

A first rigorous derivation of a topological expansion for a family of one-matrix models (the case m = 1)
was obtained by Ercolani and McLaughlin [EM03]. When the potential V' is small enough (which implies
in particular that the equilibrium measure of the model has a connected support): both Questions 2.8.1
and 2.8.2 can be answered positively. The expansion (2.33) holds, with coefficients C, (V') which are
analytic functions in the coefficients of V' in a neighborhood of 0. They are the generating series of
maps M (V') given in Section 2.5.1.

The proof of Ercolani and McLaughlin is based on the following remark. If we consider the partition
function associated to the measure of the eigenvalues defined in Theorem 2.3.4,

ZéYV:/ \A()\l,...,)\N)|2e‘NZf'V=1V(Ai)—%zﬁiﬁfd)\l...d)\Nv
RN

we notice that the Vandermonde determinant can be expressed in terms of the family of orthogonal
polynomials (py j)j>0,n>1 introduced in Section 2.7.4. The Vandermonde determinant can be rewritten
in terms of the orthogonal polynomials:

ZJVV:/Ndet(pi,N(Aj))QeNZi VO AN - day
R

et ((pns.pvs))

N
= [T hin.
i=1

Thus, to understand the asymptotic expansion of Z{/V , it suffices to understand the asymptotic
expansion of the numbers iy ;. The key technique used in [EMO03] is to remark that the orthogonal
polynomials are characterized as the building blocks of a matrix-valued holomorphic function which
is the unique solution to a Riemann-Hilbert problem. More precisely, the key result is the following
consequence of a theorem due to Fokas, Its, and Kitaev [FIK91] (subsequently used in the series of
papers [Dei+97; Dei+99b; Dei+99a]).

Theorem 2.8.3 (Particular case of [Dei+99a, Theorem 3.1]). Let N,n > 1 be two integers. The matrix-

valued function
vy = Py pi”N@fN(s)%i
_zzﬂpn 1,n( _fR :lh;bnl i\,N wsz\i(;)ds ’

is the unique solution to the Riemann-Hilbert problem:
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1. Y:C\ R — C%**? is analytic;

2.

Yi(s) =Y_(s) ((1) le(S)> fors € R, withYy(s) = Elir(?+ Y (s £ ie);

T 1
Y(z) (ZO Zon> =1d+0O <> as|z| — oo.

E

Applying several transformations to this Riemann-Hilbert problem and its solution, and comparing
it with an appropriate approximation allow Ercolani and McLaughlin to compute the asymptotics of
the orthogonal polynomials.

This Riemann-Hilbert technique has many applications in the study of orthogonal polynomials, and
thus to random matrix theory. Recently, the Riemann-Hilbert method has been used to study the Ising
model, mentioned in Section 1.2, by Duits, Hayford, and Lee [DHL25]. For the one-matrix model, the
method relies on the fact the random matrix can be diagonalized, and the appearance of a Vandermonde
determinant. In the sequel, we will consider general multi-matrix models, for which other methods are
needed.

Multi-matrix models and the Dyson-Schwinger equations

At the formal level, multi-matrix models allow to describe richer families of maps. Indeed, the coefficients
of the formal expansion - constructed analogously as in Section 2.5.1 — can be shown to be numbers of
multicolored maps with a given vertex profile, genus, and coloration of the half-edges.

Specific cases of multi-matrix models may be investigated at an analytical level using biorthogonal
polynomials [Meh81]. Large deviation techniques allow the study of the first order asymptotics of some
important multi-matrix models [Gui04] (including, for instance, the Ising model discussed in Section
1.2). Here, we present a different and very general approach, based on the Dyson-Schwinger equations
introduced in Section 2.6.2. In many cases, the Dyson-Schwinger equations allow to study all the orders
of the 1/N asymptotic expansion. Thanks to their similarity with Tutte’s equation, discussed in Section
2.4.1, the asymptotic expansion can be described in terms of (multicolored) maps. This approach is used
in the work of Guionnet and Maurel-Segala to treat both the leading order of the asymptotics [GM06]
of the cumulants (2.34), and the second order [GMO07]. A description of all the orders of the expansion
was subsequently obtained by Maurel-Segala in [Mau06].

To show the first-order asymptotics, the proof of Guionnet and Maurel-Segala is in two parts. First,
the Dyson-Schwinger equation (2.22) is shown to have a unique solution when the potential V' is small
enough, and that this solution exists. Then, it is shown that the generating series of planar maps does
satisfy the Dyson-Schwinger equations, which corresponds to Tutte equations. This shows that the
cumulants coincide, when V' is small, with a generating series of edge-colored planar maps.

To tackle the second-order asymptotics, a key idea is to rewrite the Dyson-Schwinger equation
(2.21) in term of a linear operator = acting on C (x1, . .., z,,) which is invertible on some appropriate
completion of the space of non-commutative polynomials without constant term, when V' is small
enough. By inverting the operator (on a suitable space), the Dyson-Schwinger equations can be shown
to have a unique solution and the second order of the asymptotics can be determined. Once this is done,
it can be identified with a generating series of maps on the torus (genus g = 1).

The higher order terms of the expansion are treated similarly. The higher-order Dyson-Schwinger
equations can be expressed in terms of the operator =. When the inverse 2~ exists, the higher order
terms of the expansion can be obtained, and shown to coincide with generating series of maps of higher
genera. Thus answering positively Questions 2.8.1 and 2.8.2.
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Asymptotic expansion for integrals over the unitary group

The Dyson-Schwinger method generalizes to unitary matrix models. Collins, Guionnet and Maurel-
Segala [CGMO09] derived the Dyson-Schwinger equations on the orthogonal and unitary group. They
used it to show that, again in the case of a small potential, the leading term of the asymptotics is a
generating function of planar maps with “dotted edges” satisfying some conditions. The existence of
the all-order asymptotic expansion was proved by Guionnet and Novak [GN15]. They used the same
method as described in Section 2.8.1: they introduced a relevant operator, which can be inverted in some
appropriate space, under the condition that V' is small enough. The “gradient trick” on which relies the
definition of this operator is explained in Section 3.9. When this operator can be inverted, the terms of
the asymptotic expansion can be characterized as the unique solution of a family of Dyson-Schwinger
equations.

The expansion of Guionnet and Novak answered Question 2.8.1 but not Question 2.8.2 — only the
leading order was identified as a generating series of a family of maps. An insight into the combinatorics
of unitary integrals is offered by the thorough study of the HCIZ integral by Goulden, Guay-Paquet,
and Novak [GGN14; GGN11]. This integral is shown to be related to the so-called monotone double
Hurwitz numbers defined in Section 2.4.2. The main question studied in Chapter 3 is to give a general
description of the terms in the asymptotic expansion in terms of combinatorial maps. The maps we
obtain, called maps of unitary type, can be seen as generalizations of monotone Hurwitz numbers.

2.8.2 Asymptotics of the 5-model in the multicut regime

The asymptotics of the 3-ensemble were described formally in the case 8 = 2 by Brézin, Itzykson, Parisi
and Zuber, and later as an asymptotic expansion by Ercolani and McLaughlin, in the case where the
equilibrium measure has a connected compact support'. For a general (confining) polynomial potential
V, the equilibrium measure may have a disconnected support, made of a finite number of compact
intervals. It has been noticed by Brézin and Deo [BD99] that in the case of a two-wells symmetric
potential, the asymptotics of the correlators depended on the parity of the matrix dimension N, in
contradiction with what could be expected in the one-cut case. This kind of oscillatory behavior had
been observed numerically by [Jur91]. In the physics literature, an explanation to this puzzle was
proposed by Bonnet, David, and Eynard [BDE0O]: in the saddle point computations used to compute
asymptotics of the free energy, it crucial to use the fact that the number of eigenvalues is an integers.
For instance, for a two-cuts symmetric model, if IV is even, the same number of eigenvalues may land in
each of the two cuts. If IV is odd, the two cuts contain a different number of eigenvalues. The two cases
give different results. This “tunneling” behavior of the eigenvalues is mathematically modeled using
theta functions whose argument depend on N. Slightly before Bonnet et al., this behavior was described
in the mathematical literature: using Riemann-Hilbert methods, Deift, Kriecherbauer, McLaughlin,
Venakides and Zhou [Dei+97; Dei+99b] computed the asymptotics of orthogonal polynomials associated
to a general confining potential V. They found that the leading order of those asymptotics could
be expressed in terms of theta functions. The link between orthogonal polynomials and partition
functions described in Section 2.8.1 allows to recover in this way the asymptotics of partition functions
of Hermitian one-matrix models. The form of the all-orders asymptotic expansion was proposed by
Eynard [Eyn09]: the sub-leading order are expressed using derivatives of theta functions. The first sub-
leading order was obtained rigorously by Shcherbina [Shc13; Shc14] for all 8 > 0. The full asymptotic
expansion was made rigorous by Borot and Guionnet [BG24], for all 5 > 0.

An important consequence of the appearance of theta functions in the expansion, oscillating terms
in N, is that there cannot be an asymptotic or topological expansion in the sense of Section 2.8.1 in the
multi-cut case. In fact, different choices for the number of particles in each cut yield different solution
to the Dyson-Schwinger equations. This implies that the method described in 2.8.1 fails as it relied on
the uniqueness of the solution to the Dyson-Schwinger equations.

'We make a jump backward in time here: the early paper mentionned in this section date back to between 1997 and 2000,
while the work of Ercolani and McLaughlin mentioned in Section 2.8.1 was published in 2003.
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2.9 Localization and delocalization of eigenvectors

We finally turn to the problem of localization of eigenvectors, introduced in Section 1.7. We discuss
first delocalization, and then review some techniques we use in Chapter 6.

2.9.1 A few remarks on delocalization

To make the link with the previous sections, we notice that unitarily-invariant models are not very
interesting from the point of view of the localization phenomenon: if U” is a N x N Haar-distributed
unitary matrix, we can compute exactly the probability (see [HP14, Section 4.2])

In N In N\
P(}U{]-VQ>C; >=<1—C; ) ~N"%as N — .

This ensures that the eigenvectors are delocalized with high probability, i.e. for all eigenvector v of a
unitary invariant random matrix
In N
[v]loo = 0(\/ N)’
with high probability.

In general, showing that eigenvectors are delocalized may be a more involved process. A way to prove
this is to obtain local laws. A local law is an approximation result for the resolvent G(2) = (2 — X)~},
with z allowed to have imaginary part close to 0 at a rate depending on /N. More precisely, fix £ > 0
and L > 0, a closed set Sy, € R that may depend on «, and define the spectral domain

SN = {EJrin eC: FeSnce [N_H”,L]}.

A local law is then a result of the following form: there exists a matrix-valued function m: C\ R —
Mn (C) such that for all z,y € [N], forall z € S, n.1.

‘Ga:y(z) - mzy(z)‘ = o(1). (2.35)

Assuming that Im m,(z) is bounded by a constant B > 0, such a result implies delocalization. Denote
by w1, ..., wn the eigenvectors of X and by Ay, ..., Ay the associated eigenvalues. For any ¢ such
that \; € Sy and z = \; +in € SN,N,L:

2 77‘ 1x7w] 2
| (1, wi) |* <n- Z NN W WE =nIm Gzz(Ni) < nB.

j€n]
Taking = N~ '** yields the delocalization result:

i3 = O(NTHF).

2.9.2 Adjacency matrices of graphs

In the sequel, we consider adjacency matrices of random graph models. Adjacency matrices of random
graphs display a very different structure from the invariant matrix ensembles discussed in Section 2.3.
In general, their distribution is not invariant under the action of a particular group. In particular cases,
they are indeed invariant under the action of the permutation group &y permuting the N vertices
of the graph: in this case the model is homogeneous. It is the case of the Erd6s-Rényi model whose
definition was recalled in Section 1.7. Let us briefly discuss localization of eigenvectors for the adjacency
matrix of the Erd6s-Rényi model, as studied by Alt, Ducatez and Knowles [ADK23; ADK21b; ADK21a;
ADK24]. Recall that they showed that there is localization-delocalization transition in the regime where

vVIn N < pN < O(InN).
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The eigenvectors associated to large eigenvalues where shown to be localized, and those associated to
small eigenvalues where shown to be delocalized. In particular, the delocalization result was proved by
showing a local law such as (2.35). We now discuss some of the techniques used to prove localization.
Adaptation of these techniques are used in Chapter 6: the random graph model we study can be seen as
a generalization of the Erd6s-Rényi model.

The heuristics used in [ADK21b; ADK21a] is that the biggest eigenvalues A correspond to the
vertices x of highest degree in the graph. Such vertices are rare, and surrounded with vertices whose
degree concentrate around the average degree p/N. Because the graph is sparse, when looking at the
graph in a small ball (for the graph distance) around such a z, and up to removing a small number of
edges, the graph is a (d;, d2)-regular tree: z is of degree d; and all the other vertices are either leafs or
of degree dg, with da >~ pN. The adjacency matrix of such a graph can be explicitly diagonalized. For
instance, if we look in a ball of radius one, the eigenvectors associated to non-zero eigenvalues are of
the form

1 1
’Ui(.’[‘) = ﬁ <11‘ + \/a].sl(x)> s

where 1, = (0z,4)1<y<n is the vector with only its x-th component equal to 1 and 1g,(,) = Ey 1y
with the sum on the neighbors y of x in the graph. Up to an additional pruning of the graph — which
only lightly perturb the adjacency matrix — these vectors v4 (), for 2 of high enough degree, form an
orthonormal family.

This gives a family of candidate eigenvectors for the adjacency matrix. Each vector in the family is
localized around a vertex of high degree. This family is then used to construct an approximation of the
adjacency matrix and prove a localization result using a spectral gap argument, which we now describe.

Consider a matrix X, with eigenvalues ()\;) and associated normalized eigenvectors (x;). Let
Gx(2) = (z — X)~! be its resolvent. Assume that we know that there is a spectral gap of size > 0
around some value ), i.e. that X has no eigenvalue in [\ — 1, A + 7)]. In that case, we can bound the
operator norm of G(\):

11
PV

A=A

1Gx (N =

= max

This can be used to show the localization as follows. Assume that we can show that:
« v = vy () is close to being an eigenvector of A with eigenvalue A = \/dy, in the sense that
Avv* = dov* + ¢,
where ¢ is some small error;
« A= (1—vv*)A(1 — vv*) has a spectral gap around ), of radius 2.
For convenience define the two projectors
II=vv* and II=Id—wvv*.

In particular A = TTATI, and .
TIAII = AIIII + ITe = Tle, (2.36)

the latter equation imply that we have an approximate block decomposition of A as A ~ A + TIATL
Then, if A is an eigenvalue of A in [)\ 1, A + 1], with associated normalized eigenvector g, we have:

g = G ;(\) (A A) Tiq = G ;(MII (ATl — A) g = —G ;(M)Tleq,

where in the second equality we used the definition of A, in the third equality we used the definition of
11, in the fourth equality we used the eigenvector-eigenvalue equation for A, and (2.36). Taking the
2-norm and using the spectral gap property, we obtain

1
2
1=, q)]" < ﬁHEH%
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this can be rewritten as )
2 2
(v, )" > 1= —le]|”.
n
Hence, we obtain a localization result. A variation of this argument will be used in Chapter 6, to obtain
Theorem 6.1.9.

We now discuss our first contribution, related to integrals over the unitary groups.
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Chapter 3

Topological expansion of unitary
integrals and maps

This Chapter is based on [Buc24].

3.1 Introduction

We saw in Section 2.8.1 that in the perturbative regime, the terms in the large [NV expansion of Hermitian
matrix models are generating functions of (possible multicolored) maps. In this chapter, we establish a
similar link between integrals of unitary matrices and the combinatorics of some maps. More precisely,
we introduce new maps, the maps of unitary type (Definition 3.3.7), that describe the topological
expansion. These maps allow us to relate the Weingarten calculus and the Dyson-Schwinger equation -
two important ways to study unitary integrals. In a particular case, the maps of unitary type are related
to Hurwitz numbers. In this way, we generalize part of the results obtained in [GGN11], that relate a
particular integral, the HCIZ integral, to Hurwitz numbers.

The Haar unitary matrices share the same unitary invariance as matrices of the Ginibre ensemble.
An expansion in terms of non-crossing permutations for expectation of traces of words of Ginibre
matrices GG; has been obtained in [MN04]. This point of view in terms of non-crossing permutations is
similar to the interpretation in terms of maps. For instance, the annuli considered in multi-annulus
permutations correspond to the vertices in a map. A genus expansion in terms of maps has been
obtained in [DP21]. They consider only some pairings, admissible pairings, which corresponds to an
orientation of the edges of their maps. We recover such a feature in the maps of unitary type. In
particular, the unitary invariance of the Ginibre ensemble implies that to have a non-zero expectation,
the words in Ginibre matrices considered must be balanced, i.e. contain as many G; as G. A similar
condition appears for Haar unitary matrices.

We introduce some notation. Let p € N*. Forall N > 1, we fix p deterministic matrices Ay, . .. ,AZJ)V
of size N x N. The matrix U will be a unitary matrix of size N x N, i.e. an element of the unitary
group U(N), and (UN)* = (UN)~! will be its conjugate transpose.

Let dU™ be the Haar measure on the unitary group U(N), and V be a non-commutative polynomial
in several variables, that does not depend on N. The measure ,ug is given by

1 * * *
i (UY) = —pexp (NTev (UN, (0N)7, AN, (A) . AY, (4))7) )oY, s
1%

where the partition function Z) is

Zy——/] exp (NTev (UN, (UN), AY, (A", Al (A) ) ) au™. (3.2)
uw)

We will evaluate all non-commutative polynomials at the matrices

UM (UN)* AY(AY), LAY (A
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and will omit writing this explicitly in the sequel, e.g. writing Tr(V') to mean
Te(V(UN, (UN)*, AT, ..., A)).
In Section 3.6, we will consider measures of the form

75 exp(N Tr V)AUY - - dUY,
where V is a non-commutative polynomial that depends on U{Y, ..., UY, all independent and Haar-

distributed.
We will assume the two following hypotheses.

Hypothesis 3.1.1. Forall N > 1 and for allUy,...,U, € UN)™, TrV is real.

Hypothesis 3.1.2. Assume
N
sup sup [ AN]| < oo,
N>11<i<p

where || - || is the operator norm.
In most of the article, we will not assume Hypothesis 3.1.2, but rather assume Hypothesis 3.1.3:
Hypothesis 3.1.3. Forall N > 1 and forall1 <i < p, ||AN|| < 1, where || - || is the operator norm.

This will prove convenient, and will not change the main result of this Chapter, Theorem 3.1.4
stated below. Stating Theorem 3.1.4 with Hypothesis 3.1.2 instead of 3.1.3 corresponds to rescaling the
coefficients of the polynomial V.

Hypothesis 3.1.1 implies that the measure ,uy is a probability measure, and in particular that
ZY¥ € (0,400). We write the potential V as a sum of monomials ¢; with complex coefficients z;,
V = Zl 2;q;. Thus, we will sometimes consider the partition functions, cumulants, etc. as functions of
z = (21, 22, . . .). With this notation, the reality conditions is

> =iTe(g) =Y =z Te(g)).

7 3

Notice that for generic ¢;’s, Tr V' might be real for only specific values of z.
When considering the partition function with potential V' = tAUY B(UN)*, where t € C and
A, B are self-adjoint matrices, we recover the Harish-Chandra-Itzykson-Zuber (HCIZ) integral

Z{/V:/ exp(tN Tr(AUN B(UN)*))dU"™,
Uw)

which was first studied by Harish-Chandra [Har57] and Itzykson and Zuber [1Z80], and whose asymp-
totics have been since investigated, see [ZZ03; GGN14; GN15; Nov20].
We will compute joint moments and cumulants (see Definition 2.2.5) of the random variables

Tr(Py),...,Tr(P) where Py, ..., P, are non-commutative polynomials

under u{}i In [CGMO09], the first-order asymptotics of partition functions was studied. In [GN15], it has
been shown that the joint cumulants admit an asymptotic expansion as N — 0o, when the coefficients
of the potential V' are small enough.

The goal of this article is to give a combinatorial interpretation of the coefficients of this expansion.
We show that unitary matrix integrals enumerate a particular family of maps, which we call maps
of unitary type. They are introduced in Section 3.3.2, Definition 3.3.7. This interpretation links the
Dyson-Schwinger equation, which is satisfied by sums of maps of unitary type, and the Weingarten
calculus. The Weingarten calculus was studied first by Weingarten [Wei78], and then by [Sam80],
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whose results were rediscovered and expanded by Collins [Col03], and Collins and Sniady [CS06]. See
[CMN22] for a review.

Expansions in terms of combinatorial objects have already been introduced for unitary matrices.
For instance, in the case of the HCIZ integral, expansions for the free energy using double Hurwitz
numbers are computed in [GGN11]. In [CGM09], the leading order of the expansion of unitary integrals
is expressed in terms of maps with “dotted edges”. However, to our knowledge, no interpretation of
these expansions using maps has been obtained at all orders for the unitary integrals we consider. As
an interesting particular case, when considering alternated polynomials (see Definition 3.3.33), the
combinatorics of maps of unitary type is related to triple Hurwitz numbers.

In the case of the GUE, integrals of random matrices and enumeration of maps are related by
Wick’s formula, recalled in Section 2.5.1. In the case of unitary matrices, Wick’s formula is replaced
by Weingarten’s formula. In Section 3.2, we express joint moments of random variables Tr(F;), for
non-commutative polynomials P;, using Weingarten’s formula. In the case where the potential V' = 0,
we can express such moments as weighted sums of permutations. In Section 3.3, we recall a few notions
on maps and introduce the maps of unitary type, which are our main combinatorial tools. This allows
us to deduce a topological expansion for the joint cumulants in the case of no potential (i.e. V' = 0). To
address the general case V' # 0, we introduce generating series of maps of unitary type of the form

zn

M%’N(Ph R = Z

neNk

— X > wn(m,n,V,Py,..., P,

where the second sum is on a set of connected maps m of unitary type (see Definition 3.3.7) of genus g
which depends on V, Py, ..., P, n. The term wy(m,n,V, Pi, ..., P) is a weight which depends on
the size N, m, n and on the polynomials V, P, ..., P. See Definition 3.3.32.

In Section 3.5, we describe a decomposition of maps of unitary type, which can be interpreted as
a cutting procedure. It allows us to deduce induction relations — similar to the topological recursion

of Chekhov, Eynard and Orantin, see [CE06; EO08] — on weighted sums Mg PN of maps of unitary
type of a given genus g. This decomposition is reminiscent of a procedure introduced by Tutte [Tut68].
In Section 3.6, we extend the results obtained so far to the case of integrals over several independent
random unitary matrices U lN ey U,ﬁv .

It turns out that the induction relations obtained in Section 3.5 are related to the Dyson-Schwinger
lattice. The Dyson-Schwinger lattice (see [GN15]) is a family of equations relating cumulants together,
which generalize the Dyson-Schwinger equation (see Equation (3.30)). This equation admits under some
hypotheses a unique solution [CGM09]. Furthermore, in [GN15], the Dyson-Schwinger lattice has been
used to establish the existence of an asymptotic expansion of the cumulants, when N — oo. Let us
assume Hypotheses 3.1.1 and 3.1.3, and that the joint law of the matrices Ag\f , tr admits an asymptotic
expansion as N — oo. For all h, we have an asymptotic expansion for the renormalized joint cumulants
N l_zW‘]/V (P, ..., B) (introduced in Definition 3.2.1) when the coefficients of the potential V" are small
enough 7
h V(PP
N2 (P P = ZOW

9=

+o(N"2h), (33)

where the coefficients Tl‘g(Pl, ..., P) are uniquely defined by some induction relations.

In Section 3.7, we use the same techniques to express the terms of this expansion in terms of maps
of unitary type. We thus obtain a topological expansion: the coefficient of ﬁ in the expansion is a
generating series of weighted unitary type maps of genus g.

We thus improve on the result of [GN15, Theorem 25] by relaxing the hypotheses, showing that
the convergence is uniform in g and [, and by giving a combinatorial interpretation to the coefficients
Tl‘; (P1,..., F)). Our result is the following.

Theorem 3.1.4. Assume that for all N > 1, Tr(V) is real for all Uy, ..., U, € U(N)" and that

sup sup [|AY]| < oo.
N>11<i<p
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There exists € > 0 such that if

12[lc < ¢,

then foralll > 1,9 > 0, and P = (P, ..., P), we have the asymptotic expansion as N — o0

g
NZ—QW{/YI(PL---, ZNL Pl,...,pl)Jr@(N—zg—Z)_
h=0
Notice that we do not require the trace Tr to have an asymptotic expansion as in [GN15, Theorem
25].
An interesting particular case described in Section 3.3.6 is when all the polynomial involved are
alternated, see Definition 3.3.33, that is if they can be written as

P =BNUNcN WMy ... BNUNCN (WU,

where BiN and C’ZN forv=1,...,m are square N X N matrices. This is the case of the HCIZ integral
in particular. In that case, our sums of maps are related to the triple monotone Hurwitz numbers, which
count some ramified coverings of the sphere with at most three non-simple ramification points. We
thus generalize the link between the (double) monotone Hurwitz numbers and the HCIZ integral, which
had already been studied in [GGN14]. See also [CGL23] for a study of the HCIZ integral in the tensor
setting.

In Section 3.2, we give definitions and recall important consequences of the Weingarten calculus.
In Section 3.3, we introduce the maps of unitary types and show that they describe the topological
expansion of cumulants with respect to the Haar measure. When the polynomial are alternated, these
maps are related to the triple Hurwitz numbers. In Section 3.5, we give a decomposition of maps of
unitary type and deduce induction relations on sums of maps of a given genus and with prescribed
vertices, in the spirit of the work of Tutte [Tut68]. In Section 3.7, we study the Dyson-Schwinger
equation and give the proof of the main result.

3.2 Weingarten calculus

In this section, we first give a few definitions and introduce notation pertaining to moments and
cumulants of traces of random matrices. Then, we give a short review of the Weingarten calculus. This
allows us to give expression for the expectation of a product of traces of monomials in the matrices

UN, (UM, AY, (AN

3.2.1 Moments and cumulants

Let us consider [ > 1 non-commutative polynomials P;, P, ..., P; in the variables u, u ", and a;, a;
for 1 < i < p, with p € N. We define the involution * such that w*=u"t forl <i<p, (al) =a;,
and for any letters X1,..., X} in {u,u*,a;,a7: 1 < i < p} and z € C, we have (2X;--- X})* =
2* X} --- X{. We denote the unital *-algebra generated by such polynomials by

A=Clu,u™t a5,a;1 <i <p).

The unital x-algebra generated by the non-commutative polynomialsinay, aj, . . ., ap, a, only is denoted
by B. Notice that there is no relation between the formal variables u and u~ L, or a; and a; for 7 € N*
(except for those involving ).

In this article, we study the random variables Tr(P;), . .., Tr(F}), seen as functions of U”, under
the measure u{}f (see (3.1)). We will be interested in computing the joint moments and cumulants of
these random variables.

68



3.2. WEINGARTEN CALCULUS

Definition 3.2.1. For (P, ..., P)) € Al, we write the joint moments of the traces of P;’s under u{y as
ayy(Pr,...,P) =E[Tx(P),..., Tr(P)] = / Te(Py) - - - Te(P)dpdy .
U()
We write the joint cumulants under j1%; as
WPy, ..., P) = ki(Te(Py), ..., Te(B)),
and introduce the renormalized cumulants
WPy, P) = N'" 2k (Te(Py),..., Te(P)).

In Section 3.7, we will discuss an asymptotic expansion (as N — oco) for the joint cumulants. For
now, we study the moments for /V fixed. When V' = 0, we can compute directly the moments using
Weingarten’s formula, see Subsection 3.2.2. When V' # 0, we can compute the cumulants using the free
energy I defined in terms of the partition function Z{). Recall that V = Zle 2;q; is the potential,
a sum of k polynomials ¢1,...,q; € A with complex coefficients 21, ..., zx. Note that V' does not
depend on N. We have

zy = / exp(N Tr(V))dU™,
()
and we define the free energy as
1
FY = o zy. (3.4)

The free energy is always well defined when Tr V' is real.
In the expression of the partition function, we can develop the exponential as a series and exchange
the sum and the integral:

k .
Nz; Tr(g;))™
Zy = / (N TH@)™ v
Y oy Z H n;!

ni,...,nE>01=1

k i
- > I [ ) mgman.
nil - Ju

ni,...,nE>01=1

In the second line, we used Hypothesis 3.1.3, which implies that | Tr(g;)| < N, and the fact that we are
integrating with respect to the Haar measure on the compact group U(/V) to exchange the sum and the
integral. Notice that this expression is valid for all z, even if Tr V' is not real.

We introduce the notation z = (21, ..., 2;), and for n = (nq,...,n;) € NF, 2" = Hle 2" and
n! = Hle n;!. Then,

zn
=N Y Ealila g ),

n.
n>0 neNFk n1times njtimes
ni—+---+ng=n

and therefore the partition function is a generating series of the moments with respect to the Haar
measure (i.e. with V' = 0).

Similarly, the free energy is a generating series of the renormalized cumulants for V' = 0 (see
[Bon15, Theorem 1.3.3, 4.])

A DD DRI )
N n! N2 on\d1ls---dq1y-- 3Gk -, qk

n>1 neNF nq times nj times

AL
:Z Z jWéYn(qlu-'-aqlw--,Qk,...7qk)
n. N——— N

n>1 ncNF n1 times ny times
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Notice that the free energy a priori exists only for z sufficiently small. Indeed, Z‘J/V is defined for all z but
is nonzero on a open neighborhood of 0 which depends on N. In particular, the radius of convergence
of F‘]/V a priori depends on V.

Notice that by modifying the potential V' and differentiating, we have

0 1 1
ot tZOF{/—VHP =N /U(N) Tr(P)d,ux]y(UN) = NQJ‘XI(P) — W{){l(p)'

In general, we can prove by induction the following lemma, which is a consequence of the definition
of cumulants (2.5) in terms of their generating function.

Lemma 3.2.2. The renormalized joint cumulants are given by

o N

wd(pi,...,P) = ———— F .
V’l( b ’ l) 8t18t2-~6tl t1=...=t;=0 Vi tb

Lemma 3.2.2 implies that for a fixed N, there exists a neighborhood Uy € CF of 0 such that for
z € Uy,

~ AL
W\]/\{l(Plv'-'aF)l):Z Z HWé\fn(qlv"'7q17"'7Qk7"'7Qk’aP17"'7Pl)' (35)

n>0 neNF n1 times ny times
ni+--+ng=n

In the next subsections, we compute the moments with respect to the Haar measure. From these
moments and Definition 2.2.5, we can compute the cumulants with respect to the Haar measure. The
expression (3.5) motivates the introduction in Section 3.3.5 of a formal sum. The first terms of this sum
are shown to give the asymptotic expansion of the cumulants in Theorem 3.1.4.

3.2.2 The Weingarten formula

To compute the moments with respect to the Haar measure, the key tool is Weingarten’s formula, first
obtained in [Wei78], which expresses the average of coefficients of a unitary matrix in terms of the
Weingarten function defined below (Definition 3.2.3). See [CMN22] for a review on the Weingarten
calculus.

Definition 3.2.3. Let ¢ < N be an integer. The Weingarten function Wgy : &, — C is defined for all
T e &y by

Wey(r) = /U o O O )Tty O g™

This function can also be defined for all ¢ € N* using characters of the symmetric group (see
[CS06]). The invariance of the Haar measure by multiplication by permutation matrices implies that
the Weingarten function is invariant by conjugation, i.e. for all o0, 7 € &, we have

Wy (omo™") = Wey ().

With our definition of the Weingarten function, Weingarten’s formula is valid in the case ¢ < N. It
actually holds for all ¢ > 1 with an appropriate definition of the Weingarten function.

Theorem 3.2.4. (Weingarten’s formula, see [Col03] and [CS06]) Let UN be a Haar-distributed unitary

matrix of size N x N and i = (i1,42,...,1q),5 = (J1,72,---,7q),8 = (i},75,... ,i;,) and j =
(715925 - -+ Joy) be elements of [N] or (N7 forq,q' > 1.
/ Uiy - (O )igjy UN )iy -+ (UN)gr o dUN
U(N) qa°q
(3.6)

q
— -1
=00 Y 0w, 0y, Wenlor™).
p,0€6, k=1
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Before giving the expression for the moments aév (P, ..., P) with respect to the Haar measure,
let us make a simplifying assumptions on our polyno£nials P
We introduce the set ) of words in the letters a1, aj, . .., ap, a,,. We assume that for all 7, P; can be
written uniquely as
M,-Juei’lMi’Quei’Q ce Mi7diu€i*di, (3.7)

where M, ; is either the empty word or an element of ), d; > 1,and €; = (€;1,...,€4,) € {£1}4,
We write X the set of such monomials. We have ) C X. Notice that A is generated by the elements of
X up to cyclic permutation of the factors in a monomial.

The integer d;, that we will sometime write deg P, is the degree of the monomial P;. Notice that
there is no relation between the formal variables, in particular between u and u ! (except for those
involving *). Therefore, the degree of (3.7) is defined by counting the total number of letter v or ©* in a
word. In particular, deg(uu~!) = 2.

Definition 3.2.5. With (Py,..., P)) € X', and with the notation (3.7), we set
. P=(P,...,P),
« Mp = (M)ic[s, degp) = (Mias- oo, Mgy, ..., My, ..., Mygy),

* €Ep = (E(Z))ZE[ZZ deg P;] — (61,11 sy €ldyy ey €L e e €l7dl)'

Notice that we change the indices of the monomials M; ; and of €; j, by setting forall1 <1i < k,1 < j < d;,
Mgy ttd; 5 = Mijand e(di + - di—1 +J) = €.

We set deg P = ), deg P.

Furthermore, we define the permutation

yp=0...di)(di+1...d2) - (di—1+1...4dp). (3.8)

In the sequel, we shall consider € p as a function, but sometime using vector notation for convenience.
In particular, we consider the sets. €p'(+1) = {i € [deg P]: ep(i) = +1} and €p'(—1) = {i €
[deg P]: ep(i) = —1}.
Remark 3.2.6. The permutation yp defined by (3.8) gives a choice of labelling for the letters v and u* in
the monomials we consider. Notice that this choice is arbitrary. The cycle notation is convenient here
as we are interested in traces of such monomials. The ordering of the letters in the words needs only to
be specified up to cyclic permutation.

For any permutation o € Sgeg p, We can replace yp, Mp = (M;),ep = (e(i)) by

Y =0 pe, M= (M) = (Myp), and € = (i) = (e(o(i))).

This new data describes the same polynomials. By this we means that if we write 7' = ¢] - - - ¢} the
decomposition in disjoint cycles of 7/, we have

l l —
[Te) = [Tt (Thee 210
i=1 =1

Notice that the non-commutative product is only defined up to the cyclic permutation of the factors.
The cyclic property of the trace ensures that the quantity on the right-hand side is well defined.

We can assume all the polynomials are of the form (3.7) without loss of generality as ag, ; 1is
multilinear and satisfies the trace property

ag’l(Plr"7‘Pi—17PiQ7P’Z+17'--713[):a{)’il(Pb'"7Pi—17QB7Pi+17"‘7B)7

as Tr(P;Q) = Tr(QP;). Furthermore, if there exists i such that P; contains no letter u nor u !, we can
factor the term Tr(F;) out of the moment.

The formula for the moments with respect to the Haar measure involves permutations belonging to
the set G(9)(I) C &(I) of permutations (introduced in [MSS07]), for € € {1},
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Definition 3.2.7. Lete € {1}/, The set &) (I) C G(I) is the set of permutations m € G(I) such that
m (e (+1)) = e H(-1).
Furthermore, we define (¢ = m2|-1(41) € S(e71(+1)).

Notice that the set &(9)(I) is empty if |e =1 (4+1)| # |e~1(=1)].

Example 3.2.8. For instance, if ¢ = (+1,+1,—1,+1,—1,—1), then 7 = (1346)(25) € Gg), and
(&) = (14)(2).

The notation of Definitions 3.2.5 and 3.2.7 allows us to express the moments in a compact way.

Proposition 3.2.9 ((MSS07, Proposition 3.4]). Let P = (P, ..., P)) € X'. We have

Oéé\{l(P) = Oé(])\{l(Pl, .. 7_Pl) = Z Tr’ypﬂ—l(MP)WgN(W(€P)).

WEG&ZIQ)F,

3.2.3 Expansion of the Weingarten function

We wish to express the moments and cumulants uniquely in terms of combinatorial objects and traces.
To this end, we now present a result of Novak [Nov10] expressing the Weingarten function in terms of
walks on the Cayley graph of G,, generated by the transpositions.

Definition 3.2.10. The value of a transposition T = (i j) € S(I), where I is a finite subset of N*, is
val(T) = max{i, j}.

Definition 3.2.11. Let p and o be in S(I), with I a finite subset of N*.
A (weakly) monotone walk with r steps on S(I) from p too is a tuple (71, . .., 7,) of transpositions
of 6(I) such that

o Tp-+-T1p =0, and
e val(ry) < -+ < val(r).
We denote the set of such walks by V_\>/T (p, o), and we define w0’ (p, o) as the cardinality of the set WW (p,0).

—
In this Definition, we use the arrow notation @ and W to emphasize the monotonicity property, as
in [GGN14].

Proposition 3.2.12 ([Nov10, Theorem 3.1]). Letm € &, with N > q. We have

(="
Wen(m) = Z Wﬁr(ld,w),
r>0
and the series is absolutely convergent.

Propositions 3.2.12 and 3.2.9 imply the following result (recall notation from Definition 3.2.5).

Corollary 3.2.13. Let N > 1 be an integer, P = (P,...,P)) € X' withm = deg P/2 < N. The
moments admits the expansion

Oéé\jl(Pl, ., B)= Z (=1 Z Trfypw*l(MP)E?r(Id,ﬂ(EP))-

Nr-‘,—m
r20 ree ()

Moreover, the series is absolutely convergent, uniformly on Mp.
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Notice that if deg P is odd, there are a different number of occurrences of u and of u*, and such
moments are 0.

Proof. Starting from the expression for the moment of Proposition 3.2.9, we use the expansion for
the Weingarten function of Proposition 3.2.12. Notice that this second result can only be used if
m = deg P/2 < N, where m is the total number of letter u in the monomials Py, ..., P,. One of the
sums is finite, we can exchange the sums and get the wanted expression.

Finally, as the matrices (A4;) have their operator norm bounded by 1, we can crudely bound the
trace by

| Tr, -1 (Mp)| < NCOPT) < N2m

vpT

This implies that the convergence is uniform in M p. O

3.3 Oriented maps and maps of unitary type

In this section, we introduce combinatorial objects, the so-called maps of unitary type, that will be
convenient to express the moments aév ;» and then the cumulants W(])Vl. These maps are particular cases
of the maps appearing in the Gaussian case.

3.3.1 Oriented maps

We defined maps in Section 2.4.1. Here, we consider maps whose edges are oriented.

Remark 3.3.1. In this Chapter, we depart in two ways from the discussion of Section 2.4.1:

+ The embedded graphs, and hence the maps, are in general disconnected. We will specify it when
the maps we consider are connected.

+ Given a half-edge labelled map m, each cycle of the permutation ¢y, corresponds to a face
explored in the counterclockwise orientation, and not the clockwise orientation. In particular,
the different permutations describing m are related by

Pm = OmQq.

Definition 3.3.2. A face will be said to be incident to a vertex or an edge if the vertex or the edge belongs
to the boundary of the face.

It will be convenient to regard each edge of a map as being made of two half-edges. When going
from the vertex of the half-edge to the other end of the half-edge (connected to another half-edge), we
can distinguish a left side and a right side (see Figure 3.1). Notice that the left and right side are defined
relative to the position of the incident vertex, and does not depend on the possible orientation.

Oy Oﬁf}/
right right

Figure 3.1: The left and right side of a half-edge, and of an ingoing half-edge.

We label the half-edges of a map m from 1 to 2m, where m is the number of edges of m. By
convention, we write each label at the left of its half-edge. See Figure 3.2. In an oriented map with
labelled half-edges, the edges can be represented as an ordered pair of two half-edges. The first half-edge
is connected to the first vertex of the edge and is said to be outgoing. The second half-edge is connected
to the second vertex of the edge and is said to be ingoing.

For an oriented map, we must also describe the orientation of each half-edge.
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Definition 3.3.3. Let m be an oriented map with 2m labelled half-edges. We define the function €y, €
{£1}2™ as follows. For alli € [2m)], we set €(i) = —+1 if the half-edge labelled i is outgoing and
€(i) = —1 if the half-edge labelled i is ingoing.

Such an € belongs to the set £y, = {€ € {£1}?™: Zf;nl (i) = 0}.

In the case of an oriented map, « is in the set Iéfq)l defined by

T\ = {a € Tym: Vi € [2m], e(a(i)) = —e(i)} . (3.10)

Figure 3.2: A map with labelled half-edges.

Example 3.3.4. The oriented map m of Figure 3.2 is described by

om = (132)(45)(687)(9)(101211)

am = (112)(211)(34)(56)(7 10)(89)

om = (111)(21064)(3589712)

em = (+1,41,41, =1, =1, +1, =1, 41, -1, +1, -1, —1).

We now state the counterpart of Theorem 2.4.12 for oriented maps.

Theorem 3.3.5. Letm > 1,0 € Gy, € € Eapy, and €(m, €, 0) be the set of oriented maps with 2m
labelled half-edge m such that o, = o and €, = €. Then,

C(m,e,0) — 7

2m

m = o,

is a bijection.

3.3.2 Maps of unitary type

We have just seen how to describe a map with permutations. We now define a particular type of map,

()

o fOr

which we call map of unitary type, whose edge structure is described by a permutation 7 € &

some € and m > 1 and a monotone walk (7y,...,7,) € )7>V"(Id7 ().

Definition 3.3.6. A vertex in an oriented map will be said to be alternated if when going around this
vertex the half-edges connected to it are alternatively ingoing and outgoing.

Definition 3.3.7. Let I be a finite subset of N* and r € N. A map of unitary type with labels in I
with r black vertices is an oriented map with vertices colored in white or black such that

1. there are r black vertices, which are alternated of degree 4 and numbered from 1 tor;
2. there are |I| half-edges that are connected to white vertices. We call these half-edges white half-
edges. Each element of I labels exactly one white half-edge;
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3. if an oriented edge connects the black vertex numbered k to the black vertex numbered [, with the
orientation from k tol, then k < .

See Figure 3.3 for an example.

Remark 3.3.8. There is a correspondence between a tuple P = (P, ..., P;) of monomials and a family
of maps of unitary type. The number of white vertices is [, each of them corresponds to a monomial.
The white outgoing half-edges correspond to occurrences of u, the white ingoing half-edges correspond
to occurrences of u*. The black vertices correspond to steps in a walk as defined in Definition 3.2.11.
Note however that the monotonicity condition of the walk correspond to the increasing condition
defined in Definition 3.3.14. This link will be described in more details in Section 3.3.4.

Remark 3.3.9. The map has oriented edges so there are as many ingoing as outgoing half-edges, of any
color. The black vertices are alternated and of degree 4 so there are as many ingoing black half-edges
as black outgoing half-edges. Thus, there are as many white ingoing half-edges as white outgoing
half-edges.

Remark 3.3.10. Notice that condition 3. in Definition 3.3.7 implies that each face is incident to at least
one white vertex. Indeed, if it were not the case, there would be a face incident to only black vertices,
numbered ny < ny < ... < ng, with ng < nq, a contradiction.

Figure 3.3: A unitary type map. The numbers in red (1 near the black vertex the left, 2 near the black
vertex on the right) are the numbers of the black vertices, the labels in black are the labels of the white
half-edges.

Remark 3.3.11. The maps of unitary type are very similar to the maps introduced in [CGM09] to describe
the leading term in the asymptotics of the cumulants when N — oc. In fact, the two kinds of maps in
genus 0 are related by a surgery that transforms black vertices of unitary maps into “dotted edges” of
the maps from [CGMO09]. Here, we consider the non-planar cases as well.

We denote by wy(m) the white vertex in the unitary type map m connected to the half-edge labelled
k. We will omit the notation m if there is no ambiguity.

Notice that in a map of unitary type, the half-edges connected to black vertices are not labelled. We
now explain how to label them. Consider, in a map of unitary type, an unlabelled half-edge which we
denote by h. This half-edge has a face f to its left (see Figure 3.1). Starting from h, we turn around
the face in the clockwise direction until we encounter a labeled half-edge connected to a white vertex,
which is labelled by i. We assign to h the label . See Figures 3.3 and 3.4.
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Figure 3.4: Procedure to assign labels to half-edges
The newly labelled half-edges are in blue (and follow the dotted arrows).

Notice that by Remark 3.3.10, all faces are incident to at least one white vertex, so all unlabelled
half-edges can be labelled by this procedure, in a unique way.
The following Lemma will be used to prove Lemma 3.3.18.

Lemma 3.3.12. Let h be a half-edge labelled by i. There exists a unique white half-edge h' labelled by i.
If h is ingoing then I/ is ingoing. If h is outgoing then h' is outgoing.

Proof. Consider an ingoing half-edge h. The existence and uniqueness of /' is a consequence of the
definition. If h is a white half-edge, the statement is obvious. If not, then consider the face f to its left.
Starting from h we turn around f in the clockwise direction until we reach a white vertex w. All the
vertices we encounter before w are black. The black vertices are alternated so all the half-edges such
that f is at their left are ingoing as well, and so is the white half-edge h’ that we reach, whose label is
the same as the label of h. We proceed similarly for outgoing half-edges. O

The labels for the edges allow us to define the notion of value of a black vertex.

Definition 3.3.13. Consider a black vertex b. Let i and j be the labels of the two outgoing half-edges at b.
The value of the black vertex b is val(b) = max(i, 7).

Definition 3.3.14. A map of unitary type with r black vertices by, . .., b, numbered respectively 1,...,r
is nondecreasing if

val(by) < val(bg) < --- < val(b,).

Example 3.3.15. Figure 3.4 displays an example. The labels of the black vertices are in red. The values
of the black vertices s; and s are val(s1) = 2, val(sz) = 6.

3.3.3 Permutational model

Similarly as in Sections 2.4.1 and 3.3.1, we define a permutational model for the maps of unitary type.

Definition 3.3.16. Let I C IN* be finite and r € N. Let m be a map of unitary type with labels in I # ()
and r black vertices.
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We define €, = (€(i),i € I) as follows. If the white half-edge labelled i € I is outgoing, we set
€(i) = +1, else we set €(i) = —1.
We define Y, T, ¢m € S(I) and 7y = (71, ..., 7) € S(e' (+1))" as follows.

 Leti € I. The white half-edge h;, labelled i, is connected to a white vertex w;. Starting from h;, we
turn in the clockwise direction around w;. Let j be the label of the next half-edge connected to w;.
We set ym (1) = j.

« Leti € 1. The white half-edge h; labelled i is connected to another half-edge h;, which is labelled
by j. We set my(i) = j.

 Leti € I. The white half-edge labelled i has a face f; to its left. Starting from the half-edge i, we
turn in the counterclockwise direction around the face f;. The next white half-edge with f; on its left
we encounter is labelled j. We set ¢ (i) = j.

« Let by be the black vertex numbered l. The outgoing half-edges that are connected to it are labelled
byiandj. Weset 7, = (i j).

The permutations Yy, Tm, ¢m are the counterparts for maps of unitary type of the permutations
Om, Om, Pm defined in Construction 2.4.10.

Example 3.3.17. For the map in Figure 3.4, we have r = 2 and

(1734)(5 X28%

(+1,+41,—-1,-1,+1,41,-1,-1),
(12), m<—(2@
(
=(1

€m =

176824)(35),
)(2)(36)(485)(7).

Lemma 3.3.18. The permutation my, belongs to &) (I), defined in Definition 3.2.7.

Proof. An edge consists of an outgoing half-edge h attached to an ingoing half-edge h’. Assume that
h is white. Let i be the label of h and j be the label of h’. We have 7 (i) = j. By Lemma 3.3.12, j is
the label of a white ingoing half-edge. Thus, €(i) = —1 and €(j) = +1. We proceed similarly if /' is
white. g

We have the following counterpart of Lemma 2.4.11.
Lemma 3.3.19. For a unitary type map m, we have Ynmn! = .

Proof. Let i € I be the label of a white outgoing half-edge, and f the face at the left of the half-edge.
Starting from the half-edge labelled i, we follow the boundary of the face until we encounter a white
vertex. The last half-edge we traversed, which was ingoing, was labelled by j. This half-edge is
connected to a outgoing half-edge labelled i. By definition, we thus have 7, (j) = 4. The next labelled
half-edge when going around f in the counterclockwise order is the half-edge following the half-edge
J when turning in the clockwise direction around the white vertex. This next half-edge is thus labelled
Ym(F) = Ymmq (i), see Figure 3.5.

The proof is identical if 7 if the label of an ingoing half-edge. O

Proposition 3.3.20. Let I be a finite subset of N*, 7 € N*, v € &(I), and e € {£1}!. Let m be a
unitary type map with set of labels I and with r black vertices such that vy = v and €y, = €, and let
(€)

T = (T1y. .., 7). Then, 7 - - 71 = Ty
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Figure 3.5: Proof of Lemma 3.3.19.

Proof. Let k € I be the label of a white outgoing half-edge connected to a vertex wy, = ug. Let f be the
face at its right. We construct a path starting from the half-edge labelled k as follows, see also Figure
3.6. Consider the edge e; = (ug, u1) of which the half-edge labelled & is part. If u; is white then for all
1< j<nmk)=k=m (k)

If uq is black, we can find vertices ug, us, ..., up41 such that us, ..., u, are black and w1 is white,
and (u;,u;41) follows (uj_1,u;) when going around the vertex u; in the counterclockwise order.
Notice that these edges are all part of the boundary of f.

Let nq,na, ..., ny be the labels of the black vertices u1, ..., up, and kj, 1 < j < p + 1 be the labels
of the outgoing half-edges edges (connected to u;_1) in (u;_1, u;). Notice that 1 < ny,...,n, <ras
black vertices have labels in [r]. By construction, we have 7, (k;_1) = k;.

Figure 3.6: Chain of edges around the face f.

We have 7,,, T, _; - - Tny (k) = kp, so the labels of the black ingoing vertices incident to f are all
equal to | = T (k), by construction of Ty. We have 7 (k) = 1 = 7, (kp). Thus 7y, 7, -+ - Ty (k) =
7@ (k).

Assume now that 7;. - - - 71 (k) # T, Tn,_, = * - Tny (k). Let j be the minimal index such that there exists
p' satisfying n;y < j < mny 11 (with the conventionnyy1 = r+1)and 7; -~ 71 (k) # 7, - - - T, (k). The
index j is minimal so j > n,, (else we would have a contradiction as 7j_1 -+ - 71 (k) = 7y ,_, -+ Ty (K))-
We have ky = 7j_1---71(k) = Ty , - - - Tn, (k). By construction, all the half-edges labelled by k,, are
on the boundary of a same face f’, and they follow each other. We have just seen that there is such
an half-edge in the edge between u,y and u, ;1. The fact that 7;(k,) # k, implies that there is an
half-edge labelled k,/ that is connected to the j-th black vertex. However, this edge must be before
(when going around the face f’) or after the edge (u,/, u,y+1) in the boundary of f’. This contradicts
the fact that if there is an edge going from a black vertex ¢ to a black vertex labelled j we have ¢ < j, as
Ny < J < Nyy1. U

Definition 3.3.21. We denote by €" (I, ¢,~) the set of nondecreasing unitary type maps m with set of
labels I and with r black vertices such that vy, = 7y and €, = €.

Similarly, we denote by €(g, I, €,y) the set of nondecreasing unitary type maps m with set of labels I
and with genus g such that vy, = v and € = €.

Theorem 3.3.22. Let I be a finite subset of the positive integers,r € N*, e € {£1}! andy € &(I).
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The mapping

¢"(1,e,v) — U {m} x VVT(Id,W(G))
7€&((I)
m — (T, Tm)

is a bijection.

Proof. Lemma 3.3.18 and Proposition 3.3.20 show that this map has valuesin ¢ ({7} % W (Id, ().

We now construct an inverse mapping. To do so, we explicitly construct a map corresponding to
permutations 7 and 7 = (71,...,7,). By Theorem 2.4.12, it suffices to construct from 7 and 7 the
incidence relation of the underlying graph.

To this end, we introduce the set whose elements represent the half-edges I = {h;: i € I} U
U§:1 {hj1,hj2,hj3,hja}. We can split this set into the set of ingoing and outgoing edges I = [1;n Uy
We have Toy = {hi: i € I,e(i) = +1} U Uj=11%j2, hja}. The elements h; ; represent the half-edges
of the black vertices of the map we are going to construct, and the elements h; represent the half-edges
of the white vertices. We are going to define a labelling function L: I — I. We set for all i € I,
L(h;) = i. The function L is constructed by induction. At the initial step, it is only defined for the
white half-edges. We then define it for the black half-edges of the black vertex ¢ at step .

To construct a map, we use Theorem 2.4.12. We define two permutations o, « € &(I) as follows.

We define 7 € &(I) by Y(hi) = hy(;) and the identity otherwise. We set
o=%h11highizhia) - (hr1he2heghea).

The permutation « is given by the following algorithm. Let 7 € &()(I),and 7 = (74,...,7) €
V_\>/”(Id, 7r(€)). We consider first the permutation 7 = (i1, ji1), withi; < ji. Wesetaq = (hy, hi,1)(hyjy h13).
We set L(h1,2) = ji and L(h.4) = i;. In terms of maps, this procedure corresponds to connecting two
edges to a same black vertex, see Figure 3.7.

}L1‘4
L(hi14) =1

hi3

Figure 3.7: First step of the construction of the permutation « from one transposition 7 = (13),

represented as a map.
The name of the half-edges are in red (h1, . . ., hg near the white vertices and hy 1, ..., hi 4 near the black
vertices), and the labels are in black. Here, oty = (hq h1,1)(hs3 h13).

We proceed similarly to construct the black vertices labelled 2, 3, ..., r from the transpositions
T9, ..., Tr. At the k-th step, we consider the transposition 7, = (ix jx ), with i < jg. There is only one
half-edge h (respectively /) in Ioy such that L(h) = i, and a1 (h) = h (respectively L(h') = jj, and
Ozk_l(h/) = h,). We set o, = Ozk_l(h hk,l)(h, hhg).

Finally, we connect each remaining outgoing half-edge labelled i to the ingoing half-edge 71 (3).
For all i € I, there is a unique h such that «,.(h) = h and L(h) = i. We set a1, = (h hwq(i)) and
define o = o, [[;c; trt1,i- We define € € {1} by é(i) = +11ifi € ITout and €(7) = —1 otherwise.

Theorem 3.3.5 implies that given o, o and €, we construct a unique map m. By construction, the
resulting map is of unitary type : the vertices attached to the half-edges h; are the white vertices and
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the other are the black vertices. The black vertex attached to the half-edges 7 ; is numbered j. The
map is constructed such that 7y, = 75 and 7y = 7.
Furthermore, the map is nondecreasing (recall Definition 3.3.14) as the tuple 7 is a monotone walk.
We have constructed a right inverse, so the map m — (my, Tw) is surjective. We now show that
this map is injective. We show that the incidence relation of a map of unitary type m is determined by
the permutations. Indeed, consider a map of unitary type described by 7 and 7 = (74,...,7,), and an
outgoing half-edge h; labelled . There are four cases.

« If h; is a white half-edge such that for all j we have 7;(i) = i, then h; is necessarily attached to
the white half-edge labelled 771 (4).

« If h; is a white half-edge and there exists k, such that 74(7) # 4, then h; is necessarily connected
to the k’-th black vertex, where ¥ = min{k: 75,(i) # i}.

« If h; is a half-edge connected to the k-th black vertex and for all | > k 7;(i) = 4, then h; is
necessarily attached to a white half-edge labelled 7 (3)

« If h; is a half-edge connected to the k-th black vertex and [ is the smallest integer such that [ > &
and 7;(7) # 1, then h; is necessarily attached to the [-black vertex.

Thus two maps of unitary type in €" ([, €, y) described by the same permutations 7 and 7 have neces-
sarily the same edges, i.e. are identical. O

For a tuple of permutations, (01, .. .,0%) € &(I)¥, we denote the subgroup of &G(I) they generate
by
(011 on)

We can associate to the triplet (Y, Tm, Tm) the group

G(m) = <'7m777ma7_1,~--77'r>7 (311)
where 7, = (71,..., 7).

Proposition 3.3.23. A unitary type map m with set of labels I is connected if and only if the group G(m)
defined by (3.11) acts transitively on I.

Proof. First, assume that m is connected. Let ¢, j € I. There is a path p (made up by vertices and edges)
connecting the white vertices w; and w;. First, let us assume that p contains only black vertices, except
for its boundary which is made up of w; and w;. The path encounters the black vertices n1, ..., n,p, the
labels on the left of the edges that constitute p are k1, ..., ky11. The first and last edges are connected
to w; and wj so ky = 't (i) and kpyq = v w3 (j) for some integers my, ma, ms.

Let1 < i < p. Ifk; = kiy1, we set 0, = Id, and if 7,, (k;) = kiy1, we set 0; = 7,,, see Figure
3.8. Those are the only two possibilities as the half-edges connected to a black vertex labeled &, with
T = (uv) can only be labeled by u or v.

Thus, we have proved that there is 0, = 7,37, "?0p - - - 0175, € G(m), such that o,,(7) = j.

In general, any path connecting w; and w; can be written as the concatenation of paths with only
black vertices in their interiors, we can thus construct by composition a permutation in G(m) that
sends ¢ to j. Thus G(m) is transitive.

Conversely, if G(m) is transitive, for any k, [ € I, there exists 0 € G(m) such that o (k) = [. We
can write o = 0y, - - - 01, with for all 4, 0; is one of yy, 7Tn_11, Ty, ..., Tr. We use this to construct a path
connecting vy to v;. For all 4, we attach to o; a path p; starting from a half-edge labelled k;. We set
k1 = k, and we will show that £k, 1 = [.

o If 0, = Y, p; is the empty path, and k; 11 = v (k;).
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Figure 3.8: Three situations for o;.
We set 01 = 7p,, 02 = Id, and 03 = 7,,,. The black vertices are labelled n1, 2, ng in red. In grey are the two
half-edges that do not play a role for each black vertex.

. If 0; = 7", p; is the path connecting the half-edge k; to the half-edge 7! (k;). Such a path
exists by the propagation of labels procedure. We set k; 1 = 7~ (k;).

« If 0; = 7p,, for some n;, and 7, (k;) = k;, then p; is the empty path and k;+1 = k;.

« If 0, = 7, for some n;, and 7,,, (k;) # ki, then we set k1 = 7y, (k;). Both k; and k; 4 are labels
of outgoing half-edges. We set p; to be the path that starts from the half-edge k;, follows the
half-edges labelled k; until it reaches the black vertex n;, and then follows the half-edges labelled

ki1 until the half-edge k; 11, and the vertex wy, .

We have constructed a path going from the half-edge ¢ to the half-edge k,11 = o(i) = j, as
wanted. O
3.3.4 Expression of the moments in terms of maps of unitary type

Theorem 3.3.22 allows us to rewrite the expression for the moments given in Corollary 3.2.13 (see
Definition 3.2.5 for relevant notation).

Corollary 3.3.24. Let N > 1 be an integer, P = (Py, ..., P)) € X! be monomials withm = %deg P <
N. The moments under the Haar measure uév (see Definition 3.2.1) admit the following expansion

aé\jl(Pl,...,Pl) :Z](\;j—)n: Z Tr¢m(Mp).

720 m€€r([2m]96P97P)
Furthermore, the series is absolutely convergent.

The weights Try  (Mp) can be interpreted as product of weights given by the faces of the map m,
see Figure 3.9.

Tr(Ms M M7 Ms)

Figure 3.9: A map with its weights
This weighted map gives (up to a sign) a contribution from the sum

Oz[(]?i’N(Mlu_lMgu_l, MsuMyu, M5u_1M6u, M7u_1Mgu).
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Proof of Corollary 3.3.24. Recall the expression of Corollary 3.2.13:

ady(Pr,...,P) =" ](VHm > T (Mp)WT(Id, 7)),

>0 (ep)
= GQWIL)

By definition of w" (Id, 7(¢P)), we can rewrite this as

(="

aé\{l(Pl’ o B) = Z Nr+m Z Tr'Ypﬂ'_l (Mp)
r>0 71'66(;‘?)
(71,07 )EWT (Id, 7 (<P))
(="
~ L NrEm Z Tt gt (M),
r2>0 mE@T([2m],eP,«/P)

where we used Theorem 3.3.22 in the last line.
We get the result by using Lemma 3.3.19, which gives yp7, 1 = ém. O

Definition 2.2.5 and Corollary 3.3.24 allow us to express the cumulants in terms of maps of unitary
types. We deduce the following Lemma.

Lemma 3.3.25. Let N > 1 be an integer, P = (Py,...,P)) € X' be monomials with m = %deg P.
The cumulants admit the expansion

> (=1)" >
Wé\,fl(PbaiDl) = N7"+m Tr¢m(Mp).
r>0 mec” ([2m],ep,yp)
m is connected

Furthermore, the series is absolutely convergent.

Proof. We show the formula by induction using Corollary 3.3.24. Notice first that when ! = 1, aé\f (P) =
Wé\fl (Py) and the maps in €"([2m], ep,yp) are connected.

Then, we notice that a map can be decomposed into its connected components. This decomposition
gives a partition of the set of labels of half-edges. Each block contains the labels appearing in one
connected component. Using Definitions 2.2.5 and Definition 3.2.1, we obtain that

WP P =ody(Pr,.. )= Y T Weis(Pi€ B)
eP([l]) Bell
|TI|>2
(-1)"
= w2 T (Mp)
r>0 meer ([2m],ep,vp)
=
- Z Nr+m Z Tr¢"‘ (MP)
r>0 mece” ([2m].ep,vp)

m has at least 2 connected components

Hence the result. O

Remark 3.3.26. The formulae imply that we can express moments and cumulants with respect to the
Haar measure as a weighted sum over maps. The maps are the nondecreasing maps of unitary type
whose local structure (i.e. how the half-edges are attached to the vertices, but not how the half-edges
are attached together) is determined by 71_31 and ep. To each face is associated a weight, which is the
trace of a certain word in the matrices of M p, times a sign.
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A topological expansion for the Haar measure. We now rewrite Lemma 3.3.25 as a sum over the
genus g of the maps rather than on the number of black vertices r. We will see that this gives us an
expansion in powers of % We first recall Euler’s formula

2—-2¢(m) =V (m) — E(m) + F(m), (3.12)

where V' (m), E(m) and F(m) are the number of vertices, edges and faces of a map m, and g(m) is its
genus. In the case of a map of unitary type labelled by a set of 2m integers, and with r black vertices,
we have

+ ¢(ym) white and r black vertices,
« 2m white half-edges and 4r half-edges out of black vertices, for a total of m + 2r edges,
« ¢(¢m) faces (see Definition 2.4.1).

Thus, we get

2—2g(m) = (c(ym) +7) — (M ~+2r) + c(¢m) = c(ym) + c(pm) — m — 7. (3.13)

A change of variable in the sum of Lemma 3.3.25, and the identities [ = c¢(yp) and Try, (Mp) =
Ne@n) try (Mp) give the following Proposition.

Proposition 3.3.27. Let N > 1 be an integer, P = (Pi, ..., P,) € X' be monomials withm = % deg P.
The cumulants admit the expansion

— m ]‘ (&
We(Pr,...,P) = N> (~1) +ZZW > (=1)¢) try, (Mp).

920 mEQ(gzmeer’YP)
m is connected

Furthermore, the series is absolutely convergent.
Notice that this expansion is in terms of the normalized trace tr = % Tr. The factors with the trace
are bounded by 1 if we assume || AN|| < 1forall1 <i< Nand N > 1.

Remark 3.3.28. The sum in Proposition 3.3.27 is in general not finite. Indeed, even for [ = 1 and
P, = AUBU™, the sum contains terms of arbitrary genus. They appear for instance because of the
factorization of the identity Id = (12)%*, for all & > 0.

Definition 3.3.29. Let N > 1 be an integer, P = (P, ..., P}) € X! be monomials with m = %deg P.
The term of order 2g in the expansion of the cumulant is denoted by

MNP Py = (D)™ ST (21O by, (Mp).

mEQ(gv[zm]aEPmﬁP)
m is connected

We extend this definition to all monomials in A by setting for P,..., P, € X and M a word in the

(ai7 af),

MEN (P Py PM, P, P) = MY (P Py MP, Py, ),

)

foralll <i <.

The last property is enforced so that ./\/légl) "M has a property of cyclicity, as does the trace.

83



CHAPTER 3. TOPOLOGICAL EXPANSION OF UNITARY INTEGRALS AND MAPS

Stationary distribution of the (AZN )i<i<p- Let us consider a particular choice for the sequence of
matrices (AN )1<i<p n>1. Fix a family of p matrices of fixed size M x M, (AM);<;<,, and consider the
T )1<i<p,g>1, where AgM is the block-diagonal matrix with g blocks, whose
blocks are AM. When considering the sums of maps for N = ¢M, the traces try (M) no longer depend
ongor N = qgM.
In the case of zero potential (V' = 0), by Proposition 3.3.27, the renormalized cumulant Wé\fl
converges with limit

. M
sequence of matrices (A?

Jim WY (P) = MG (P),

for P € A. This fact allows us to prove the following Lemma.

Lemma 3.3.30. Fix N € N*. Assume that || AN|| < 1 forall1 <i < p. Let P € X be a monomial. We
have for all choices of (AN )1<i<, that

MY (P) < 1.
Proof. By the previous remark, we have for the choice of with the (A¥);<;<, block diagonal as above,

(0),M T ~ N _ <
MM (P) = Tim AP = lim Blox(P)) <1,

as ||P|| < 1. O
More generally, with the (A% );<;<, block diagonal as above, we have
~ 1
qM _ (_ m+l _ C(¢m)
WO,Z (P) - ( 1) Z (qM)Qg Z ( 1) tr¢m (MP) )
920 med(g,[2m].ep,vp)

m is connected

where try, (Mp) does not depend on ¢. This implies the following Lemma.
Lemma 3.3.31. Forall N >1,¢g>0,l>1,and P € X, we have the following properties.

(i) (Traciality) For all Q € X,

/\/légl)vN(Pl, .., P_1,PQ) = Mégl),N

) )

(-Pla"'>-F)l—17QPl)‘

(ii) (Symmetry) For all permutation o € &y,

N AV
MNPy R) = MEEN (P, Py

(iii) (Simplification) We have

M(()gl)’N(Pb oy Py, utPu) = Mgfl)’ (Pr,...,P).

)

(iv) (Conjugation) We have

N * * N
M(()?l) (P177‘F)Z)ZM(()?Z) (PI,,PI)
Proof. Consider the series

G = (-1 ST (C1)) ey (M),

>0 mee(g,[2ml,ep,vp)
m is connected

where the polynomials in the tuple M p are evaluated at the matrices (Af\/[ , (Af\/[
3.3.27 implies that G(1/gM) = W(])VZ(P)
Thus, as the renormalized cumulant under the Haar measure Wé\fl =N I*QWéVl satisfies all four

properties, and the set {1/¢M },>1 has an accumulation point, we get the result. d

)" )ie[2m]- Proposition
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3.3.5 Formal topological expansion

When the potential V' is not zero, we expect to have an expansion of the free energy as in Proposition
3.3.27. Let us now consider a potential of the form V' = Zle 2iqi, with z = (21,..., 2;,) € CF and

a=(q,....q) € X"
Proposition 3.3.27 motivates the introduction of the formal series

IV
Fy N2 Z WOZ nl(Qn)
nGN’c ( )
3.14
_ deg qn _1)<(¢m)
Z 29 Z n| Z ( 1) tr¢m (MQn) ’
920 neNk mee(g,[2deg gnl.€qn ¥(an))
m is connected
where we use the notation ¢, = (¢1,...,¢1,...,Gk,---,qx) forn = (n1,...,nk), as well as 2™ =
—_——
nj times ng times

Hf L2t and n! = [T2, nil.

Similarly, we introduce formal series corresponding to the cumulants.

Definition 3.3.32. Let N € N*, P = (Py,..., P)) € X' be monomials withm = % deg P. The formal
cumulant of P is the formal series

MY(Py,... P) = NQQM(Vg (P1,....R),
g>0

where the g-th term is
M(g) N(Pla ce 7-Pl)
zn €, €, C
= D (il > (1) trg, (Mg, p),

n!
neNk med(g,[deg gn+deg Pl.eq,, P, Yqrn P)
m is connected

where gy, P is the concatenation of the two tuples q,, and P. In particular, ~yq,, p is the permutation defined
in (3.8) associated to the tuple q, P.

Notice that the total numbers of v and ©* (or white half-edges) is > , n; deg ¢; +2m, and the number
of white vertices is ) _, n; 4 [. The case of the formal free energy corresponds to m = 0,1 = 0.

At this point, it is not clear whether the series ./\/lgf 3’N(P1, ..., P) converge. It will be shown in
Section 3.5.3.
In Section 3.7, we will show that in the asymptotic regime, the cumulant W{,V (P1, ..., P) coincides

with the formal cumulant up to an arbitrary order, for z small enough.

3.3.6 Alternated polynomials and Hurwitz numbers

In this section, we consider a particular case, that is we assume that all polynomials are alternated
monomials (see Definition 3.3.33). In particular, this covers the case of a potential of the form V =
2zAUN B(UN)* encountered in the HCIZ integral. In [GGN14], the HCIZ integral had been expressed
in terms of monotone double Hurwitz numbers. In the multi-matrix case, results relating the more
general tensor HCIZ integral to the Hurwitz numbers have been obtained in [CGL23].

Here we consider only the case where we have a single unitary matrix.

Definition 3.3.33. A monomial P € A is said to be alternated if it can be written

P = Bluclu_l s Bmucmu_la

*

with B;, C;,1 <4 < mwordsinay,aj,...,ap,a,.
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In this section, we will assume that all the polynomials involved (P, ..., P, q1,.. ., q) are alter-
nated monomials. We write as before P = (P, ..., P;). We now explain how we can give different
expressions for the renormalized cumulants in this case. To do so we reason only using the permutational
model of the maps of unitary type.

In this case, € = (+1,—1,+1,—1,...),and wehave yp(e " }(+1)) = e }(~1) andyp(e~1(~1)) =
€ 1(+1). Thus, yp € 652 We define 7y = 7%-)‘5—1(“)-

In particular, this implies that for all m € &(g, [2m], €, vp), we have ¢ (e 1 (+1)) = € 1(+1) and
ém(e"1(—1)) = € 1(—1). That is, we can write ¢y, as a product of two permutations, one, ¢, having
its support in € ~(41), and the other, ¢, having its support in € ~*(—1).

Write 7, = (71, ..., 7). We then notice that the group generated by vp, ¢m, 71, . . . 7, is transitive
if and only if the group generated by vp, ¢, r, 71, - . . T is transitive. As conjugating the elements of
a group by one of the elements does not change the group, we have

<fYP7 ¢1<1i;7 ¢;7Tl7 ety T’I‘> = <7P7 ¢$771_31¢1171/YP7 T1y .- 77—7”> .
Now, we remark that the subgroup of &, on the right-hand side is transitive if and only if the
subgroup (7, ¢, Yp G VP> Ti, - - -, Tr) of &(e71(+1)) is transitive.
This remark allows us to rewrite the sum of Definition 3.3.29,
N m
WM P )= ()™ YT (1) g, (M)

mEQ:(g, [2m] 7€P'7P)
m connected

+ —
= (-1)™ > (—1)@DFe@T) b (Bp) try- (Cp),
_ "¢ ECn
TEW(1d,(61) 1597
(7,01, ,71,...,7) transitive

where we introduced the notation

Bp = (M;;i € € *(+1))

Cp = (Mj;i€el(-1)),
if Mp = (M;)1<i<deg P-
Deﬁnition3>.3.34. Let p,7y,0 € G,,. The r-th monotone triple Hurwitz number associated to p,, o,
denoted by h'"(p,~, o), is the number of r-uplet of transpositions (11, ..., 7,) € &}, such that

© TpeoeTL= PO

« val(ry) <wval(mp) < -+ <val(r,);

« the group (v, p,0,T1,...,Tr) C &y, is transitive.

When g satisfies the Euler equation
2—2g = c(y) +clp) +clo) —r —m,

— -
we set h g4(v,0,p) = h'"(v,0,p).
This gives us the following Proposition.

Proposition 3.3.35. Let P = (P,..., P)) be alternated monomials. We have

WODN (P P) = (=)™ ST ()A€ 11, (Bp) tr, (Cp) T g (07", 4, 0). (3.15)
0,pECm

Remark 3.3.36. In the case of the HCIZ integral, we have 7 = Id, thus the monotone triple Hurwitz
numbers reduce to the monotone double Hurwitz numbers.
Remark 3.3.37. Notice that when all the polynomials are alternated, all the white vertices in the unitary
type maps involved are alternated vertices (see Definition 3.3.6).
Remark 3.3.38. In this particular case, the maps of unitary type bear similarity with the ribbon graphs
introduced in [Joh12].
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3.4 Intermezzo: Voiculescu’s Theorem and maps of unitary type

As in Section 3.3.6, we consider polynomials which are balanced. This is the case we have to consider
to give a proof of Voiculescu’s Theorem in terms of maps of unitary type. We find it interesting to show
how the point of view of maps of unitary type give a short proof of Theorem 2.2.12. This connects two
methods for computing asymptotically the moments of a pair of random matrices X and Y in terms of
product of moments of X and of moments of Y:

« the asymptotic freeness property;
+ the computation of the leading order of the moments in terms of maps of unitary type.

Beyond this question, the particular case of balanced polynomials is the natural setup to study
multi-matrix Hermitian models. Indeed, given two independent, unitarily-invariant, random matrices
X and Y, we have that for any P € (z,y) that after diagonalizing X and Y:

E[tr P(X,Y)] = E[tr P(Dx,UDyU")],

where U is a Haar-distributed unitary matrix, and Dx and Dy are the diagonal matrices of the
eigenvalues of X and Y respectively. If P is a monomial, the trace term can be written as:

tr P(Dx,UDyU*) = tr DR UDRT* - .. DXy Dlayr,

with k1, ..., kg, l1,...,lq > 0 integers. The right hand side term is a balanced monomial.
We now get back to Voiculescu’s Theorem, Theorem 2.2.12.

Proof of Theorem 2.2.12. Let (X™V), (YV) be two sequences of centered deterministic matrices, with
XN and YV of size N x N. Assume (X ) and (YY) converge in distribution, in the sense of Definition
2.2.10, with limiting distribution 7x and 7y. Consider a balanced monomial of degree 2m:

_)
m
P()QY’7 U, U*) = H (sz _ ter’) U (Yli . tI'Yli) U*,
i=1
with k1, ..., km, 11, ..., L > 1 integers. We write

X = (xh—uxh) @ (xhe - Xt
Y= (v' -y oo (Y —uyh),
By Proposition 3.3.27, the leading order of the expectation of tr P is

E [tr(P)] = WM (P) + O(N2)

1
(—1)m+L 3 (1))t (X) tr,— (V) + O(N72). (316

mEC(O, [2771} EP 7’YP)
m is connected

Let m € &(0, [2m], ep,yp) be a connected map of unitary type. We claim that one of the face of m
in incident to exactly one white half-edge. Assuming this, we see that in this case

try+ (X) tr,—(Y) =0

as the product of traces contains either a factor tr (X ki tr X kl) =0ortr (Yli —tr Yli). Thus, all the
terms in the leading order in (3.16) are 0, and we have shown the asymptotic freeness result.
We now show the claim. Denote by h; the half-edge labelled by i € [2m]. Define

g {max{k c2m]: mm(k) =k — 1} if {k € [2m]: (k) =k — 1} # 0

0 otherwise.
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Consider the sequence (7 (k))ye[2m]- We are going to show that
m(m)<m(m—-1)<---<7w(d)<d<d+1<---<2m.

Fixi € {d+1,...,2m} such that 7(i) < i, and let f; be the face at the left of h;. By definition,
when going around f in the counterclockwise direction, h(;) is the first white half-edge after h;. By
planarity, the part of boundary of f; between these two half-edges separates the map into two simply
connected domains. This implies that for all 7(7) < j < i, we have that 7(i) < 7(j) < ¢. Considering
i=2mandj=2m—1,i=2m —landj=2m — 2,...,i =d+ 1 and j = d (all those choices of j
are possible since ¢ > d), we see that

m(m)<m(m—-1)<---<7wd) <d<d+1<---<2m.

This implies in particular that d > m. Thus, we see that 7(d) = d — 1, and thus the face at the left of
hq is incident to exactly one half-edge. The claim is shown. g

This approach generalizes to the case where one of the matrices, say X, is of low rank. The following
result is essentially a restatement in the case of two matrices of a result obtained by Collins, Hasebe,
and Sakuma [CHS18], in the study of cyclical monotone independence.

Theorem 3.4.1. Let (X”) and (Y™ be two sequences of deterministic matrices, with X~ and YV of size
N x N, and UV be a Haar-distributed unitary matrix of size N x N. Assume that there exists 0 < n < 1
and a sequence of real numbers (Tx (x*))>1 such that for allk > 1,

N7 Tr(Xk) — 7x(2F) as N — oo,

and that (Y™N) converges in distribution, with limiting distribution 7y . Then, for all monomial P € C (z,y),
written

p— gcklyll N .kaylm,7
with ki, li, ..., kn,ln > 1, we have

NTE[Te(P)(X, UYU)] = x (z2=0 k) T 7y () as N — oo
=1

Proof. It suffices to consider a balanced monomial P of degree 2m, written
P — xklu Iy, * km lm , % *
= yru® - ruymut € Cle,y, u,u”),

with k1,01, ..., km,lm > 1. By Proposition 3.3.27, the leading order of the expectation of N "It Tr P
is

N7TE[Tr(P)] = N* WM (P) + o(N~1-7)
= (—1)"*! Z (_1)C(¢m)N1—n trqﬁ(X) tr¢;(Y) + O(N_l_n),

1116@(0,[2771],613,713)
m is connected

with
X=X"g..9oX" and Y=Yig...@QYm

Consider m € €(0, [2m], ep,vp). The associated weight is
try+ (X) try— (V).
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We notice that in the large N limit, tr . (Y") is of constant order, while tr+ (X) is of order N —e(gm)(1-m),
This means that the leading order of N~"IE Tr P involves only maps with ¢(¢,,) = 1. By planarity, this
is only possible if ¢, is the identity. Hence,

NN () = N T (X ﬁ tr(Y5) + 0N,

Taking the limit N — oo yields the result. O

Remark 3.4.2. We may wonder how the previous Theorem transforms when considering general joint
moments, i.e. expectation of product of traces. For the same reason as in the proof, a map m describing
the leading order will have a permutation ¢;; satisfying c(¢;;) = 1. One might then guess that such a
m will be a cactus: a map in which two simple cycles have at most one vertex in common. This point is
left for further study.

3.5 Tutte-like equations

We will now state induction relations that applies to the sums of maps /\/l(g )N defined in Definition
3.3.29. They are obtained by a procedure very similar to the one used by Tutte in [Tut68]. These
induction relations are the analog of the topological recursion for matrices of the GUE [EO08]. Similar
induction relations have been obtained for maps related to the Gaussian case in [GM07] and [Mau06],
and for maps with “dotted edges” in the unitary case for g = 0 in [CGMO09]. More precisely, we will
prove the following theorem.

Theorem 3.5.1. Let N € N*, P = (Py,..., Pu) € X' be monomials. Then, forg > 0 and m =
% deg P > 2, we have the induction relation

Mé{]l)’N(Pl’ cs Bu) = - Z [Mé?ljrll)’N(Pb .oy P21, Qu, Ru)
P=QuR
+ Z MO\I|+1 (Pr, Qu)M oz |1\(P|I° Ru)
g1+g92=9
IC[l—l]
+ZM(()91)]\1[ P17 .- ] 1,Pj+1,...,Pl_1,RQUPZU)i|

+ > [Mé*‘,’lff’ (Pi,...,P1,Q.R)

P=Qu*R
Moz
+ Z M0\1|+1 (Pl1,Q Mo~ |1\ P’IC R)
g1+g2=g
IC[l—1]

-1
+ZM((){]Z)’_]\1[(P17 . '7-Pj—17Pj+17 .. ')]Dl—lvRQ-Pl):|7
j=1

where we use the notation P|; = (P;);cr and set by convention, M(() ll) N — 0 and M((f’g’N =0.

With a similar proof, we can state a similar theorem for P = (P, ..., Pu*). Equivalently, this is a
consequence of the invariance by conjugation of the sums of maps, see Lemma 3.3.31.

Theorem 3.5.1 describes how a map of unitary type can be decomposed into one or several maps. In
the Section 3.5.1, we will describe the precise procedure used to cut maps of unitary type into one or
more maps of unitary types, or equivalently to decompose the permutations describing a particular
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map. The procedure can be understood as an elaborate way of contracting an edge in a map. This
allows us to give an interpretation to the terms appearing in the recurrence.

Consider first the terms in the last two lines (the other terms have a similar interpretation). When
contracting an edge, three situations can occur.

+ The edge is a non-contractible loop, informally it goes around a handle of the surface, in that case
when contracting it we remove the handle and create a new vertex, this corresponds to the term

N
Z M0g1+11) Pla"'apl—hQ)R)'
=Qu*R

+ The edge is a contractible loop. When contracting the edge we cut the map into two disconnected
components. This corresponds to the term

Z Z M(()g|ll|+1 (P, Q)M Ol m(P‘IC R).

=Qu*R g1+g2=9g
IClli-1]

« The edge is not a loop. When contracting the edge we just merge two vertices. This corresponds
to the term

Z Z Mogl)]\lf Pl’”"Pj_17Pj+1)"'7-Pl—17RQ]Dl).
j=1 P;=Qu*R

The other terms have a similar form. They do not correspond to the contraction of an edge, but rather
to the erasure of a black vertex. This Theorem shows that a sum of maps can be expressed in terms of
the sums of maps with either lower genus, lower overall degree, or lower number of vertices.

Before describing precisely the procedure used to cuts the maps of unitary type, and giving the proof
of Theorem 3.5.1, we show how to rewrite these equation in a compact way. The function /\/l(()?l)’N was
defined only on some monomials, i.e. on the set X'. Recall that A is the algebra of non-commutative
polynomials in the variables u, u*, a1, aj, . ... We now extend M(g )N by linearity to an linear form on
the tensor space A®! = A ®¢ - - - @ .A. We will use interchangeably the notation M(()?l)’N(Pl, . P)

(Méi) N as a multilinear function) and ./\/l((fl)’N(Pl ® -®F) (Méz)’N as a linear function on A®").
We can then rewrite Theorem 3.5.1 using the notion of non-commutative derivative.

Let P = (Pi,..., P)) be a k-tuple of polynomials, and I = {i; < iy < --- < i,} be a non-empty
subset of [{], then we define

We define the operations x and f as follows. Let P € A, T C [ —1],Q = Q1 ® Q2 € A®? and
S =252 S, € A®2, then we set

Qx8=(Q1®Q2) x (S1®852) =(Q151) ® (Q252), (3.17)

and
P; ® PrfiQ = Pr ® Q1 ® Pre ® Q2. (3.18)

Definition 3.5.2. The logarithmic non-commutative derivative 0: A — A®? with respect tou of a
monomial P € A is defined by

OP= > QueR- > Qou 'ReA®™

P=QuR P=Qu-'R

The definition extends by linearity to any polynomial in A.
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Remark 3.5.3. This derivative was introduced by Voiculescu in [V0i99, Section 8.1]. However, as
remarked by an anonymous reviewer, this corresponds to the derivation on the unitary group invariant
under multiplication from the right. Near the identity, this derivation corresponds to the ordinary
gradient V7 where exp(H) = U, hence the name logarithmic derivative.

Remark 3.5.4. Consider a monomial P € A evaluated in U,U*, Ay, A}, ..., and denote by 0,, ; the
derivative with respect to the coefficient (m, j) of U. We have

ZUmk aijZl_Z Z sz mkR]l— Z (QU)i,kRj,la

m P=QUR P=QUR

and similarly, if 9, ; is the derivative with respect to the coefficient (m, j) of U*

Z U;m(gk,m il = Z Z Q'L k m,l — Z Qz,k(U*R

m P=QU*R P=QUR

In coordinates, the non-commutative derivative thus corresponds to

(OP)ige = (UnmsOmiP = UjOkmP), -

Jsl m

Definition 3.5.5. The cyclic derivative D: A — A with respect to u of a monomial P € A is defined
by

> RQu- > u'RQ.

P=QuR P=Qu-1R
The definition extends by linearity to any polynomial in A.

Remark 3.5.6. Let P be a monomial. In coordinates, the cyclic derivative is

(DP)ij =Y (UnjOmiP —Up, 505mP) Z(ap)47l,:.
k.m k b

To take advantage of the notation just introduced, we shall write
MIN @ ME)N(PL® - @ Pip)
with P; € A to mean
Mé‘(,}l)’N ® Mé‘(,}l//)’N(Pl ® @ Pyy) = M(()?l)’N(Plv ces 7PZ)ME”/) (Pt s Pryrr)
Theorem 3.5.1 can then be rewritten as follows.

Corollary 3.5.7. Form > 2,9 > 1, and Py, ..., P, € A, we have the following equation

N N
Z Z Mog|1l)‘+1 ® Mogf])cH,l(PI &® PICﬁaPl>
IC[l-1] 9=91+g2

MG NP e R eoR) =Y M (e e Pe e (DP)R),

where P; means that the factor P; is omitted.
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Proof. We group the terms two by two. We have

Z M0l+1 Plv" ‘Pl IJQU RU Z M0l+1 Pla"'u-Pl—17Q7R>
=QuR =Qu*R

M()H_l (Plv"wljlfl;a(Plu))—i_MoH_l (le"aplflaphl)
_ _Mg?,;g (Py,...,P1,0(Pu)).

where we used the traciality property of Lemma 3.3.31 to replace v* Ru by R in the last argument of
Méglfl)’N, in the second line. In the third line we used the fact that there are no connected map with
I 4 1 vertices, [ > 1, and one vertex of degree 0.

We proceed similarly for the two other terms. We have

N N
Z Z Mog|ll)\+1 (P, Qu)M ogf)|1|(P|ICaRU)
=QuR 91+92=g
ICli-1]

N N
+ Z S MY (P QM (P, R)
=Qu*R g1+92=9
ICli-1]
N N
= > MUY @ ME(PL © Pliet(0Pw) + MY (P),
gi1+g92=9g
IC[l-1]
where we used that there are no maps with one vertex of degree 0if g > 1 or > 2.
The third term is

—Z Z Moz (P, Pia, Piga, .o, Py, RQuPu)

j=1 P;j=QuR

+Z Z MOl 1P17"' Jj— 17Pj+1>"'7pl—17RQPl)

j=1 Pj=Qu*R

:_ZME)‘?Z)’];_[ Pla"' Jj— 17Pj+17"'aPl—17(DPj)Plu)'

Putting the three terms together, we get the result when P} is a monomial that finishes by u. The
cyclicity property of Lemma 3.3.31 implies that it is then the same if P} contains a w. Finally, if P; does
not contains a u, then it is either a constant and the formula is clear, or it contains a ©*. In the latter
case, the conjugation property of Lemma 3.3.31 allows us to recover the result.

Finally, the result extend by linearity to all polynomials, as it is linear in each of the F;. O

Notice that the formula in Corollary 3.5.7 is valid not only for monomials P, finishing by a u but
also for all polynomials.

3.5.1 How to cut maps

In this section, we fix two integers m > 2 and g > 0, a permutation 7 € Sy, and € € &gy, = {€ =
(e(i))icpm € {£1}*™: 2™ ¢(i) = 0}. By the cyclicity and the symmetry properties proved in
Lemma 3.3.31, we can assume that the polynomial P, finishes by the letter u. We thus assume that
€(2m) = +1. We consider a map of unitary type, m € €(g, m,, €), with 7 black vertices. Let S denote
the underlying surface of the map m.

By Theorem 3.3. 22 this map is described by the permutation 7 := 7, and the tuple of transpositions
T = (T1,...,7r) € WT (7['(6)) with r related to g, my and v, by Euler’s formula, see (3.13). We will
consider two ways of cutting this map, depending on whether 7,.(2m) = 2m or not.
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Remark 3.5.8. We can also see vertices as “holes” in the surface, that is, we take the underlying surface
S to be a surface with boundaries. A vertex is then a boundary component (homeomorphic to a circle)
of the surface S. An edge is then a path connecting two boundary components. See Figure 3.10 for an
example.

T
—

(a) (b)

Figure 3.10: (a) An oriented map of genus 0 with two vertices (b) The corresponding map where vertices
are seen as boundary components. The underlying surface is a cylinder.

We will see white vertices as boundary components of the underlying surface, as explained in
Remark 3.5.8. To describe the cutting procedure, we introduce the definition of a corner, see Figure 3.11.

Definition 3.5.9. Let m be a map of unitary type. Consider a (white or black) vertex v in m, seen as a
boundary component of a surface, as explained in Remark 3.5.8, and a half-edge h.
The corner at the left (respectively at the right) of h is the connected, closed set C' such that

« C is a subset of the boundary component B corresponding to v;
« C is in the boundary of the face f at the left (respectively right) of the half-edge h;

« the boundary of C' is {u, v}, where u is the point of intersection of B and the half-edge h, and v is
the point of intersection of B and the half-edge h' that follows the half-edge h when going around

the face f in the clockwise (resp. counterclockwise) direction starting from the left (resp. the right) of
h.

Figure 3.11: The corner C at the left of ¢, displayed with a red thick line. Here, 7 is a white half-edge.

First case: 7,.(2m) = 2m

In this case, val(7,) < 2m, see Definition 3.2.10. The monotonicity of the walk 7 implies that for
all i € [r], val(r;) < 2m, and in particular 7;(2m) = 2m. By Definition 3.3.16, the half-edge 2m is
not connected to any black half-edge, and is thus connected to a white-half-edge, say the j-th one.
Note that by our assumption that e(2m) = +1, e(j) = —1. Notice that because m is non-decreasing,
7r(2m) = 2m implies that for all 4, 7;(2m) = 2m.

We construct a map m’ of unitary type from m using the following procedure, depicted in Figure
3.12.
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1. We choose a path 7 in the face f at the right of the half-edge 2m. This path is chosen to start from
the white vertex way,, attached in the corner (see Definition 3.5.9) at the right of the half-edge 2m,
and end at w, attached in the corner at the left of the half-edge j. As faces are homeomorphic to
disks, there is only one way to choose 1 up to homotopy.

2. We remove the edge containing the half-edges j and 2m.

3. We cut the surface along 7. Depending on the cases we connect two distinct boundary components
of S, or we connect one boundary component to itself.

Remark 3.5.10. Notice that if w; and ws,, are distinct vertices, this surgery is the usual contraction of
an edge.

Remark 3.5.11. If the path 7 is a loop, then it may be that the resulting map m’ is disconnected.
Furthermore, one of the connected component can be a vertex with no edges. In this case, we remove

this component.

!
Un

e

1. 2. 3.

Figure 3.12: First way to cut the map.

Lemma 3.5.12. Ifm is a map of unitary type with label set I of size 2m, thenw is a map of unitary type,
with label set I \ {j,2m}, of size 2m — 2. Furthermore, if m is non-decreasing, then so is w/'.

Proof. We first check that m’ is a map. We only need to check that each face of m’ is homeomorphic
to a disk. We only modify the faces fiet and fiignt at the left and the right of the edge (wam, wj). At
step 2, when we remove the edge, we connect fit and frign. However, at step 3, we cut along a path
homotopic to the edge, thus separating the two faces. All the faces of m’ thus remain disks.

We now check that this map is a map of unitary type. The map m’ has 2m — 2 labelled white
half-edges (maybe 0 if m = 1), with label set I \ {j,2m} (property 2 in Definition 3.3.7 is satisfied).
The black vertices have not been modified when transforming m into m’, so properties 1 and 3 in
Definition 3.3.7 are satisfied. As the black vertices are not modified, a non-decreasing map remain
non-decreasing. O

Let us now compute the permutations that represent m’. We will need the notion of the trace of a
permutation introduced by Kreweras [Kre72]. This notion has nothing to do with the notion of trace of
a matrix.

Definition 3.5.13. Let A be a finite subset of N. The trace of a permutation o € S(A), on B C A,
denoted by Tr(o; B), is the permutation in S(B) defined for each x € B by

Tr(o; B)(2) = o™ (x),

with p, > 1 the smallest integer so that oP(x) € B.
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Computing the trace of a permutation in cycle notation is straightforward: write the cycle decom-
position of ¢, and erase all elements in the cycles that do not belong to B.
Let I; = 2m — 1]\ {j}.

Lemma 3.5.14. Let 7' := Tr(my; I;). We have i’ = mn(j 2m) = (j 2m)mw, and mp = 7' = 1.

Proof. We have assumed that the half-edges 2m and j are connected to form an edge. This imply
Tm(2m) = j and 7y (j) = 2m. Thus, as 7y, is a permutation, for all k € I}, mn(k) € I;. This means
that in the notation of Definition 3.5.13, p;, = 1. We get the first claim, and that 7’ = 7| I

When removing the edge at step 2, it is clear that the map we obtain is still described by my,, with a
cycle removed. When cutting the map at step 3, we do not modify the edges further. O

Lemma 3.5.15. Let ' := Tr(y(j2m); I;). We have vy = 7'.

Proof. Assume first that w; and wy,, are two distinct vertices. Let ¢ = (u; ... upj) and ¢ =
(uf ... u;, 2m) be the cycles that represent them. After cutting the map at step 3, the vertices are
replaced by a vertex with structure (u ... upuj ... ) = Tr(cc (5 2m); I;).

If wj = way,, this vertex is represented by a cycle ¢ = (u1 ... upjuj ... u;), 2m), which we cut

using the transposition (j 2m). We obtain two vertices represented by the two cycles Tr(c(j 2m); I;).
O

Lemma 3.5.16. We have ¢y = Tr(¢m; I;).

Proof. By Lemmas 3.3.19, 3.5.14 and 3.5.15,
-1 . . -1
Py =Y'T = Tr(')’m(] Qm), Ij)7rm|]j .
Notice first that for any k € I and p € N, (7, 1)P(k) € {j,2m} if and only if
(G 2m)ymmy’ (5. 2m))? (k) € {5, 2m}.
This implies that
Tr(ymwnzl;fj) =Tr((j 2m) YmT (j 2m); I;) =Tr((j 2m)'yn_117rl_1;lj) ,

were we used Lemma 3.5.14 for the last equality.
Then, as 7/(j) = j and 7/(2m) = 2m, we have

Tr((j 2m)yn’ =Y 1) = Te((2m)y; )7~ = ¢
O

Lemma 3.5.17. If the map m of unitary type is connected, then the map w’ has one or two connected
components. Furthermore, if j and 2m do not belong to the same cycle in y, m’ is connected.

Proof. Assume first that j and 2m belong to the same cycle in 7. This means that w; = way,. If we
erase the edge containing the half-edges 2m and j, m stays connected. However, when we cut the
map along the path 7, we may separate the map into two connected components. More precisely, we
separate the map into two connected components if and only if 1 is homologically trivial, that is, the
boundary of a surface embedded in S.

If 7 and 2m belong to different cycles, that is w; # w2, then when removing the edge we may
disconnect the two vertices but we then merge them. Consequently, the map m’ is connected. O
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Using the permutations 7/ = 7, and ¢y, and Lemma 3.5.17, we can now compute the genus of m'.
We recall Euler’s formula (3.13) for a map of genus gy, with C', connected components

2Cm — 29m = ¢(Vm) + c(Pm) —m — 7.

We now discuss the several cases that can occur. First, if both j and 2m are fixed points of ¢, then
it means that m is reduced to a vertex with 2 half-edges. We will assume in what follows that m > 2.

If j (respectively 2m) is a fixed point of ¢y = YTy, ', then it means in terms of map that the face
at the left of the white half-edge j (resp. 2m) is at the left of the half-edge j (resp. 2m) only. In term
of permutations, we have 1, (2m) = pumm(2m) = j (resp. ym(j) = 2m). Then, (j 2m)yn(2m) =
2m (resp. (j2m)ym(j) = j), and when taking the trace on I;, we remove one cycle of (j 2m)ym.
Furthermore, if we remove the disk corresponding to the face at the left of the half-edge j (resp. 2m),
the resulting map m’ is connected.

If j and 2m are not fixed points of ¢y, then none of the connected component is reduced to a vertex
without edges. It implies that the total number of faces and cycles of the associated permutation stays
the same. We have ¢(¢n) = ¢(¢n). The resulting map m’ has one or two connected components: by
cutting the map we either remove a handle (and decreased the genus by one) or disconnected the map.

It gives us one particular case (the degenerate case were one connected component is reduced to a
vertex without edges):

1. if j or 2m is a fixed point of ¢, then ¢(pn) = c(dm) — 1, ¢(v') = ¢(7), and m’ is connected.
Thus, g = gm-

If both j and 2m are not fixed points of ¢, we have the three cases.

2. If j and 2m belong to the same cycle of 4y, and m’ is connected, then ¢(ym) = ¢(m) + 1,
¢(pm) = ¢(ém), and ¢’ = g — 1 (by Euler formula).

3. If j and 2m belong to the same cycle of 4y, and m’ has two connected components, then ¢(yy/) =
¢(Ym) + 1, ¢(¢w) = ¢(¢m), and g' = g.

4. If j and 2m belong to two different cycles of i, then ¢(Vn) = ¢(9m) — 1, ¢(dn') = ¢(ém), and
9 =g

Second case: 7,.(2m) # 2m

In this case, the white half-edge labelled 2m is connected to a black vertex. Let j = 7,.(2m) € e~ !(41)
(as the support of the transpositions 7; is contained in e ~!(+1)). In that case, the last black vertex has
an outgoing half-edge labelled by 2m by Lemma 3.3.12. Similarly, the last black vertex has an outgoing
half-edge labelled j.

We construct a unitary map m’ from m using the following procedure, depicted in Figure 3.13.
Notice that the first step is possible as there are no loop with black edges, as indicated in Remark 3.3.10.

1. We choose two paths 17 and 7 contained respectively in the face fa,, at the left of the half-edge
2m, and f; at the left of the half-edge j. The path 1; (respectively 1) is chosen to start from
the white vertex wa,, (respectively w;), attached in the corner at the left of the half-edge 2m
(respectively 7), and end at the r-th black vertex, attached in the corner at the left of the half-edge
labelled 2m (respectively 7).

2. We remove the r-th black vertex, and attach each ingoing edge to the outgoing edge that follows
it in the counterclockwise order.

3. We cut the surface S along n = n; U n2.
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1. 2. 3.

Figure 3.13: Second way to cut the map.

Lemma 3.5.18. Ifm is a map of unitary type with labelling set I and with r black vertices, then m’ is a
map of unitary type with labelling set I and with r — 1 black vertices. Furthermore, if m is non-decreasing,
then so ism’'.

Proof. As in the proof of Lemma 3.5.12, we first prove that m’ is a map. We have to check that the
faces are homeomorphic to disks. When removing the black vertex, at step 2, we may have connected
two faces together, or may have connected a face to itself, thus creating a “face” homeomorphic to an
annulus. However, when we cut the map, at step 3, we recover one or two faces homeomorphic to disks.
Thus, m’ is a map.

We now show that m’ is indeed a map of unitary type. The map m’ has  — 1 black vertices. We
removed the last black vertex and did not create any new edge linking two black vertices, thus properties
1 and 3 of Definition 3.3.7 are satisfied. We did not remove any white half-edge so property 2 is satisfied
as well. Thus, m’ is of unitary type. Furthermore, as we removed the last black vertex and let the other
ones unchanged, if m is non-decreasing (recall Definition 3.3.14), m’ is non-decreasing as well. O

Let us now compute the permutations that represent m’.
Lemma 3.5.19. Let 7' = (j 2m)myn = 7 Tm. We have myy = 7'

Proof. We only modify the edges during step 2, when we remove the black vertex. The outgoing
half-edges of the r-th black vertex in m are labelled on the left by j and 2m. These half-edges are part
of edges connected at their other end to white vertices, because the black vertex we remove is the last.
These edges are connected respectively to the half edge 7, *(j) and 7, (2m).

Consider the white half-edge labelled by 7, (j). After the surgery, it is connected to the half-edge
labelled 2m. Similarly, the white half-edge labelled 7, *(2m) is attached to the half-edge labelled ;.

This corresponds to having Ty (7,1 (4)) = 2m and 7 (7,1 (2m)) = j, and s = 7y, for all other
values. We can write this 7y = (j 2m)mm. O

Note that

) = (TerTer)’E*1(+1) = (Trﬂi)’fl(ﬂ-l) = TﬂT,(]f) =Tr—1"""T1.

The first and third equalities are Definition 3.2.7, the second one follows from the fact that 7y (e 71 (+1)) =
¢ 1(—1) and the fact that the support of 7. is contained in ¢ ~*(+1), the fourth one is a consequence of
Proposition 3.3.20. This is coherent with the fact that

T = (T -+ s Trm1) - (3.19)
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Lemma 3.5.20. Let v’ = v(j2m) = y7.
We have g = 7'

Proof. The white vertices are only modified when we cut the map, at step 3. The proof is similar to
the one of Lemma 3.5.15. We consider the two cases of j and 2m in the same cycle in 7 or not, and we
compute Yy, = 7. O

It follows from Lemmas 3.3.19, 3.5.19, and 3.5.20, that
O = Tr Pm Ty - (3.20)

In particular, ¢(¢m) = c(dw).
We can now state the counterpart of Lemma 3.5.17.

Lemma 3.5.21. If the unitary type map m is connected, then the map m' has one or two connected
components. Furthermore, if j and 2m do not belong to the same cycle in -y, m’ is connected.

Proof. The proof is almost the same as for Lemma 3.5.17. Alternatively, we can prove this lemma using
Proposition 3.3.23.

Let £ > 1 be the number of orbits of the action of G’ := G(y/,7’,7") on [2m]. We notice that
G =Gy, m,™m) = (¥, 7', 71,..., 7). In particular, j and 2m always belong to the same orbit of G.
If j and 2m do not belong to the same orbit of G’, 7,. connects two orbits of the action of G', and G has
k — 1 orbits. Conversely, if j and 2m belong to the same orbit of G’, the actions of the two groups have
the same number k of orbits.

In particular, if j and 2m belongs to the same cycle of 7/ (or equivalently to different cycles of 7),
then the two groups have the same number of orbits. We assumed that m is connected so by Proposition
3.3.23, the action of G has one orbit. Thus, the action of G’ has one orbit and m’ is connected.

In the other cases, G has k or £ — 1 orbits and necessarily, k is 1 or 2. O

Using Lemmas 3.5.21, 3.5.20 and (3.20), we can compute the genus ¢’ of m’ using Euler’s formula
(3.13). There are three cases.

« If j and 2m belong to the same cycle in v and m’ has two connected components, then ¢(y') =
c(y)+land g =g.

« If j and 2m belong to the same cycle in v and m’ is connected, then ¢(y') = ¢(y) + 1 and
/
g =9g—1

« If j and 2m belong to two different cycles in 7, then m’ is connected (Lemma 3.5.21), ¢(v') =
c(y)—1l,andg =g

Note that in these three cases, m is unchanged.

3.5.2 Proof of Theorem 3.5.1

We can now turn to the proof of Theorem 3.5.1.

Proof. Fix v = vp € Gop, € = €p, and M = M p. Assume first that m = %degP > 2. We
decompose the sum

MNPy Py = () S (=) gy, (M)

mee(g,[2m].e,y)
m connected

in two sums, each corresponding to one of the two cases of the previous construction.
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We introduce the set WQfm, of monotone walks whose last step 7 satisfy 7(2m) = 2m, and the set
W3, of monotone walks whose last step 7 satisfy 7(2m) # 2m. The functions 1, . and Ly are
the indicator functions of those sets.

The sum corresponding to the first case, is thus by the previous surgery of Section 3.5.1

D™ Y (=D by (M) (7w)

2m
mec(g7m7e77)
m connected

=" Y DT e (M) (7)
7'(66%?21

FEWr(@:my.m) (£ (e))
G(~y,m,T) is transitive

=(-nm > oo 0T (M),
jee~1(-1) 7' e& (1))
=(j 2m)n’
TEWT(9mYT) (7/(€))
G(~y,m,T) is transitive

where (g, m, 7y, 7) = c(7) +c(y" 177 1) — m + 2g — 2 according to (3.13), and we used the fact that in
the first case 7 can be rewritten 7/(j 2m) for some j € ¢~!(—1). Notice that the global factor (—1)™
will account for a sign —1, when removing an edge and going from 2m white half-edges to 2m — 2
white half-edges.

We rewrite this as a sum of four terms, corresponding to the different ways of computing the genus,
as explained in the last section. We interpret the new sums as series Mé\,{’l,70(Q1, oo, Qp), with I/
(which corresponds to the number of vertices in the new map m’) and ¢’ (the genus of the new map
m’) two integers, and @1, . . ., Q monomials either in X" or of degree 0. We introduce the notation
Q = (Q1,...,Qu). These monomials are chosen so that the combinatorial data 4/, and € described in
the last section, and the tuple M of appropriate monomials of degree 0 is such that g = 7/, € = €,
and Mg = M. The tuple M’ is chosen differently depending on the sub-case, but always so that
trg, (M) = try (M) (except for sub-case 1., see below).

There are four cases. Let us consider first the terms corresponding to sub-cases 1. and 3., which are

1. if j or 2m is a fixed point of ¢y, then ¢(dn) = c(dm) — 1, 1" = c(y) = ¢(ym) = I, and m’ is
connected. Thus, ¢ = g.

3. If j and 2m belong to the same cycle of vy, and m’ has two connected components, then I’ =
() =clym) +1 =141, c(pw) = c(¢m), and ¢’ = g.

In those two cases, the map m is cut into two maps, with total genus equal to g. The case 1.
corresponds to the degenerate case where one of the two maps has no edges, and is reduced to a vertex.
We associate to it the weight tr(M;) or tr(May,).

Together, these cases account for the term

Mlo2).N
- Z Z MO \I|+1 P‘b ) ng[c|+1(P|ICaR)-

Pu=Qu~!Ru 91+92=g
IC[i-1]
The sub-case 1. corresponds to the term for which ) or R in the sum is reduced to a monomial of
degree 0, and the sub-case 3. to the other terms. When cutting the map, we obtain two connected
components, each containing a vertex corresponding to part of P;. This correspond to the fact that in
the argument of the series, P, is replaced by two monomials  and R such that Qu~! Ru, and one u
and one u~! are removed, corresponding to the two removed half-edges.
Similarly, the sub-case

2. If j and 2m belong to the same cycle of 4y, and m’ is connected, then I’ = ¢(yw/) = ¢(ym) +1 =
I+ 1, ¢(¢w) = c(¢m), and ¢’ = g — 1 (by Euler formula).
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corresponds to the term

—1),N
- Z Mé?lJrll) (Pla"'7Pl—17Q7R)-
Pu=Qu~1Ru

The sub-case

4. If j and 2m belong to two different cycles of vy, then I’ = ¢(yw) = ¢(m) — 1 = 1 — 1,
c(pw) = ¢(¢m), and ¢’ = g.

corresponds to the term

_Z Z Moz 1<P1>-- i1, Pig1, ..., P—1, RQP)).

i=1 P;=Qu~1R

Here, two vertices are glued together, corresponding to replacing two polynomials in the argument of
the series by one: RQF,.

We proceed similarly for the terms that correspond to the second case where 7(2m) # 2m. The
corresponding sum is

D™ Y (=D b, (M) g, ()

mee(g,[2m].e,y)
m connected

-1
= (=" > (=)™ try s (M) Ty, (7)
7r€€»<;)1
TGWr(g,m,i,w)(,r(e))
G(~y,m,T) is transitive

m c /ﬂ_/—l
= (_1) Z Z (_1) o )tr'y’w’*l(M(j2m))7

jee 1 (+1) 7T,€6<2i21

j#2m (7'1,.-.,77>—1)€7VT_1(W/(E))
G(v',7',T) is transitive
where ) ‘
e 7 =(j2m)y
o Mjom) = (Mgam)w) Mijam)2), - - » Mg 2m)(2m))
o T=(71,...,7r—1,(j2m))

o r=r(g,m,7,(j2m)r).

To go from the second to the third line, we replaced = by 7’ = (j 2m).
Following the construction from last section, we get three kinds of terms corresponding to the three
sub-cases from last section. The first sub-case is

1. If j and 2m belong to the same cycle in v and m’ has two connected components, then ¢(y') =
c(y)+land g =g.

It corresponds to the sum

Z Z Még\IIHl P|IvQu)Mégﬁ[cHl(PhC,Ru).
Pru=QuRu g1+92=9
IC[2m]

The second sub-case is:
2. If j and 2m belong to the same cycle in v and m’ is connected, then ¢(y’) = ¢(v) + 1 and
/
g =g—1.
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corresponds to

Z M((fl:rll)’N(Pl, .-y B, Qu, Ru).
Pu=QuRu

Finally, the last sub-case is:

3. If j and 2m belong to two different cycles in v, then m’ is connected (Lemma 3.5.21), ¢(y/) =
c(y)—1landg =g

corresponds to

-1
SN ME(P. . Py, P, Pt RQuP).
i=1 P;=QuR

Putting all the terms together, we get the induction relation of Theorem 3.5.1. d

3.5.3 Induction relation for the series ./\/lgf E’N

We first prove that the series Mg,g 2’N(P) exist with a radius of convergence that depend on ¢, [, and V.

To that end, we show bounds on the series of maps for V' = 0 that are a consequence of Theorem 3.5.1.
Similar bounds have been obtained in the Gaussian case in [Mau06, Lemma 4.3].

Proposition 3.5.22. Assume that forall N > 1 and all1 <i <p,||[AN|| < 1. Letq = (q1,...,q) €
Xff be monomials, and v = max<;<), deg g;. We introduce the n-th Catalan number Cat,, = nil (2:)
There exists constants Ay, > 1, B, > 1, and C}, > 1 that depend on k, and Dy, ,, > 1 that depends on

k and v such that forall P = Py,..., P, € X!, and alln = (ny,...,n;) € N¥, we have the bound

Lo
9),N
| 0 An._i_l(qlv"')qlv"')qk‘)'"aqku-Pla”'7-Pl)|
n! 2 2ai TV —— ——
n1 times ny times

K (3.21)
< A2(2m+yn)B,€_ng(2m+Vn)Dn H Catdegp, H Catnj,
i j=1

where m = % deg P.
The constants can be chosen to be

Ay =Cp = \/6W1/42k+3
Bk =3. 4k+1
Dy, = 4k(4e'/¢).

The proof is given in Section 3.8. The value of the constants can be improved. These bounds allow

us to prove immediately that the series M%ﬁ] E’N (see Definition 3.3.32) converge.

Corollary 3.5.23. Let P = (P1,...,P) € X}, q = (q1,...,q) € X} and z = (z1,.. ., z.), and let
V= Zf:1 2;q; be a potential.

As a series in z, M%’N (P1, ..., ) converges absolutely with radius of convergence R, ;v satisfying
1
Rigy > —prr—
TN T 4Al D,

We can now turn to the induction relations. The induction relation from Theorem 3.5.1 translates
to an induction relation on the series /\/lg/g 3’N
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Proposition 3.5.24. Let P = (Py,..., P) € (X)L q = (q1,...,q1) € (X)) and z = (z1,...,21),
and letV = Zle 2i i
Forall1 < i < n, we have the equation

S MEM @ MENY (Pre PrtoR) + MY (PLe - Py @ (DV)R)
g1+g2=9g
IC[l-1]
— M(Vg;jl)’N(Pl ®---®P_ ®IP) (3.22)
ZMVQm - @P_1®Pj1®---© P, ®(DP)R).

Proof. We sum on n € IN¥ the induction relations of Proposition 3.6.10 for

(9),N
Moz,n._f_l(qla'"’q1a°"aqka'”vqk‘vpla"',})l)7
) 7 'Y N— N— o’
n1 times ny times
. n
times Z7. O

3.6 The multi-matrix case

Up to now, we have only considered integrals involving one Haar-distributed matrix U” . The results
obtained so far can be extended in a straightforward way to the case where we have n > 1 independent
Haar-distributed matrices U7, .. U N. The polynomials we consider in the sequel are the non-
commutative polynomials in u;, u; ', for 1 < i < n and aj,a; for 1 < j < p. We denote this *-algebra
by A,,. Notice that A = A;.

3.6.1 Weingarten calculus

As previously, we will consider a subset of monomials of A, as the quantity we consider are multilinear
functions which are tracial in each of their arguments. We define X, the set of monomials of .4,, of the
form

P = Myug; Mauy? - - - Mgug? (3.23)

where €: [d] — {+1,—1},t: [d] = [n|,and M = (M, ..., My) is a d-uplet of monomials M; € A,
each of them being empty or a word in a1, aj, ..., ap, a,.

We define for a tuple P = (Pi,..., P) the tuples ep,tp, Mp obtained by concatenating the
tuples corresponding to each polynomial P;,1 < j < [. We also define for 1 <7 < n,ep; = e|t1_31 (i)’
i.e. the tuple which encodes the exponents of the variables u; only. We define the degree with respect
to u; of a monomial P, deg; P as the number of occurrence of u; or u; Lin P. The total degree of a
tuple is deg; P = Zé-:l deg; P;. We define deg P = )" | deg; P, and deg P = Zé-:l deg P;.

Property 3.2.9 is generalized as follows.

Definition 3.6.1. Let P = (Py,..., P) € (X,,)!. We define the permutation

-1

yp=(1...deghPy)- ZdegP +1...degP).
7j=1

Definition 3.6.2. We introduce the moment with respect to the Haar measure in the multi-matrix case
g u(Pr,..., ) = E[Tr(Py) - Te(F)],

where the expectation is under the product Haar measure AU - - - dUY.
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Proposition 3.6.3. Let P = (Py,...,P) € (X,)! and J; = t5' (i).
We have

k )
D
O‘g,o,l(Ph e 7Pl) = Z (H WgN(ﬂ-z( r ))> Tr’ypﬂfl---ﬂ,;l(MP>' (324)
7r1€6(€P71)(J1) =1
WQGG(EP’2)(J2)

WnEG(EHP;’n) (Jn)
This Proposition is obtained by applying the following Lemma n times.

Lemma 3.6.4. Let Mp = (Mj,..., Maeg p) Let M = (M;,1 < i < deg P), defined by M; = M; if
t; =1, and M; = Miugip(z) otherwise. Then, we have the expectation with respect to U{ only

Epy [Te(P) - Tr(P) = Y. Wen(m™)Tr (M),
7r1€6(€P’1)(J1)

Proof of Lemma 3.6.4. Let I C [l] be the subset of indices ¢ such that P; contains a letter u; or uj.
Denote by c¢; the cycle in  that corresponds to P, i.e.

i—1 i—1
¢i=() degPj+1---) degP;+degP).
j=1 j=1

We have

[[Tx(P)

i€l

Eyn [Tr(P,) - - Te(R)] = (H TrcxPi)) E (3.25)
i¢l

Furthermore, if we set S = J;#; Supp ¢; and 7" = ([[; ¢;)

5, we can rewrite the terms
(H Trcz.(f’l-)) = Tryn(M]s) .
¢l

Considering only the second term in the right side of (3.25) and using the cyclic property of the
trace, we can assume that the last factor of each polynomial P; is a u1 or a u}. Let J; = t~ (1) =
{p1 <p2 <...<pg}. Welety = Tr(yp; J1). Proposition 3.2.9, shows that

By [T(P) - Te(R)) = > Way(m ™) T, (M),
7r1€6(€Pv1>(J1)

where M’ = (M/,i € Jy) is defined by

’ ep(pi—1+1) ep(pi—1+2) ep(pi—1)
M; = Mpi—1+1ut(pi,1+1) Mpi—1+2ut(pi,1+2) Mpiflut(pi—l) M,,,

with the convention py = 0. This is equal to

By [Te(P) - Te(R) = > Way(m ™) Tr, (M),
71'166(613’1)(]1)

103



CHAPTER 3. TOPOLOGICAL EXPANSION OF UNITARY INTEGRALS AND MAPS

3.6.2 Multicolored maps of unitary type
We now generalize the notion of a map of unitary type to address the multi-matrix case.

Definition 3.6.5. Let I be a finite subset of N*. A multicolored map of unitary type with n colors,
with labels in I, and with r; vertices of color i for 1 < i < n, is an oriented map with vertices colored in
white or in one of n colors, and colored half-edges which can be of any of the n colors such that

o there are r; vertices of colori for 1 < ¢ < n, which are alternated of degree 4 and numbered from 1
tor;;

« the half-edges connected to a vertex of color i (which is not white) are of color i as well;

« there are |I| half-edges that are connected to white vertices. Each element of I labels exactly one of

these half-edges;
« each half-edges connected to a white vertex is colored in one of the n colors;
« each edge is composed of two half-edges of the same color;

« if an oriented edge connects the vertex of color i numbered [y to the vertex of color i numbered Iy
thenly < ls.

Figure 3.14: A muticolored map of unitary type with two colors. The integers 3, 7,10, 9 label red
half-edges, and the other elements of [10] label blue half-edges.

Remark 3.6.6. Notice that we can erase the colors of a multicolored unitary map to obtain a (monocolored)
map of unitary type. To do so, we proceed as follows:

« each colored half-edge connected to a white vertex becomes a white half-edge;
« each colored half-edge connected to a colored vertex becomes a black half-edge;
» each colored vertex becomes a black vertex.

The resulting map is a map of unitary type with ) . r; black vertices and labels in 1.

As in Section 3.3.2, we define for a multicolored map m of unitary type, with n colors, the following
permutations. We construct permutations vy, Ty, and ¢, and the tuple €, as for a monocolored
map of unitary type. If the i-th labelled half-edge is of color j, we set t,(i) = j. We then define
Jmi =t (i). We set €y = €mlJ,,; forall 1 <i < k.

For each color i € [n], we consider the edges of this color. We then define as previously a permutation
Tm,i € &lem.i) (Jm,i) describing these edges and the vertices of color 7. Finally, if we consider the vertices
of color ¢, we can associate to the j-th vertex of color 7 the transposition 7; ; as previously. We set
Tm = (Ti,j, @ € [n],j € [ri]). Notice that by construction, we have Ty = T 1Tm2 - - T n-
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Definition 3.6.7. Letn > 1 and g > 0 be integers, and I be a finite subset of the positive integers. Let
r=(ry,...,mm) E N, ye€ &S(I),t: I — [n]ande: I — {£1}.

We denote by €7 (1, €,,1) the set of nondecreasing multicolored maps of unitary type m with n colors,
with label set I, and with r; vertices of color i, for 1 < i < n, such that yn = 7, €nw = €, and ty, = t.

We denote by €(g, 1, €,7,t) the set of nondecreasing multicolored maps of unitary type m with n
colors, with label set I, and of genus g, such that vy = 7, €n = €, and ty, = t.

We then have the analog of Theorem 3.3.22

Theorem 3.6.8. Let n > 1 be an integer, and I be a finite subset of the positive integers. Let r =
(r1,...,mn) € N*, v € &(I),t: I — [n] and e: I — {£1}. Define J; = t~'(i) and €; = €|, for
1< <n.

The previous construction gives a bijection between €" (I, €,~,t) and

n

U TTim} < Wr ().

m €GBV (1), ,mr €6 (en) (Jy,) =1

Proof. The proof is very similar to the one of Theorem 3.3.22. By considering each color, we prove that
the construction does give amap €" (1, €,7,t) = Uy, cstcn) (). mpeeten (5,) [ iz {mi} X Wi (Trggi)).

We can construct its inverse exactly as in the proof for the case with one unitary matrix, by
constructing the edges for the color 1, then for the color 2, etc. More precisely, we first consider the
color 1. At this step, we leave untouched the half-edges of color 2, ..., n. We construct the incidence
relation for the edges of color 1 using the data of (71,7)¢[r,) and m1. When this is finished, all the
half-edges of color 1 are part of some edge.

We then turn to the half-edges of color 2. Using the data of (2 ;) ¢[,] and ma, we construct the
incidence relation for the edges of color 2. We do this until we reach color n and obtain a multicolored

map of unitary type. O

It follows directly by erasing the colors (see Remark 3.6.6) and Proposition 3.3.23 that we have the
following proposition.

Proposition 3.6.9. Let m be a multicolored map of unitary type with n colors. The map m is connected if
and only if the group (Ym, Tm 1, - - -, Tmn, Tij, 1 <@ < n,1 < j <) is transitive, with 7o, = (75 5,1 €
[n), j € [ri])-

Using Proposition 3.2.12, 3.6.3, and 3.6.8, we can compute the moments with no potential (for
N >m=3degP).Let P = (Py,...,P) € (X,)!, we have

-m -1\" - ri (. (€
04570,1(P1, - ,Pl) =N Z Z <N> H E? ’(ﬂ'l( )) Tr,ypﬂ_;y”ﬂ_;l(Mp)

ﬂlee(sp’l)(aﬁ) 715" 20 i=1
7r2€6(épﬁ2)(]2)

eGP ()

N\ (3.26)
Y Y <N> T i (M),
reNk mEC(T[QmLGPﬂpyt)
where we use the notation " = 22", for any = € R.
We then compute the cumulants for no potential, when N > m,
1 ™
N B _

Wi ou(Proee o P) = N7 § 3 <N> Try, (Mp). 627)

reN™ me¢” ([2m],ep,vp,t)
m connected
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We now rewrite this sum using the genus of the maps rather than the number of colored vertices.
In this context, the Euler formula becomes

k

2 = 20m = ¢(Ym) + c(dm) —m — Zri-
=1

We thus get the renormalized cumulant Wg N oy

Wi 1(Prs- o P) = N2Win (P, P)

MY Y ), (Mp). (329)

g>0 mel(g,[2m],ep,vp,t)
m connected

Let us recall the relevant notation. Here [ is the number of monomials or the number of white vertices.
In particular, we have c¢(yp) = [. The set of maps €(g, [2m], ep,yp, t) was introduced in Definition
3.6.7. As in Section 3.3.4, the coefficients in the 1/N? expansion are sums of maps, with a weight

determined by the permutation of the faces ¢, and the tuple of matrices M.
The term of order 2g is then

Mé?l)’N(Pla-n?]Dl) = (_1)’m+l Z (_1)C(¢m) trd)m(Mp)

me@(ga[2m]7€P:’YP7t)
m connected

We then define the formal cumulant as

n
g 7]V z g 7N
M&g (Pl,...,]Dl): 7'./\/1(()’[) ((h,...,ql,...,qk,...,qk,Pl,...,]Dl),
X n! N——— N——
neN nq times ny times

as previously.

3.6.3 Induction relation

We will now deduce from the relations obtained in Section 3.5 similar relations in the multi-matrix case.

Proposition 3.6.10. Let P = (Pi,..., P) € (X,),i € [n] and g > 1.
If% deg; P > 2, then we have the equation

SO MEY @ ML (P e Pred,P) + MY (PLe - @ Py @ (DiV)P)
g1+92=g
IC[l—1]

:_M$:)’N(P1®"'®B—1®31P1) (3:29)

-1
- ZM%ﬁ(Pl QP 1P ® - ®P_1(D;iP)P).
j=1

Here O; and D; are the non-commutative and cyclic derivative with respect to u;, fori € [n].

This Proposition is proved as in Section 3.5. If no polynomial of P contains a u; then the equation is

trivial. Thus, we can assume by symmetry that deg; P, > 1. We cut the maps from the sum W(()gl)’N(P)
as in Section 3.5.1. Notice that in this construction, we only modify edges of the color i so we can use
the exact same arguments. We thus obtain the wanted equation.
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3.7 The Dyson-Schwinger equation and the topological expansion

We now work in the multi-matrix setting. All the maps involved will be multicolored maps. The
induction equations obtained in Section 3.5 are related to the Dyson-Schwinger equations for unitary
matrices. In this section, we introduce the Dyson-Schwinger lattice of equations for the renormalized
cumulants W{/V =N I*QW‘JX ;- Together with the induction relations derived in Section 3.5, they allow

us to show that the renormalized cumulants V~V{/V ; admit an asymptotic topological expansion as [N — oo.
The methods used in this section are heavily inspired from [GN15].

3.7.1 Scalar product and parametric norms on A4,

Following [GN15], we introduce some useful notions about non-commutative polynomials. The vector
space A — the algebra of non-commutative polynomials — admits a countable basis, which is the set X,
of all words in the letters

UL, UTy e ey Upy Uy A1, ATy - ,ap,a;,
plus the empty word 1. Notice that this set contains X,,, the set of such words that finishes by a u; or a
u?. Let (-, -) be the scalar product that makes this basis orthonormal. In particular, B+ is the algebra
generated by the polynomials with no constant term, i.e. without factors u; or u;.

Definition 3.7.1. Let{ > 1. The {-norm is || - ||¢ defined by

IPle =Y [(P,Q)[¢=E?,

Qex
for P € A. We write BEL the completion of the algebra B in the &-norm || - ||¢.

This norm is a deformation of the ¢! norm that takes into account the degree of the basis monomials.
The usual #! norm will in many case not be the appropriate norm, as the effect of many operators we
consider in the sequel depends on the degree of the monomial it is applied to.

Example 3.7.2. This norm is deformation of the ¢! norm, recovered when considering the 1-norm. For
instance the 1-norm of the potential we consider is

k

Vi ="zl

i=1
This notion of norm allows us to define the parametric £&-norm of a linear operator or form.

Definition 3.7.3. Let T be an operator on A and £,&' > 1. Its (€, &')-norm is

Tl = sup 1Ll
’ PcA HP\Ig

When § = & we write ||T||¢ = [|T|¢.e.
Similarly, let 7: A — C be a linear form. Its £ -norm is

IT(P)|
7]l = sup :
¢ PecA ||PH£

A particularly important sort of linear forms are tracial states.

Definition 3.7.4. Let C be a unital x-algebra. A tracial state on C is a linear form 7: C — C such that
forany P, Q) € C, we have

« 7(1) = 1, where 1 is the empty word;
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. 7(PQ) = 7(QP);
« 7(PP*) > 0.

Remark 3.7.5. The normalized trace tr is a tracial state on B. Under Hypothesis 3.1.3, the Cauchy-
Schwarz inequality implies that || tr ||; < 1. Furthermore, we have tr(1) = tr(Id) = 1 where Id is the
identity matrix, and thus

H tr Hl =1.

Assuming furthermore Hypothesis 3.1.1, we have that WY, is a tracial state on A, with [ W, ||; = 1.

3.7.2 The Dyson-Schwinger equations for the unitary matrices

Let o be a tracial state on 5. A tracial state ;2 on A is a solution to the Dyson-Schwinger problem with
initial value o if for all P € A,

{u®u(8iP)+u(DiV-P) =0, forl<i<n

M| - (3.30)
B =0,

where 0; and D; are the non-commutative derivative and cyclic derivative with respect to u;, see
Definitions 3.5.2 and 3.5.5.

It has been shown in [CGMO09] that there exists a solution to this problem when Tr V' = Tr V*
(which implies that Tr V is real), and that the solution is unique for a potential V' small enough (i.e.

Zle |z;| < € for some € > 0). Notice that for all N > 1, ./\/lg))l’N is a solution to (3.30) with o = try.

In [GN15], a family of equations that generalize (3.30) was studied. The renormalized cumulants W‘],V !
are solution to these equations. We reproduce them here.

Proposition 3.7.6 ([GN15, Proposition 20]). Assume Hypothesis 3.1.1. The renormalized cumulants
{W¥ }i>1 satisfy the equation

Z W‘J/\j|1|+1 ® W‘]/\fuc|+1(P] X PIC#azF)Z) + W\J/\{l (P.[l—l] X (Dzv : Pl))

IC[i—1]
-1
:_ZW\Z/Yl—l(Pl®"’®Pj®"‘®Pl—1®(Din’Pl)) (3.31)
j=1
L sN
- WWV,H-I(P[Z—I] ® 0;P),
where ]5J means that the factor P; is omitted.
The series of maps ./\/lg g’N satisfy similar equations (see (3.22)).

3.7.3 Radius of convergence of the series M%’N

(9)

Before giving the proof of Theorem 3.1.4, we show that all the terms My, "N have a radius of convergence
greater than some Ry > 0. We can apply the gradient trick from [GN15] that we explain in Section 3.9
to the equations from Proposition 3.6.10. To do so, we introduce some notation, motivated in Section
3.9.

Definition 3.7.7. Let P € X, be a monomial, we define

AP= Y > Quui ® Qoui — > @1 ® Q2

P=Piu; P> \ P2P1=Q1u;Q2 P2P1:Q1ui—1Q2
-1 1
- (1 ® Q2 — u; Q1 ®u; Q2
P=Piu; Py \P2P1=Q1u;Q2 PoPi=Q1u; Q2
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The reduced Laplacian A: A,, — A%? is then defined by

A:iAi.
i=1

Let (P, Q) € A2, we define the operator P by

POP = i(Di@(DiP) :

=1

We define the operator D;, which acts on a monomial P by D; P = deg,;(P)P, and D by

Furthermore, for an operator T, we introduce its regularization T = T D™,
Definition 3.7.8 ([GN15, Definition 13]). Let II be the orthogonal projection of the polynomials onto B,

the algebra of polynomials without a degree 0 term. Let II' = Id —II be the complementary projection of
the polynomials onto I5.

Let T be a tracial state. We define

= (Ideor+7Id)A.

The master operator is
2V = 1d 417, + PV .

Where T, and PV are the regularization (see Definition 3.7.7) of Ty and PV .

Applying the gradient trick, we obtain for (g,1) # (0,1),

M%’N(P[l_u@EV (o>,NPz) Mﬁ,lﬂ) (Py_y)® AR)

_ZM P, 1}®M§/}’L%’N®Id)(5pl)

a Z MVIIH-I ® M§/|])c\+1(PI ® Pre#AP) (3.32)
PCIC[i-1]
gi1+92=9g

-1
7N S — D
_ZMggfl(P17'"7Pj,-..,Pl_1”PP]Pl>‘
j=1

Proposition 3.7.9. Fix a potential V = Zle 2iqi, withq1,...,qw € X,. Letg > 0,1 > 1, P € Ail.

The radius of convergence ofMg/gg’N(P) depends only on k and q, ..., qr, and is greater than

Ry = mln( (4Ay Dy, st W), where v = max<;<j deg g; and the constants Ay, By,

and Dy, ,, are those of Proposition 3.5.22.

Proof. Let P € (X,)! be monomials. As /\/l(g) is linear in each polynomial 7;, the result follows from

the case where the P; are monomials. Using Proposition 3.5.22, the series Mg? )1’N(P) can be bounded
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as follows

N
|M0) ( )|§ Z TL' Mé)Z: (QL'-'>qla'--7qk’7"'7Qk7P1a"'7Pl)|

neNk n1 times ny, times
4A deg P
< (%) Z"(4ADyp)"
k neNFk
< (4Ak)degp u 1
- Bk Py 1-— 4Aka’l,Zi ’

where Proposition 3.5.22 is used on the second line. Notice that the radius of convergence of the series
does not depend on P.
Assuming that || || < 5(4A;Dy,) "1, we get

2k

(0),N
M o, < 5

Define

ok+1 4 A,

K = v

where as before v = max;<;<j deg ¢;. Choose & = 4A4;, + 2k+

. Then, assuming than

k

1
Vi =3 il < e

i=1

where I is the projection operator introduced in Definition 3.7.8, we have K (£,V) < 1 and ZV ()N

V,1
is an invertible operator Bé — Bgl. Note that this is satisfied if ||z||cc < ﬁ We thus set Ry =

mln( (4Ax Dy )71, 2,“:551,).

We then proceed by induction. Assume that for all (¢,1") < (g,!) (with the lexicographic order),
and for all P € X!, the series Mg/g 12 N( P) has a radius of convergence greater than Ry . Then, the
right side of (3.32) is a holomorphlc function that is defined on a polydisc of radius Ry . The left side
is a holomorphic function defined on a polydisc of radius R; 4y which coincide with the right side.

Thus, it can be extended to a holomorphic function on a polydisc of radius Ry . The fact that E/‘(/l“))* ~ 1S
V,1
invertible allows us to conclude. O

3.7.4 The topological expansion: proof of Theorem 3.1.4

We introduce the truncated formal cumulant (cf. Definition 3.3.32)

g
N
S\(/%l) - Z Nth( e
h=0

(9),N

We will show that the cumulants V~V‘]/V ; admit a topological expansion by bounding the errors 4y,

defined by
S9N N, — gl (3.33)

In particular, we shall set 5&1)’]\[ = W‘J/V I
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(9),N

We will derive equations on the errors 0y;;" . To make this clearer, we first consider the case
g = 0,1 = 1. In that case, when ||z||«c < Ry, we have as a consequence of (3.22),

5 (S‘(/?}’N o MY + MO @ SS?}N) 0:P) + SN (D;v)P) = 0. (3.34)
On the other hand, Proposition 3.7.6 implies
- - - 1 -
WL @ WRL(0:P) + WL (DiV - P) = = W5 (0iP). (3.35)
Taking the difference of (3.34) and (3.35), we get
1 - -
SO0 @ W+ W @0t + S @ ol + )Y @ spiY) (9iP)
+ oM (DV)P) = _mw%(aip).

We apply the gradient trick as in Section 3.9. To do so, we replace P by D; P. Making use of Lemma
3.9.1 and the fact that

)

L rco),N _ & 5 0),N L (O,N _ (0N | <0 N
5 (5(%)1 oW, + W, @ 6] ) and - <S(V{ oo + e @ S\ )
are symmetric, we can make the master operator defined in Definition 3.7.8 appear. We get

0),N 0
5\ < S 250 /2> (P) = =59 @ 50N (AP)—waQ(a P). (3.36)

We now turn to the general case. When ||z||oc < Ry, the truncated formal cumulants satisfy the
equation

Lo L v, (9-f)N | (9-1).N ()N

Z B <N2fMVII+1 ® Sy iy + sz SVl ® Myiie s | (Pr@ Pre#0iR)
IC]l—-1
0<<s

+ 5 (P © (DiV)R) (337)

1 N -1
—1
= —WS\(/?Z Py @oR) - SN (PL®- P ® P @ Py (DiP)R).

7=1

These equations are obtained by summing the equations (3.29) for different values of g, multiplied by
1/N?9.

Together with (3.31), these equations imply equation (3.38) on the errors defined by (3.33). Before
stating the equation, we explain how this equation is derived. We subtract from (3.31) equation (3.37).
To have all the terms from (3.31) simplify, we must rewrite the most complicated term

RV G-HN L -, ()N
> 2<MV|I+1®S\}Q|16|+1+S\/?|1+1 ® My e | (Pr® Pre#t0;P)

N2f N2f
IC[l-1]
0<f<g
We rewrite S‘(/gl)’ = WVl — 5(g) N'in the sum
(f):N (g—f),N ()N N (9—f),N
Z N2fMV|I|+1 ® Svuc|+1 = Z szMvu\H (WV,|IC|+1 5V|1c\+1)
0<f<g 0<f<g
_ ql9)N TN (f)N (9—f),N
- SVJI\H Wy rej41 — Z szMva ® 5 V| I¢|+1
0<f<g
_\ON N (9),N N (f),N (g—f),N
=W 11 @ W 1 — 6 W e — D szMV|1|+1 ® 0| re) 11 -

0<f<g
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We proceed similarly for 3 - f<g N2 ~oF S‘(/g | I‘{\)H ® ME{ |)I’J|\j_1 After this rewriting and subtracting (3.31),
we have

1
Z 5 <5$}(]|)1|+1 W e + W11 © 51(/|)1c\+1) (Pr @ Pre#0;P,)

IC[l-1]
()N (9=f)N (9—-1), ()N
+ Z (sz V41 ® 5x}quc|+1 + Wd\}q\lHl ® Mvzc|+1) (Pr © Pre##0;P)
IC[l— 1] (3.38)
0<f<yg .

+ 5\(}(71)’N(P[l—1} ® (D;V)P,)
-1

= —ﬁ&}qzﬁ) NPpgeor) =Y 8N (Pie- P ® P@ Py @ (DiP)R).
j=1

Using the gradient trick (see Section 3.9), these equations can be rewritten as follows

N
5&?72 (ID[Z 1] ® HWN /2+M<0) N/2> (-Pl)

= 20 (B © AR)

— S OW 4 MO Py @ Td) @ )

+ 00N @ DV, + MNPy ©1)) (AR)
LN (0),N7 o 5(9),V
- > 5([Wv,z + My @0y e 44 (3.39)
PcIc(i—1]
+ o, @ DV + MOIN) (Pr @ Pre#tAR)

1 (f).N G-HN L (g-pN (f).N
- Z 2<N2fMV|I|+1®5V|I“+1+N2f6‘/g,|1+1 ®MV|F\+1 (P; @ Pre#tF)
ICli-1
1%<g]

—25“131@ P P PR).

The notation Id in the third line means the identity operator, in particular terms on the third line must
be read as follows:

A+ MEM(Py-y ©14) @ 5™ (P @ Q) = DW) + MM (P @ P) @ 61 (@)
The bounds of Proposition 3.5.22 imply the following results.

Lemma 3.7.10. Assume that for all N > 1, Tr'V is real and | AN || < 1 for all i (Hypotheses 3.1.1 and
3.1.3). There exists £ > 1 and ¢ > 0, such that if

[2]le0 <,
then, that for all g > 0 andl > 1, we have

C
N2
Proof. Consider the equation (3.36) for the errors with g = 0,1 = 1:

0
18] <

(= 0 0)/ & 1 - -
65 | <:‘V/"€/V,1/2+M§Q)1’N/2P> - _5§ '® 5§ '(AP) - — WL (AP).
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3.7. THE DYSON-SCHWINGER EQUATION AND THE TOPOLOGICAL EXPANSION

First, notice that the series Mgfo)l’N satisfies ||ME9)1’NH4 4, < é—k, with Ay, and By, the constants

from Proposition 3.5.22. Proposition 3.9.3 implies that

_ 2k+1 4Ay
T <z Ok
Iyl < =774,

Let £ > 32A;, > 12 and 0 < € < Ry, such that

k
K(EV) =2 £+1 2% 44y

€(€—1)  Bré+4A, + TV |1 ve” < 1/2.

In that case, the operator =, : Bg — Bé is invertible.

W /24 MO /2
We get that

!
(0) )y 117 =v 14 SR =V -1
16N < 167 e T el )7l + 201 Bl 15 ) e
where we used that there exists a constant C’ > 0 such that HW\J/\,Z?HU? < (' by [GN15, Theorem
22]. Note that for this Theorem 22 to be applicable, one must show that the sequence of cumulants is

&-uniformly bounded in the sense of [GN15, Definition 21]. This is shown assuming Assumption 3.1.1
in [GN15, Corollary 32] for all £ > 12.

The bound on M%ﬁ))l’N implies that Hégo) llaa, <1+ % < 2. This fact and Proposition 3.9.3 give
IToolle <20+ 2 1y
650) &= B, & —4A; '

With this result and [GN15, Proposition 19], we finally get that

Cl ||(EVW§1)_1H§ C/ 1

167 )le < 53— - <
FET N LT el Gy ) Mle T NP2 - K(E V)

O]

Proposition 3.7.11. Assume that for all N > 1, Tr V is real and | AN || < 1 for all i (Hypotheses 3.1.1
and 3.1.3). There exists £ > 1 and € > 0, such that if

[2]lc <e,
then forallg > 0 and [ > 1, we have
161 |y1—2¢ = O(N2972).

Proof. We proceed by induction on (g, ), with lexicographic order. For [ = 1, g = 0, the result is given
by Lemma 3.7.10. Assume now that for all (¢/,1’) < (g,1), we have

5l = O (N722).

Then, in the equations (3.39) for the errors, all the terms on the right side of the equation are of order
N~29, Note that terms (51(_1) = V~V‘]/V ; are bounded using [GN15, Theorem 22]. This gives the result. [

We can finally prove Theorem 3.1.4.
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Proof of Theorem 3.1.4. Proposition 3.7.11 directly implies Theorem 3.1.4, with Hypothesis 3.1.2 replaced
by Hypothesis 3.1.3. Then, if we only assume Hypothesis 3.1.2, we set

1

SUpPpn>1SUP1<i<p HAfVH '

CcC =

We can then replace each matrix A by cAY and rescale each coefficient 2; of V by an appropriate
multiple of ¢~!. When the new coefficients of V are small enough, we can apply the result obtained
with Hypothesis 3.1.2 and obtain the result. O

Remark 3.7.12. Notice that for N big enough, the series

g
1 h),N
> s My (P R
h=0

is well defined for all V' with z small enough, even if Hypothesis 3.1.1 is not satisfied. In fact, for any V'
with z small, provided the cumulants exist, are bounded, and satisfy the Dyson-Schwinger equations,
the same method applies and the asymptotic topological expansion holds.

The complex asymptotics of the HCIZ and BGW partition functions were studied with a different
method in [Nov20].

3.8 Bounds for the sum of maps /\/l(()gl)’N (Proof of Proposition 3.5.22)

This Section gives a detailed proof of Proposition 3.5.22.

We assume that ¥ > 1 and that up to cyclic permutation of its factors we can write P, as Pu.
If P, has no term u, a similar argument holds with P, = u*P. Furthermore, to make notation less
cumbersome, we write

(9),N (9),N
anl (P17-"7Pl) MoznrH(qlv"'7q17"'7qk>"'7Qk7P1>"'aPl)a
n1 times nj times

and omit the indices k and v in the constants.

To prove the result, we do an induction on N*+3, where we endow a tuple (g,l,n1,...,nk, m)
with the lexicographic order. Notice that the result is obvious whenn; = ... = np =0, g = 0,
I =1whendegP =1 (as M(()?%’N(MUil) =0forall M € )),and whenm =1 = %degP (as
Moy (M UMUY) = o (P <1
forall P € X.

Assuming that m > 2 or n # 0, Theorem 3.5.1 yields

1
EMS]’)IVN(PL'” iy, Pu) = _7Mgmgz+11 (Pr,..., 1, (0P) X 1®u)
MN (92),N
- Z Z |n2 n11,|1|+1®_/\/l 2‘10|+1(PI®PIc#(8P)><1®u)
IC[i-1] gi1+ge= ="
'n,1+n2 n
S (3.40)
N y
EMS)Z \(P1,....Pj,...,P_1,(DP})Pu)
7=1
k
n—1 Mn)l (P By, (Dgj) Pu),
]:1

where 1:7] means that P; is removed.
Now assuming that the bound (3.21) holds for (¢, 1, n},...,n},m') < (g,1,n1,...,ng,m), we
get four terms from (3.40).
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3.8. BOUNDS FOR THE SUM OF MAPS M) (PROOF OF PROPOSITION 3.5.22)

1.
’MngzﬂN(Pla ooy P_1,(0P) x 1 @ u)
deg Pu
< Z AU+ EmAvn) g=l-1(9-1)(2m+vn) pn
m’/=1

-1

x Caty, Catdeg Pu—m/ H Catdegp H Catn]
i=1 7j=1

< A(H—l)(2m+1/n)B—l—lc(g—l)(Qm-‘run)Dn

-1 k
X (Catdeg Pu+1 — Catdeg Pu) H Catdeg P; H Catnj
i=1 j=1
3 (A" : i
e ke l(2m+vn) p—1 (2m+vn)
< e <C> Al@mtvn) p=l~g(2mtvn Dn}_[lcatdegpijr[lcatnj.

In the second line, we expanded the non-commutative derivative (see Definition 3.5.2). In the third line
we used the recurrence formula for Catalan numbers Cat,, 1 = Z?:o Cat; Cat,,_; and in the fourth
line we used that Cat,,; < 4 Cat,, for all n € N. We choose A and C so that A/C' < 1and B > 12.

2.

(91)7N (92
Z Z n1‘ 1! n1,|1|+1 ® an \Ic|+1’(PI ® Pre#(9P) x 1 ® u)

IC[l-1] g1+g2=g
ni+ng=n

deg P
< Z Z Z A (41 +ma(|I6+1) gp—I=1g1mi+game Catyy Catdeg Pu—m’
m/=11C[l-1] 91+92=9g

-1 k
X Z Alvnogrm pn H Catgeg p; H Caty, , Caty, ;,

nit+nz=n =1 i=1

where we used the notation m; = >, _;deg P; + m’ and mg = ;. deg P; + deg Pu — m’
With this notation, we get as soon as C' > 2,

3 + 2 Z L1\
a3 () (1)
Ccm2 cm

g1+g2=9g
<oy o
h=0

< Cng )

In the second line, we used that my, mo > 1. Similarly, we have when A > 2,

Z Aml(u|+1)+m2(uc|+1):Ale Z A—m1\[¢|—m2|l\
IC[i-1] IC[i-1]

-1 7 l—1—1
-1 1 1
2ml
< A Z_% < 7 > <Adeg Pu—m’) (Am’)

1 1 -1
Adeg Pu—m/ + Am’>

_ A2ml (
< AP
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We finally get

Z Z 77| MON o pylo2).N |+1](PI ® Pre#(0P) x 1 ® u)

| n2 'I’L1,|I|+1 na, ‘IC
IC[i-1] 91+g2=g
ni1+n2=n

64" 1(2m+4vn) -1l g(2m+vn) nn : ‘
<54 B9 D il;[lCatdegpiil;IlCatni

Thus, we choose B > 6 - 45+1,

-1
1 N .
Z E|M£;Z)Z_I(P1, ...y Pj,...,Pi_1,(DP;)Pu)|
j=1""
-1
Z(deg P: )A(l—1)(2m+un)B—l+1cg(2m+yn)Dn

j=1

-1
X Catdegp +deg Pu H Cataeg P, H Cat
1
i#]' =
B -1 Catdeg P, +deg Pu l(2m+vn) p—1 ~g(2m+vn) yn
S T Al gt
A2m+vn = CatdegP CatdegPu

! k
X H Catgeg p, H Catnj .
i=1 j=1

To bound this term, we use the following estimate for the Catalan numbers, a consequence of the

Stirling bound

4n 1 1 < Cat. < 4n 1 1
ex - — a ————exp| = — ———
(n+1)y/mn P\oan+1 24n) = 7%= (n+1)y/mn P\oan ~ 24n+2)

which implies
4n 4m
< Cat, <

It implies that for p, ¢ € N*,

Catpiq < /2 ((P+ 1)(g + 1))3/2 < 72(p 4 1)¥2,

Cat, Caty — p+q
Thus,
-1
B CatdegP +deg Pu 71'1/2 3
o | ) (deg P, < ——— (deg Pu+1)%?(2m — deg Pu).
e | 2B G Catog g | = azmion (A8 DUt DT (2 = deg )

As we can assume that m > 1 (else this term could be bounded by 0), it suffices to choose A <
2BY/271/493/2 Notice that for all m > 1, (n+ 1)3/2 < 23n/2,
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k
Z /\/ln)l (P11, (Dg;) Pu)

J:1

(deg qk)Al(2m+un)B—lcg(2m+un)Dn

IA
ol =

<
Il
—

Catdeg Pu+degg; Catnjfl ﬁ Cat f[c ¢
X abdeg P; aty,
Catgeg pu Caty, Py 8 L - "

l k
4deg ak (deg qk)Al(2m+V'n,)B—lcg(2m+un)Dn H Catdeg P, H Catni
=1 =1

IN
o~

<
Il
—

l k
(4el/e)deg qk Al(2m+1/n)Bfng(2m+1/n)Dn H Catdeg P, H Catni .
=1 i=1

<
Il
-

IN
ol =

We choose D = 4k(4e'/®) to get the result. Notice that we can thus choose
A= C = ok+3,/Grl/4
B=3. 4k+1
D = 4k(4e'/°)”.

3.9 The gradient trick

We use several times the gradient trick, previously introduced in [GN15]. We recall it here for the
convenience of the reader. The main idea of the gradient trick is to replace the polynomial P (or F})
the equations of Proposition 3.7.6 (or in the Dyson-Schwinger problem (3.30), see Section 3.7) by its
cyclic derivative D; P. An operator — the master operator introduced below — naturally appears in the
equations. When the potential V' is small enough, this operator is invertible. The gradient trick was
introduced in [GN15] to study the Dyson-Schwinger lattice of equations.

3.9.1 The trick

The gradient trick allows us to simplify quadratic terms. We take as an example the equation for the
sums of maps for g = 0,1 = 2

S MG @ MEEN (P @ PregtoiPy) = — M (DiPy)Py).
IC[l—-1]

We can rewrite it as
MEYN (P @TdeMETY + Pro MUY @1d)(0,5) = ~ M (DiP)Py),

where Id denote the identity operator. In particular, the notation P; ® Id ®M(()?3’N (0; P») must be

understood as follows. For (Q1,Q2) € A2,
PLo oM Q1o Q2) = (M} (Q2) - (PLo Qi) € A7,
We now replace P» by its cyclic derivative D; P, and obtain

MNP @ 1d MO + Pro MPN ©1d)(0,DiPy) = —MEN (DiP)(DiP)).

117
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Lemma 3.9.1. Let uy: A, x A, — C be a bilinear form, tracial in each of its variables. For a monomial
P € X, write deg; (P) for the number of factors u; in P and deg; (P) for the number of factors u; in
P. We have for any monomial P € A,

2(0:D,P) = deg? (P)ua(P @ 1) + deg; (P)ua(1 P) + ua(A:P),
with the operator A; introduced in Definition 3.7.7. In particular, if pia is symmetric, we get
p2(9;Di P) = deg;(P) - p2(1 ® P) + p2(AiP).
This Lemma allows us to rewrite the above expression as

M((J(,);N(degi(PQ)Pl ®Id+(P ®1d ®M(()?i’N + P1®M(()?3’N ®1d)(A; P2))
= M (D)D),
Introducing the operator
P{P = (Diq)(DiP),
for P,q € A, we get

MY (deg;(P) Py @ 1d+(Pr @ Jdo MY + oM™ @ 1d)(AiRy))

= =M (P P).

satisfies

forl <i<n.
Using the operators defined in Definition 3.7.7. The sum of maps M(()?%’N

MY (P1 ©Id+(P @ oMY + P o MY © 1d>(Ap2)) = — MY (PP )

for all P, P, € A,,. This computation justifies the introduction of the master operator E‘T/ of Definition
3.7.8.
Thus, we have

MY (P22 ) = -MEY PPy

for all P, P, € A,,. This will be called the secondary form of the equation (3.29). Notice that in this
particular case V' = 0. In the sequel, we will derive secondary equation with a potential.

3.9.2 Operator norm estimates

We now give some bounds on the norms of the different operators. These bounds and more were
derived in [GN15, Section 3.2]. In particular, it was shown that under some hypotheses the master
operator is invertible.

Proposition 3.9.2 ([GN15, Section 3.3]). Let{ > 1,V € A and 7 a tracial state satisfying ||7|| < 1.

Introduce 5 1
K y V)y=4—— + ||V deg de L,

and assume that K (£, V') < 1. Then, the operator ZY extends to an operator Bg — Bg- (Bg- is defined in
Definition 3.7.1) which is invertible, with inverse satisfying

=V -1 1

We use a slightly modified version of [GN15, Proposition 17].
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Proposition 3.9.3. Let 1 < & < &9, and 7 a linear form A,, — C. We have

&1
-4
Proof. We proceed as in [GN15]. Let P be a monomial of degree d > 1. We have

1T+ lle, < 2lI7lle,

LP=Y > > (QuuiT(Qou;) + 7(Quui) Qouy)

i=1 P=Piu; Py \ PaPiu;=Q1u;Qau;

n

> > S (@ir(Q2) + 7(Q1)Q2)

i=1 P=PruiP> \P,Piu;=Qu; ' Qau;

- > 3 (Qu7(Q2) + 7(Q1)Q2)

=1 P=Piu; ' Py \u;j'PaPi=u; ' Qiu:Q2

n
> > Z (" Qur (w7 Q2) + 7(u; Qu)u; ' Q2)
=1 p=Piu; ' Py \u; ' PoPi=u;'Q1u; ' Q2
We now take the norm || - ||¢, (recall Definition 3.7.1). Using the triangle inequality and |7(P)| <

. T-P .
17 lle &4 des P we get (as Q1, Q2 are monomials) that % is bounded by four terms of the form

n

deg; Q1u; ~deg; Qau; deg; Q1u; ~deg; Qau;
E, E E (g TG TG )
i=1 P=Piu; Py \ P2P1u;=Q1u;Q2u;

Grouping these terms together, we obtain

HT P” deg; P—1
deg, P—k
e <oy L dat

The factor deg; P accounts for the first sum, on the decompositions of P as P = Pju; P> or P = Pyu; Ps.
The sum on k accounts from the decompositions of PPy as P2 P; = Qu;Q2 or PPy = Q1u; Q.
Finally, there is a factor 2 as we count those decompositions at most twice. For instance, we have

n
% [ n gmegmon pgnomgman
1=1 P=Piu; Pa \ PaPiu;=Q1u;Qau;
n

d d d d;
DY Y (g g

i=1 P=P1uiP> \ P, Piu;=Q1u; ' Qau;

<z": 3 3 2§deng1u S;ieginu,.ﬂ

i=1 P=Piu; P> PP = Qlu Q2
deg; P—1

SNDS > 26565
1=1P

PlUrLPQ :
deg; P—1

_2zn: deg; P Z 52§degzp t
i=1
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In the first inequality, we abused notation and wrote u ! to mean either of u; or uy. In the last line,
degZ P denotes the number of letter u; in P.
We can then conclude:

deg; P—1 deg, P—k
II7+Plle, des, (51> .
=2 deg; P ’ -
HTH& Z ; &2
= deg; Pél 1
<2 deg; P ‘
= ;( gi ) 2 é- 1 — 61/62
. eg; 51
<23 (deg; P) & "
P L—&
&1
< 2d£2 ¢ 1P]le,
In the last line, d is the total degree of P. O

120



Chapter 4

Moments of the $-ensemble and maps

4.1 Introduction

Since the seminal work of Brézin, Itzykson, Parisi and Zuber [Bré+78], random matrix techniques have
been a powerful tool for enumerating maps. Informally, a map is a graph embedded in a compact
surface. An important problem in combinatorics is to count the number of maps with some constraints:
on the number of edges, the genus of the surface the graph is embedded in, the number and degrees
of the faces or vertices. In the sequel the data of these degrees will be called the vertex or face profile
respectively. It is a partition of twice the number of edges. This problem was studied first by Tutte, who
gave several important results concerning the number of planar maps [Tut63; Tut68]. Random matrix
theory allows to tackle this problem using tools from analysis and probability. It allowed to address
questions concerning the moduli space of curves [HZ86] but also 2d quantum gravity [DGZ95].

Arguably the most famous random matrix models are the Gaussian orthogonal, unitary, and
symplectic ensembles (GOE, GUE, and GSE respectively). These are respectively real symmetric,
complex Hermitian, and quaternionic self-adjoint matrices whose coefficients are (up to symmetry)
independent real, complex, or quaternionic Gaussian variables. Moments of the GUE are related to
the enumeration of orientable maps, while moments of the GOE or the GSE are related to possibly
non-orientable maps, see [Cic82] or [MWO03].

Let X" be a N x N matrix sampled according to one of these three matrix ensemble. Denote by

A= (A1,...,Ay) its eigenvalue. Up to a scaling factor, the eigenvalues X are distributed according to
1 _BN SN 3o
dvi (A) = zy IAN)|P e T Zim M dA, (4.1)

where Zév is the partition function, A(A) = [];<;;<n(Ai — A;) is the Vandermonde determinant,
dX = d\; ---d\y is the Lebesgue measure on RY, and 3 > Oisoneof 3 =1, 3 = 2,0r B = 4if XV
is sampled according to the GOE, the GUE, or the GSE respectively.

The probability measure l/év is the -ensemble introduced in Section 2.3.2. It is a well-defined
probability measure for all 8 > 0. We may ask whether the moments of the 5-ensemble are related to
the enumeration of maps when 8 ¢ {1,2,4}.

In a series of articles Goulden and Jackson [GJ96] studied what they called the map series:

0 Jo(y, ) Jg(x, o)
— i |6]/2 0 6]/2
M (y,x, z) 2azaz In E@ z o T [pg(z) } Jo(z, ),

where the sum is on all partitions of integers ¢ (including the empty partition), .J is a Jack polynomial, (-) ,
is an inner product between symmetric polynomials, and [ps (z)lol/ 2] Jy(z, ) denotes the coefficient
of p|29|/ 2(z) in the expansion of Jy(z, ) in terms of power sum symmetric polynomials. The Jack
polynomials, defined in [Jac70], are symmetric polynomials which constitute a continuous deformation

between the Schur function at o = 1, and the zonal polynomials at o = 2.
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It has been shown by Goulden, Jackson, and Harer [GHJ01] that the map series is related to the
measure uév through the formal relation

=+

0 8 <2 (A
Mya(p(0),¥,2) = B 5 o [of B S

where p(y) = (pr(y))r>1. Note that in general, this identity holds only as an equality between formal
series: differentiating any number of times and taking the parameters to zero on both sides yield the
same result.

The maps series can be expressed in the basis of symmetric polynomials as

Mays(p(a), P(¥),2) = > D Cuwn(2/8 = Dpu(@)pu(y)2",

n>0 p,v

where the coefficients ¢, ., (b) are related to number of maps with n edges and profile of vertices and
faces specified by p and v. The maps enumerated are orientable when b = 0 and possibly non-orientable
when b = 1. A more general series could be considered, the hypermap series where maps are replaced
by bipartite maps and the profiles of the two types of vertices are specified independently. Goulden and
Jackson conjectured [G]96] that the coefficients of the hypermap series are polynomials in b = % -1
encoding a measure of how non-orientable a map is. In our case, this becomes:

Conjecture 4.1.1 (Marginal b-conjecture). Foralln, f > 1,v | 2n,

> cpwm(d) =D 6",
m

p2n

Ww=f
where the sum is on maps (possibly non-orientable) with n edges and profile of vertices and faces prescribed
by u and v. The exponent ¥(m) is a measure of how non-orientable m is, with 9(m) = 0 if and only if m
is orientable.

This marginal b-conjecture has been solved by LaCroix [LaC09, Theorem 4.16]. He described the
exponent ¢ using an inductive procedure, similar to Tutte’s decomposition of maps. A generalization of
the conjecture of Goulden and Jackson has been studied by Chapuy and Dolega [CD22]. They studied a
b-deformation of a tau function of the 2-Toda integrable hierarchy, and showed that it is a generating
function of generalized branched covering of the sphere, with b-weight depending on a measure of
non-orientability.

We study the cumulants of the S-ensemble, related to the marginal b-conjecture, and propose a
different answer than the one of LaCroix. It based on the tridiagonal matrix model for the 3-ensemble,
introduced by Dumitriu and Edelman [DE02]. This tridiagonal ensemble was used by Abdesselam,
Anderson, and Miller [AAM14] to recover the result that number of planar maps correspond to the
leading order of the cumulants of the GUE (8 = 2). A remarkable fact was that the natural combinatorial
objects they obtain were mobiles, a family of labelled trees shown to be in bijection with rooted planar
maps. Their proof relied on the Brydges-Kennedy-Abdesselam-Rivasseau formula, a complicated
identity coming from cluster expansion theory. We simplify and generalize their work. We show that
the cumulants of the symmetric power sum polynomials in the eigenvalues of the S-ensemble admit a
large IV expansion whose coefficients are expressed using suitably labelled maps, a family of maps with
labelled vertices introduced by Bouttier, Fusy and Guitter [BFG14] which are in bijection with a family
of maps generalizing the mobiles. For the two leading orders, we are able to reinterpret the coefficients
as being sums of maps on the sphere or on the projective plane RP? respectively. This is done using a
novel many-to-one mapping that relate some suitably labelled maps and maps on RP2.

Another approach based on the Virasoro (or Dyson-Schwinger) equations is proposed by Cassia et
al. [CPZ24]. However, they do not give combinatorial interpretations in terms of maps of the generalized
Catalan numbers they obtain.

We prove the following Theorem in Section 4.4.1.

122



4.2. THE MOMENTS OF THE -ENSEMBLE

Theorem 4.1.2. Letn = (ny,...,n;) € N be a partition of an even integer n > 2 with [ parts, i.e.
ny+---+mn; =mn,andf € Cy,. Set for conveniencem = n/2 — l + 1. We have the following expansion
for the cumulants of the 3-ensemble:

m

92 1-1 1 o\ (_1 uB, N B
()5 -f T (T 0
v=0

u+q+r=v

where <~>9’p denotes a sum over suitably labelled maps with face profile @ and n/2 — p vertices that are not
local minima, introduced in Section 4.4.1. The sequence (B;),>0 = (1,—1/2,1/6,...) is the sequence of
Bernoulli numbers, defined inductively by

> (” Z 1> (=1)*By, = 8,0 foralln > 0. (4.3)

k=0

We observe a mismatch between the expansion obtained by LaCroix, in terms of orientable and
non-orientable maps, and the expansion of Theorem 4.1.2, in which the main combinatorial objects are
orientable, vertex-labelled maps. We are able to understand the sub-leading order of our expansion
through a novel many-to-one mapping described in Section 4.5. Given a permutation 6 with c¢(6) cycles,
the construction described in Section 4.5 gives a 2°(¥)~1-to-1 mapping between the set of pointed
labelled maps on the projective plane with face determined by 66, and the set of suitably labelled maps
with two local minima and face profile §. The precise result is stated in Theorem 4.5.42. Thanks to
Theorem 4.5.42, the two leading orders of the expansion of Theorem 4.1.2 can be interpreted in the
following way.

Corollary 4.1.3. Let Mo () be the number of edge-labelled planar maps with face profile §, and M /5()
be the number of edge-labelled maps on RIP? with face profile 6. We have

watm) =3 (2)7 (#0004 27 C 0w + 0 ) )

In Section 4.2, we give first expressions for the cumulants of power sums of the “eigenvalues” of the
[B-ensemble. We then describe in Section 4.3 the main combinatorial objects involved, labelled maps. We
recall known facts and bijections, and give a combinatorial way to describe them in terms of Motzkin
paths and permutations. We use these objects to re-express the cumulants of the beta ensemble in terms
of sum of combinatorial objects in Section 4.4. Finally, in Section 4.5, we propose a novel many-to-one
mapping that bridges the gap between our expansion and expansion in terms of non-orientable maps
on the projective plane. This result, Theorem 4.5.42 is one of the main result of our article.

4.2 The moments of the J-ensemble
We now compute a formula for the moments of the S-ensemble, which we now define.

Definition 4.2.1. Let! > 1 and ki, ..., k; > 0 be integers. The moment of order k = (k1, ..., k;) is

where py, is the power sum symmetric polynomial

N
pr(A) =D AL,
=1
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CHAPTER 4. MOMENTS OF THE -ENSEMBLE AND MAPS

4.2.1 The tridiagonal model

For some time, it was an open question whether there was a matrix model for /ﬂﬁv , that is, whether

there existed a simple random matrix whose eigenvalues are distributed according to ug . The cele-
brated paper of Dumitriu and Edelman [DE02] gave a positive answer to this question by exhibiting a
symmetric tridiagonal real random matrix with independent (up to symmetry) entries. Recall that the
chi distribution with parameter a > 0, 4, is the measure on R* whose density with respect to the
Lebesgue measure is
xa—le—a:Q/Q

Pxa (@) = 2@/ 1T (a)2) (4.4)
Theorem 4.2.2 ([DE02]). Let 8 > 0 be real and let (a;,b;)1<i<N,1<j<N be a family of real independent
random variables such that for all i € [N], a; is a standard Gaussian, and for alli € [N — 1], V/2b; is
distributed according to the chi distribution with parameter (N — i)/3. The eigenvalues of the random
tridiagonal matrix

al bl 0 0 0
b1 a9 b2 0 0
2 0 bQ as b3
N =] —=— , (4.5)
p NB |« - - - 0
0 -+ 0 by—2 an—1 by
0 e 0 0 bN—l anN

are distributed according to ug, the B-ensemble distribution (4.1).

Remark 4.2.3. Notice that the factor N 3/2 is not present in the result of Dumitiru and Edelman. Here,
we use a different convention for the variance of the Gaussian entries: the eigenvalues are thus rescaled

NB
by a factor 1/ =~.

4.2.2 Combinatorial interpretation of the x distribution

The moments of the standard Gaussian distribution Mg\/ are

N J (k=1 ifkiseven,
Mo if & is odd.

They can be directly interpreted combinatorially as follows. Denote by &(I) the group of permutation
of the elements of a finite subset I of IN, and by Id its neutral element. For convenience, we write for

n>1,[n] ={1,2,...,n}and &, := &([n]).
Definition 4.2.4. The set of matchings of a finite set I C N is

D) ={ac6): a® =1d,Vi € I,a(i) # 1},
i.e., the set of involution without fixed point. Letn > 1, we write Z,) = T*([n]).

The set of matchings could also be defined as the set of partitions of [n] whose blocks are of size 2.
The following lemma is well-known.

Lemma 4.2.5. Letn > 1, we have
#13, = (2n — 1)!! =z, .
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4.2. THE MOMENTS OF THE -ENSEMBLE

In Lemma 4.2.6 below, we give a combinatorial interpretation of the moments of a chi variable in
terms of permutations. Before stating it, we introduce more notation related to permutations. Fix a
finite set I C N. The group of permutations &(/) acts naturally on I. Let 0 € &(I). The orbits of the
action of o on I define a partition O({c)) of I. Each block B € O({c)) defines a cyclic permutation
olp € 6(B). We write

Cycles(o) = {o|p: B € O({(0))},

and set
4o = 4 Cycles(a) = #0((0)).
The support of o is
Suppo ={i € 1:0(i) #i}.

We denote by |o| the length of o, i.e. the minimal number [ such that o can be written as a product of /
transpositions. The length satisfies |o| = #1 — #o.

Lemma 4.2.6. Letn > 1 an integer, « > 0, and X be random variable distributed as x . We have

()] -5 6 weeenpi-n- 3 ()"

=0 o€,

E

Proof. We have

E

2n I'n+%) “oa
(%) ]: rp -G

2

where we used that for z > 0, I'(x + 1) = zI'(z). We expand the product to obtain

X\ "L san—i ,
(%) ]-S 6" £ o
#J=i

E

The number of transpositions of the form (i j) with i < j is j — 1. A product of strictly increasing
transpositions is a product
TrTr—1-"T1

of transpositions 7; = (a; b;) such that a; < b; for all ¢ and b; < b; for all ¢ < j. A permutation of
length ¢ admits a unique decomposition as a product of ¢ strictly increasing transpositions. Thus,

YT -1) =#{c €&t lo| =i}
GHe

The second equality is a consequence of the fact that || = n — #0 . O

4.2.3 Moments and Motzkin paths

The computation of powers of a tridiagonal matrix naturally involves the notion of Motzkin paths.

Definition 4.2.7. A Motzkin bridge of size k > 1 and with profile 0 € Sy, is a function y: [k] — N such
that for alli € [k],

[v(@) =~(0@) < 1.
We define the two following sets of Motzkin bridges

Motz 0(0) = {v: [k] = N: miny =0, |y(i) —(0(¢))| < 1},
Motz (0) = {v: [k] = [N]: |(3) — 7(0())] < 1}.
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We observe that for k > 1,
N
Tr ((Tév)k) = Z (Tév)llzz T (Tév)lk—wk(Tév)zkn = H Tﬁ Y()y(i+1)»
i1t =1 yEMotzl (12 k)) 1=1

since (TﬂN)ij = 0if | — j| > 1. We use the convention that y(k + 1) = 7(1). We proceed similarly for
a product of such traces. For k1, ...,k > land k = 22:1 k;, define

-1 !
e(k):(l"'kl)"'(zki+1“‘zki)- (4.6)
i=1 i=1
We then have

l
[Im ((Tév)k") = D H T3 )10 (200 0)-
=1

yEMotzY (6(k)) =1

We are ready to compute the moments m;(k) (recall Definition 4.2.1).
Definition 4.2.8. Lety be a Motzkin bridge of size k and profile 0. We define fore € {+1,0,—1}, the set
Avye = {i € [k]: 7(0(2)) — (i) = €}

We write Ay, = A~y and Ay_1 = A~v_ for convenience.
A permutation o € &y, is said to be compatible with vy if v o 0 =+, and its restrictions to Ay, Ay_,
and A~y satisfy the following conditions:

« 0_ = 0|ay_ is a permutation of Avy_,

« 04 = 0|Ay, is the identity on Ay,

« 00 = 0|a~, is a matching (recall Definition 4.2.4).
The set of permutations compatible with vy is denoted by &7.

Note that no permutation can be compatible with  if # A~ is odd: in that case o cannot be a
matching.

Proposition 4.2.9. Let] > 1,k € (N*)!, and k = 22:1 k;. The moments can be expressed as

2 ﬁ #Ho_
mu(k) = (]T,@)m > > (2> II om-v, (4.7)
’yEMotz[N (0(k)) oe6y w€Cycles(o_)
where () denotes the value of y on the support of the cycle .

Proof. We introduce the local times at height n and n + 1/2:

tn = #Ly, with L, = {i € Avy: v(i) = n},
tnr1/2 = #Lny1ya With Lypyyjp = {i € Ay_: (i) =n+ 1}

They allow us to write the moments as

b N
2 2t'VL
mik)= >, E (H(TﬂN)"/(i)’Y(Q(i))> = (W)k/Q > E <H afrbn “”) :
: n=1
Q)

VEMotZLN =1
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with 6 = 6(k). Notice that there is a factor 2 in front of ¢,,;; /» as we have to account for indices in
A~_. By independence and Lemma 4.2.6, we have

N

mlk) = () % T[B () i (57

’yEMotzEcN] 6) n=1

N o
ey Teren| Y (2
N3 2

'yEMotzLN] (9) n=1 0€6(Lyt1/2)
Notice that
N #o Ho_ N
* /8 ﬁ #UIL
11 #z7(L.)) > <2n =3 (5 [ n* oo
n=1 0€S(Lpt1/2) o€ n=1

Indeed, #Z*(Ly,) is the number of matching on L,, (corresponding to the permutation o¢ in Definition
4.2.8), and the condition that yo = < in Definition 4.2.8 corresponds to each cycle of o|a,_ having
support in one of the L, ;1 /5.

Finally, we have for each o € &7 that

N
H n#U|Ln+1/2 = H (’Y(Tr) B 1)
el m€Cycles(o_)

We obtain

#Ho_
= ¥ S (5) I am-.

yEMotzl () 0€S m€Cycles(o_)

O]

It will prove more convenient to consider cumulants rather than moments, so as to have connected
rather than disconnected objects. Let us first recall the definition of a cumulant.

Definition 4.2.10. Let X1,...,X,, be n real random variables. The joint cumulants (k;);>1 of these
random variables are [-multilinear symmetric maps defined inductively by

E[X“X”] = Z H H|V|(Xik,k€V).
II partition of [I] V €11

We denote by ki (k) the joint cumulant of i, (X), Pry (X), - .., Pr, (X) under l/év.
Proposition 4.2.9 then translates into the following result.
Corollary 4.2.11. Let! > 1,k € (N*)}, and k = 22:1 k;. The cumulants can be expressed as

alk) = (7)Y > I Se@-1. s

(V] ocs” weCycles(o—
vEMotz;, = (6(k)) (6(k),o) acts transitively on [k] yeles(-)

where (0(k), o) is the group generated by (k) and o.

Proof. Let I be finite set and G be a subgroup of G(I). We denote O(G) the set of orbits of the action of
G on [. It is a partition of /. We decompose the formula of Proposition 4.2.9 depending on the number
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of orbits of (#(k), o) and get

mw =" Y Y Il jem-u

’yEMotsz] (0(k)) 0€67 reCycles(o_)

- Z(]\?B)W > > 11 g('y(ﬂ)—l)

IeP; ~eMotz M (6(k)) O((@t(jls)(,;c;):ﬂ m€Cycles(o-)

-S| > X I Sew-nl),

I1eP, Bell ’yEMOtZLAQ(Q((ki,’iEB))) 0 weCycles(o-)

where the second sum is on permutations 0 € &” such that (#(k), o) acts transitively on [#B]. We
introduced the notation kg = ), k; for B C [I].
On the other hand, the moments are related to the cumulant through

ml(k:) = Z H H‘B‘(k‘i,i S B).

II Bell

This implies that ;(k) coincides with the cumulant of (py, )1<i<; under Vév . O

4.2.4 Large N expansion

We now consider the large N asymptotics of the moments and cumulants computed in Proposition
4.2.9 and Corollary 4.2.11. We prove the following large IV expansion.

Proposition 4.2.12. Let! > 1 andn = (n1,...,n;) € (N*)! withn = Zizl ng,

2\? (=1)4B, (1 + s
ki(n) = Z Z <5> S—|—1< r )
p+q+r+s=n/2 yEMotzy, o(0(n))

0€6,,|o|=p
(6(n),o) transitive

% NS+1—n/2eq (7(7[‘); TE Cycles(af)) .

where eq(z1,...,Tm) = Zl<i1<i2<m<iq<m H?zl x;; is the q-th elementary symmetric polynomial and
the numbers (By.),>q are the Bernoulli numbers defined in (4.3).

Notice that the permutation #(n) has [ cycles and thus if |o| = p < [ —1 the group (f#(n), o) cannot
act transitively on [n]. Thus, the leading order of k;(n), obtained when s is maximal in the sum above
under the constraint > [ —1. The leading order is given by takingp = {—1,¢ = 0,7 = 0,s = n/2—1+1,
which gives

v € Motz, 0(0(n)),0 € &5,
# < (v,0): (A(n),o) acts transitively on [n]

2\ —142 ol =1-1 —l+1
’”m)_(ﬁ) N nj2—1+2 ro(n).

We shall see in Section 4.4 a combinatorial description of the terms of the expansion.

Proof. We start by noticing that in (4.8), we can make the bijective change of variable

Motz ((n)) = {(h,7') € N* x Motz 0(0(n)): h > max~y’ + 1}
v = (h,y) = (max~y, maxy — 7).
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We have Ay = Ay, Ay_ = Av/, and Avyg = A~ We get

ORI SENND SEND I o1,

yEMotzy, 0(0(n)) h>max y+1 ceah— neCycles(o]ay, )
(6(n),o) transitive

Given v € Motz,, o(6(n)), we choose any bijection ¢: Ay, — A~_ satisfying for all i € Avy,: i and
(i) are part of the same cycle of f(n) and

Such a bijection exists since v is a Motzkin bridge: for any level k, there are as many up-steps between
k and k + 1 as down-steps between k + 1 and k. We extends the definition of ¢ to a bijection (actually,
an involution) ¢: [n] — [n] by

o(3) ifi € Ayy
o(i) =14 ¢L(i) ifie Avy_
1 ifi € Ayp.

This bijection allows us to define the change of variable
cEGy ¢ looopeB,.

We thus have

(h =1 —=~(m))

o™

2.

o€6h_~ meCycles(o|aq, )
(6(n),o)transitive

-y I S0-1-m)

c€6, 7r€Cycles(d)oood>|A,y+)
(6(n),o) transitive

- ¥ I o,

oEB, meCycles(o|a~_)
(6(n),o) transitive

Note that the transitivity condition is not changed because of our constraints that 7 and ¢(7) must be
part of the same cycle of (n).
The cumulant can be rewritten as

N

2 B
mn) = (55" 3 > 2 [I 56—
yEMotzy, 0(0(n)) h=maxy+1 0(n) zf)ei?t;/ansitive m€Cycles(o-)

Notice that when 1 < h < max+y, the product is 0 so that

N
SORIC=L D DD S S [T S0 69

vyEMotzy, 0(6(n)) h=1 ocesY wECycles(o_)
(6(n),o) is transitive

Set p = |o|, and notice that ¢(o0_) = n/2 — p. We expand the product as
3 ; n/2—p . .
11 5 (h—=(m) = (2) > (=1)%eq (v(m); 7 € Cycles(o_)) h*.  (4.10)

w€Cycles(o—) gt+u=n/2—p
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Recall Faulhaber’s formula

N
u r+s\ Br i1
o= > < . >S+1N . (4.11)

h=1 r+s=u

Substituting (4.10) and (4.11) in (4.9), we get

2\? (=1)9B, (r+s
ki(n) = Z Z <5> 8+1< r >
pta+r+s=n/2 yEMotzno(0n)

0€6.,|o|=p
(6(n),o) is transitive

x Ns+1=/2¢ (y(m); 7 € Cycles(a_)),

as wanted. O

4.3 Maps and labelled hypermaps

We introduce the notions needed to reinterpret (4.8) in terms of maps. We first recall the definition of a
map, and then discuss the bijection between suitably labelled maps and labelled hypermaps introduced
by Bouttier, Fusy, and Guitter [BG14]. It is a generalization of the bijection between pointed planar
maps and labelled trees called mobiles introduced in [BDGO04]. In the process, we give a combinatorial
description of these objects in terms of permutations and Motzkin paths.

4.3.1 Maps and permutations

We recall some notions pertaining to maps. For more details, see [LZ04] and [MT01].

Definition 4.3.1. Let I' be a graph (with possibly multi-edges and loops), seen as a 1-dimensional cell
complex, and S be a connected compact surface without boundaries. A cellular embedding of T into S is
an embedding . of " into S, such that S \ «(I") is a disjoint union of simply connected open sets of S. The
corresponding embedded graph is the tuple (I', S, ¢).

Definition 4.3.2. Two embedded graphs (T',S,.) and (I",5’,.") are isomorphic if there exists an
orientation-preserving homeomorphism p: S — S’ such that o o «(T') = J/(I") and /"t o poi|r isa
graph isomorphism I’ — I"'. A map is a class of connected embedded graphs taken up to isomorphism.

Remark 4.3.3. In the sequel, we will consider maps with additional structure that depends on the
underlying graph I" or the embedding ¢. In these cases, the homeomorphism ¢ is taken to furthermore
preserve this additional structure.

Definition 4.3.4. A hypermap is a map whose vertices are colored in white or black, and such that every
edge connects a white vertex to a black vertex. An edge-labelled map is a map whose edges are labelled in
a bijective way from 1 ton, where n is the number of edges in the map.

Until the end of the Section, we work exclusively with maps on orientable surfaces. We will consider
possibly non-orientable maps in Section 4.5.

We orient each edge from its white vertex to its black vertex, and thus define a left and right side of
the edge. Let e and f be respectively an edge and a face of a hypermap. We say that e is incident to f
or that f is incident to e if f is at the left of e.

Finally, we will use the notion of corners and rooted maps.

Definition 4.3.5. Consider a map m. A corner of m is a vertex together with an angular sector comprised
between two edges incident to the same vertex and the same face. A rooted map is a map with the choice
of a distinguished oriented corner.
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Figure 4.1: A hypermap with labelled edges.

In the orientable case, a result of Edmonds [Edm60] (see for instance [LZ04] for a modern account)
shows that edge-labelled hypermaps with 1 edges are in bijection with pairs of permutations (6, o) € &2.
We now recall this construction.

Construction 4.3.6. Consider a hypermap l). We construct a pair of permutations (0y, o). Each black
vertex of by corresponds to a cycle of 0 and each white vertex to a cycle of o. Let w be a white vertex.
Assume that when going around w in the clockwise direction, we encounter the edges labelled uy, . . ., uy.
We associate to w the cycle p = (uj ug - - - uy) in 0. We do this for all the white vertices of the map, and
proceed similarly for the black vertices, which corresponds to cycles of 6.

This construction defines an injective function from the set of bipartite labelled maps with n edges
to &2. This map can be shown to be surjective (see [Edm60]).

It is convenient to define the permutation ¢y = 0’ 10,)_ ! Each cycle of ¢y corresponds to a face of
B. Assume a face f of b is incident to edges labelled uy, . .., ug, and that these labels are encountered
in that order when going around the boundary of the face in clockwise order. Then, (u; ... ug) is a
cycle of ¢y. This result is proved in [LZ04, Proposition 1.3.16].

Example 4.3.7. The hypermap bh depicted in Figure 4.1 is encoded by the permutations

0, = (1210)(345)(67)(89)
oy = (1)(23)(4965)(7810)
oy = (11093)(257)(4)(68).

Remark 4.3.8. In particular, the hypermap has c(iy) faces. This number of faces is related to the genus
gy of b according to Euler’s formula:

(c(8p) + (o)) —n + c(py) = 2 = 2g5. (4.12)

Remark 4.3.9. Maps m with non-colored vertices can be seen as hypermaps by coloring the vertices of
m black and adding a white vertex in the middle of each edge. We obtain a hypermap h(m) with all
its white vertices of degree 2. A hypermap obtained in such a way can have its edge labelled and be
described by a pair (0 (m), 0p(m)) With o a matching (recall Definition 4.2.4).

We call the edges of h(m) the half-edges of m. To each half-edge h, we denote the vertex to which it
is attached by vert(h). Furthermore, there is a unique distinct half-edge 2’ such that h and 2’ form an
edge. We say that ’ is the counterpart of h. We will say that we label the half-edges of m to mean
that we label the edges of h(m). We can then set

Om = Oy(m)>  Om = Th(m), A0 P = Ppy(m)-
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Remark 4.3.10. Let I be a finite subset of N*, f be a hypermap, and Fy be the set of edges of the hypermap.
When a hypermap b is edge-labelled with labels in I, it is equipped with a bijection A\: Ey — I. For
any permutation 7 € G(I), we can construct naturally the permutation of the edges

™ =A"lomo) e &(Ey).

In particular, we define naturally the permutations of the edges 9?, O'é‘, and gog\. We abuse notation in
the sequel and omit the superscript A when it is not ambiguous.

This construction also applies to maps: in this case we replace h by a maps m, the set Ej, by the set
Hy, of half-edges of m, and \: By — I by a bijection Hy, — I.

4.3.2 Well-labelled hypermaps and suitably labelled maps

In [BDGO04], Bouttier, Di Francesco, and Guitter introduced a celebrated bijection between maps and
a family of trees with labelled vertices called mobiles. In the investigation of the 2-point functions,
Bouttier, Fusy, and Guitter [BFG14] introduced a generalization of the bijection. It allowed them to
relate suitably labelled maps of any genus and well-labelled hypermaps. We are going to use this bijection
in the sequel.

Definition 4.3.11. A suitably labelled map is a map m such that each vertex v of m carries a label
l(v) € N satisfying:

« min, I(v) =0,
« for each edge e between vertices v and w we have |l(v) — l[(w)| < 1.

An edge between two vertices v and v' in a suitably labelled map is said to be frustrated if [(v) = I(v").
We denote by S,, the set of suitably labelled maps with n half-edges, and S,, the set of such suitably labelled
maps with no frustrated edges.

Note that the definition given here is slightly different from the one in [BFG14], where the authors
allowed /(v) € Z and no constraint on the minimum of the labels. We similarly give a modified version
of a well-labelled hypermap that mirrors these changes.

Definition 4.3.12. A well-labelled hypermap is a hypermap b such that each white vertex w carries a
label [(w) € N* satisfying:

« min, l[(w) =1,

« Letb be ablack vertex andw, w' be two white vertices adjacent tob, with (b, w) and (b, w') consecutive
edges, in that order in the clockwise orientation. Then, [(w') > l(w) — 1.

Furthermore, if a white vertex w of degree 2 that is connected to black vertices by and bs is preceded (in the
clockwise direction) around both of by and by by white vertices w1 and ws of label l(w1), l(ws2) < [(w),
then it may be marked. We call these marked vertices frustrated vertices. We denote by H,, the set of
well-labelled hypermaps with n edges, and H,, the set of such maps with no frustrated vertices.

Note that the definition of well-labelled hypermap is given in [BFG14] in terms of face-bicolored
Eulerian map. The definition we give, in terms of star-representation of a hypermap, is equivalent.

The cw-type of a face We now recall a notation introduced in [BFG14] to describe the faces of
suitably labelled maps, and black vertices of hypermaps (corresponding in to dark faces of hypermaps
in the conventions of [BFG14]).

Definition 4.3.13. The cw-type of a face f of a suitably labelled map is the cyclic list of the labels of the
vertices adjacent to f.

The cw-type T of a black vertex b of a well-labelled hypermap is the cyclic list of the the labels of the
white vertices adjacent to b, in clockwise order.

The lower completion of T, denoted by c*(), is the cyclic list obtained by insertingi —1,...,5 — 1
between two consecutive elementsi < j of T.
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From well-labelled hypermap to suitably labelled maps Let us recall briefly the construction of
[BFG14] to go from a well-labelled hypermap to a suitably labelled map.

Construction 4.3.14. Start from the well-labelled hypermap (6, l). Denote by min f the minimum label
of a white vertex incident to a face f. For each face f we proceed as follows.

1. Add a new white vertex wy labelled by min f — 1 in the interior of f.
2. For each corner c incident to f and at a white vertex w, we attach a half-edge h..

3. For each added half-edge h. attached to a white vertex w we consider the label [(w). If[(w) = min f,
we attach this half-edge h. tow . Otherwise, we connect h,. to the next corner in the counterclockwise
order which is at a vertex labelled by [(w) — 1. We call this second corner the successor of c.

We do this for all faces ofﬂ. Finally, we remove all the edges and the black vertices ofﬁ. We obtain a map
.

The inverse construction is as follows.

Definition 4.3.15. Let h be a half-edge in a suitably labelled map w, incident to a face f. Let h’ be the
counterpart of h. Let v be the vertex incident to h and v’ be the vertex incident to h'. We say that h is a
decreasing half-edge along f if

1(v)) = 1(v) — 1.

We say h is an increasing half-edge along f if

Construction 4.3.16. Start from a suitably labelled map (m, ¢).
1. Color all the vertices of m white.

2. For each face f inm, add a new black vertex b in its interior. For each decreasing half-edge incident
to f and connected to a white vertex w, add an edge between w and b.

3. Erase all the edges of the original map, and the isolated white vertices.

Theorem 4.3.17. [BFG14, Thgorem 1] Constructions 4.3.14 and 4.3.16 give a bijection between S, and H.
For a well-labelled hypermap b corresponding to a suitably labelled map m,

« each white vertex w of6 corresponds to a non local minimum vertex v of m of the same label;
« this vertex w is a local maximum if and only if v is a local maximum in m;

« each face of6 corresponds to a local minimum vertex of m, of label min f — 1;

« each black vertex of6 of cw-type T corresponds to a face of v of cw-type c+ (7).

Actually, [BFG14, Theorem 1] is stated only as a bijection between 7:ln and S’n Generalizing this to
the general case is straightforward using the duplication of edges trick, used in particular in [BDG04].
Given a well-labelled hypermap (h,[) with frustrated vertices, we produce a suitably labelled map
(m, ¢) with some of its white vertices marked. Indeed, the non-local minimum vertices of the map m
constructed in Construction 4.3.14 are the white vertices of : the possible marking of white vertices in
b induce a marking of vertices in m. We call those marked vertices the frustrated vertices of m.

Lemma 4.3.18. The frustrated vertices of m are of degree 2.
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For each frustrated vertex v in m incident to two edges e; and es, we remove v from m and glue e;
and e together. We obtain a suitably labelled map (m, ¢) with one frustrated edge for each removed
frustrated vertex.

The construction works in the converse direction: consider a suitably labelled map (m, ¢). For each
frustrated edge between vertices v; and v, we add a new vertex v in the middle of it which we label by
l(v) = l(v1) + 1 = £(va) + 1. We obtain in this way a suitably labelled map without frustrated edge.
The well-labelled hypermap produced by Construction 4.3.16 has naturally frustrated vertices. Consider
such a vertex w, corresponding to a frustrated vertex v in m. The choice of labelling for v ensures that
w satisfies the condition to be a frustrated vertex.

In remains to prove Lemma 4.3.18.

Proof of Lemma 4.3.18. Let v be a frustrated vertex in m, coming from a frustrated vertex in f. The
vertex v is at least of degree 2: since w is of degree 2, it has two corners and thus at step 2 two half-edges
get connected to it. For the degree to be at least 3, there must be another white vertex w’ incident to
the same face f as w, with {(w') = I(w) + 1. However, when going around f in the counterclockwise
orientation, the label between two consecutive white vertices decrease at most by 1. this means that w’
is the white vertex preceding w when going around f in the counterclockwise orientation. By definition
of a marked vertex, we would have /(w") < I(w), a contradiction. O

4.3.3 Encoding the labelled hypermaps

In Section 4.2.4, we expressed the cumulants of the S-ensemble in terms of a sum over a Motzkin path
v € Motz, () and a permutation. ¢ € &”. In this Section, we explain how this data allow us to
define a labelled hypermap, and thus a suitably labelled map by the Bouttier-Fusy-Guitter construction
4.3.14. To introduce the main result of this Section, we define the notion of restriction of a permutation.

Definition 4.3.19. Let I C I’ two finite sets and m € S(I'). We define the jump in 7 with respect to J by
Jo.1(j) = min{p € N*: nP(j) € I} forallj € I.
We define the restriction of  to J by

lys1(j) = 7019 (5) forj € 1.

Note that in general 7| ;_,; € &(J) differs from 7| ;: J — 7w (J).

In the following Proposition, we make use of the following abuse of notation. Let (b, ) be a well-
labelled hypermap, whose edges are labelled by I C IN*. For each ¢ € I, there is a unique white vertex
w; incident to the edge labelled i. We write

1(7) = l(w;).
The main result of this Section is the following.
Proposition 4.3.20. Letn € N*, 0 € &,,, and I C [n]. Forallm € &(I) we define
o by is edge-labelled by I
H(O) =< (0,1) € Hyp: AT C [n], @05 =011
eloby =1+ Jpr—2
and

e(60) = 4 (7,0) € Motzno(0) x Gn: 0. C O
= , otz X Gy .
$id #n.0 e (0(n),o) acts transitively on [n]

Construction 4.3.21 below gives a bijection

¢(0) — H(H).
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The set €(0, I) appear naturally in the expression of the cumulants. The last condition is a technical
assumption needed for a proper labelling of the edges of the corresponding hypermap.

Construction 4.3.21. The inverse of Construction 4.3.6 defines a edge-labelled hypermap V). Notice that
each cycle of 04 — corresponding to an element of Ay, — corresponds to a white vertex of degree 1 int). We
remove these vertices to obtain a new hypermap b. The frustrated vertices of b are the vertices corresponding
to the cycles of 0. We have

‘96 = 9|A'y,uA'yo—>A7,uA'yo and 0y = U|A7,uA70-

We now explain how ~y induces a labelling of the white vertices ofﬁ. Let w be a white vertex 0f6 that
corresponds to € Cycles(o_) U Cycles(og). We set

I(w) = {7(”) if T € Cycles(o-)
y(m)+1 ifm € Cycles(oy).

Figure 4.2: A labelled hypermap (b, 1) = (v, 0, o). We wrote in parenthesis the value of the path + at
each vertex. We displayed in dotted edges the edges to white vertices corresponding to elements of
A~4. They belong to h but not to b.

Example 4.3.22. The labelled hypermap displayed in Figure 4.2 is obtained from

(’7(2))16[16] - (27 17 07 17 27 17 17 17 la 27 3a 27 37 27 17 2)
0 =(1234)(567)(89101112)(13141516)
o= (1514)(68)(1113).

Note that
A~y ={3,4,7,9,10,15,16}

A’YO = {678}
Avy_ = {1, 2,5,11,12,13, 14} .

Proof of Proposition 4.3.20. We start by showing that (h,1) = U(y, 6, o) is a well-labelled hypermap.
Recall that miny = 0. Thus, min,, {(w) > 1, and for ¢ such that (i) = 0 we have v(6(i)) € {0,1} so
that 4 is the label of an edge connected to a white vertex w. The label of w is [(w) = 1. We have shown
that min,, [(w) = 1.

Consider a black vertex b, and two white vertices w and w’ such that (b, w) and (b, w’) are consecu-
tive edges around b, in that order in the clockwise direction. Let i, j be the labels of these edges. We
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have i,j € A~y U A~_. Thus, as vy is a Motzkin path, we have that (i) < ~(j) + 1. It implies that
l(w) — 1 < I(w"). The hypermap is thus well-labelled.

We remark that by construction its edges are labelled by elements of I = A~vy_ LI A, that
06 = 0|7, and that since -y is a Motzkin path, the difference of label between two consecutive white
vertices incident to a black vertex is given by the number of removed univalent white vertices minus
one. It gives

76096:76—1—(]97[—2.

We now show that the mapping is a bijection by constructing the inverse map. Let (b, 1) € H(6),
and let I be a edge-labelling set. We will define a function [ on [n]. On I, it is defined by I|; = [. We
construct a new hypermap b from h. We add degree one white vertices, whose incident edges are
labelled by elements of [n] \ I. Fix a black vertex b and let 7, = (u; ... uy) be the corresponding cycle
in 6 = 67 . For each j € [k], let p; be the jump as in Definition 4.3.19:

p; = Jor(u;) =min{p € N*: 0P(u;) € I}.

We add after the edge labelled u; in the clockwise orientation p; — 1 = Jp r(u;) edges connected to
univalent white vertices, labelled by

91(Uj), 92(Uj), ceey ij_l(uj).

We set forall1 <i < p; —1,

Since we have (with the convention ugy1 = u1)

10 0P (uj) = U(ujy1) = 100|151 (uj) = l(u;) + p;j — 2,

we see that [ is a Motzkin path without flat steps. Let F' C I be the set of labels of edges connected to
frustrated vertices. We then set for all i € [n]

(i) =1—1p,

where 17 denote the indicator function of F'. The function « is a Motzkin path with A~y = F. We
extend oy by the identity to a permutation of [n]. By construction, we then have o € &, and the
connectedness of h ensures that (0, o) acts transitively on [n]. We thus have that

(v,0) € €(0).

The mapping just constructed is the required inverse: it is clear that the mapping between (v, o) and
(h,¢) is 1-to-1, and the inverse just define allow to reconstruct the data erased when going from b to

~

B. O

Remark 4.3.23. In the case of the hypermap (h,1) = ®(v, 0, o) with Ay = 0, the clockwise cyclic type
of a black vertex b corresponding to a cycle m € Cycles(6) is the cyclic list with entries

7= (v7"(j))per, » With Ir = {1 <p < # Suppr: 7°(j) € Ay_}, (4.13)

for j € Supp 7. Otherwise said, it is the sublist of (y7?(j))1<p<# Supp~ Obtained by keeping only the
down steps in the original Motzkin bridge. The lower completion of 7 is the cyclic list with entries

c¢(7’) = (v7P(J))1<p<# Suppr , for some j € Supp .
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4.3.4 Labelling the half-edges in the Bouttier-Fusy-Guitter bijection

The bijection of Theorem 4.3.17 is between sets of hypermap and maps that are not half-edge or edge-
labelled. We now explain how the edge labels of a well-labelled hypermap (b, ) get transported to a
half-edge-labelling of a suitably labelled map (m, £).

Fix a well-labelled hypermap (b, ). In Construction 4.3.14, we add one edge for each corner of .
We now explain how to label the two half-edges making up each of those edges, see Figure 4.3.

In step 3 of Construction 4.3.14 applied to b, we added a half- edge h. for each corner c in . The
corner c is based at a white vertex w, and is delimited by two edges: e; to ey in the clockwise direction
around w. Let 7 be the label of e5. In m, let ., be the next half-edge around w after h. in the clockwise
orientation . We label ., by i

With the previous procedure, we labelled only half of the total number of half-edges in m: exactly
the half-edges following the decreasing half-edges around white vertices.

Figure 4.3: The labelling procedure. The vertices and edges of m are in black and the ones of h are in
grey.

To label the other half-edges we proceed as follows. Let i be an increasing half-edge along a face f
in m. Assume that it is not the counterpart of an half-edge incident to a frustrated vertex. We explore
the face f in the clockwise direction starting from h, and stop once we encounter a decreasing half-edge
h'.Let hy = h,ha, ..., hj be the increasing half-edge we encounter during this exploration. Let i be
the label of h/. We label h by 6%(i).

Note that we do not label the counterparts of half-edges incident to frustrated vertices in the
resulting suitable map with frustrated vertices. To finish the procedure, we remove the frustrated
half-edges and construct a map m from m.

Construction 4.3.24. Consider a frustrated vertex v in m. Let hy, ho be the two half-edges attached to v,
and hy, hy be two half-edges such that h; and h; are counterparts of one another, fori = 1, 2.

Assume that i1 and i are respectlvely the labels of h1 and ha. We remove v, hy, and ho. We connect
h1 and hg together. Finally, label hl by iy and h2 by i1. We denote the map we obtain after treating all
frustrated vertices in this way by m.

The inverse construction is then as follows.

Construction 4.3.25. Consider a suitably labelled map (m, £). For each frustrated edge between vertices
v1 and ve, made of half-edges h1 and ho (with hl, hg respectively attached to vy, vs), we proceed as follows.
We add a vertex v with 2 half-edges hy, ho attached to it. We label v by £(v1) + 1. Assume that i1, io are
the labels ofizl, Bg. We erase the labels Ofill and ilg, and we label hy by iy and hy by i1. The resulting
labelled map, (m, ), is a suitably labelled map with no frustrated edge.

Lemma 4.3.26. This labelling is well-defined and no two half-edges receive the same label. Furthermore,
Ym = 0.
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11

12

Figure 4.4: Constructions 4.3.24 and 4.3.25.

Proof. Each half-edge in m is either decreasing or increasing. If it is decreasing, it corresponds to a
unique corner of a white vertex (and hence a unique edge) in h. We see this in Construction 4.3.16. If it
is increasing, it is incident to a unique face in m and the well-defined labelling of decreasing half-edges
determines the labelling of the increasing half-edges.

Let us show that ¢ = 6. This will imply in particular that no two edges receive the same label. Let
f be a face of m and h, i’ be two half-edges incident to f, consecutive when going around the face in
the clockwise direction. Let 7 and j be their labels: j = ¢(4). If 4’ is increasing, we immediately see
that we have j = 6(i). If b’ is decreasing, let h” be the first decreasing half-edge along f encountered
when exploring f in the counterclockwise direction starting from h. Let j’ be its label. Considering
Construction 4.3.16, we see that 6P(j') = j for some p > 1 (for i € [p — 1], #°(j') is the label of an
increasing half-edge). We thus have 7~!(j') = i and j = 6(i). O

Using this labelling, we can describe the vertices of m in terms of permutations. Let v be a white
vertex in m. Let uy, . .., uq be the labels of the half-edges at v which are part of an edge connecting v
to a vertex of strictly smaller label, encountered in this order when going in the clockwise direction
around v. Define

Ty = (U1 ... ug). (4.14)

Let e be a frustrated edge in m made of half-edges labelled by ¢ and j. Define
Te = (Z ])

Lemma 4.3.27. Let e be a frustrated edge in m, w be the corresponding frustrated white vertex in b, and
7 be the cycle corresponding tow. Then, m, = m.

Let v be a vertex in m, w be the corresponding white vertex in b, and 7 be the cycle corresponding to w.
Then, m, = .

In particular, if w is of degree d, then v has exactly d neighbors of label [(v) — 1.

Proof. A frustrated edge e in m is constructed from a frustrated vertex v in m of degree 2. This latter
vertex is constructed from a frustrated vertex w in h. If w is represented by (i j), the two labels of the
incident half-edges get transported by the labelling procedure: the two half-edges connected to v are
decreasing half-edges. This shows the first claim.

Let w be a white vertex in b, 7 = (uy ... uy) be the corresponding cycle in o_, and v be the
corresponding vertex in m. Consider the half-edges added at step 2 of Construction 4.3.14. If w is of
degree d, d such half-edges are attached to the corners of w. These half-edges are labelled by u1, ..., ug
in that order when going around the vertex in the clockwise direction. At step 3, these half-edge are
connected to vertices with label /(v) — 1. Now, consider a half-edge /' attached at step 2 to another white
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vertex w'. If at step 3, h’ gets connected to w, then [(w') = [(w) + 1. It may be that w' is a frustrated
vertex, and gets removed in Construction 4.3.24: then through the half-edge h’, w is connected to a
vertex of label [(w). Hence, through this procedure we created exactly d edges connecting w to a vertex
of degree I[(w) — 1 = [(v) — 1, and the half-edges connected to v that are part of these d edges are
labelled by uyq, . . ., uy in that order. O

Theorem 4.3.28. Fixn > 1 and 6 € G,,. Define
S(0) = {(m,¥) € S;,: m is half-edge-labelled by [n|, o = 0} .
The previous construction gives a bijection
U: €(0) — S(0).
Furthermore, if (m, () = U(v,0),

1. each vertex v of of m that is not a local minimum corresponds to a cycle 7, as defined by (4.14), with
7y € Cycles(o_), and has label {(v) = y(my);

2. each frustrated edge e of m corresponds to a cycle m. € Cycles o of length 2;

3. 0 = [[, ][], me where the products are on the vertices that are not local minima and on the
frustrated edges.

Proof. 1If we forget about the labelling of the half-edges, the map W is obtained by composing the
bijection of Proposition 4.3.20 and the one of Theorem 4.3.17.

Fix (v,0) € €(6), (h,1) = ®(v,0), and (m,£) = U(v, o). The labelling of the edges of h determines
the labelling of the decreasing half-edges of m. The unique determination of the other labels follows from
the constraint that ¢, = 6. Lemma 4.3.26 shows that with out choice of labelling we do have ¢, = 6.
Conversely, from a suitable map (m, ¢) with ¢y = 0, we can recover the labels of the corresponding
hypermap by erasing the labels of the increasing half-edges.

The second part of the Theorem is a consequence of Lemma 4.3.27, and in the case of point 2 of
Constructions 4.3.24 and 4.3.25 as well. O

4.4 Combinatorial description of the cumulants

We now re-express the cumulants (4.8) in terms of suitably labelled maps.

4.4.1 Expression in terms of the distances

The cumulants can be rewritten in terms of sums over suitably labelled maps. Indeed, Theorem 4.3.28
allow us to replace the sum on Motzkin paths and permutation in Proposition 4.2.12 with a sum on
suitably labelled maps. This will prove Theorem 4.1.2.

Before rewriting the expansion of cumulants in terms of suitably labelled maps, we reinterpret
the terms e, (y(7); ™ € Cycles(o_)). We now show these terms correspond to product of distances
in a map. Consider a suitably labelled map m, and denote by V™" the set of local minima of m and
Vi = Vi \ V22, For a vertex v € Vp,, we set

dy = min (d(v*,v) +£(v")),

v* eV

where d(u,u') is the graph distance between two vertices u and «’. By the second part of Theorem
4.3.28,if v € Vi ymin corresponds to a cycle 7, then the label of v corresponds to (7). On the other
hand, the label of v is d,,, as explained in [BFG14, Remark 1]. The argument goes as follow: consider any
geodesic from v to some v* € V" the labels along the geodesic are necessarily weakly decreasing
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(by steps of 0 or 1). There exists a choice of v* and of a geodesic with strictly decreasing labels to v*. In
that case the length of the geodesic is the distance between v and v* but also the difference of the labels
of v and v™.

Hence, using Theorem 4.3.28, we can rewrite the sum in Proposition 4.2.12 as

Z eq (v(x); c € Cycles(o-)) = Z eq (dv;v € V).
~yEMotzn,0(0n) meS(0)
0€6,|ol=p #Va=n/2-p
(6(n),o) is transitive

We introduce the notation of average over sum of maps of a symmetric polynomial f to be
Fop= D, [fldiveVy).
meS(0)

#Va=n/2—p
This allows us to rewrite the expression for the cumulants in compact form:

2\" (=1)9B; (1 + 5\ \rst1-n/2

Ki(n) = Z <5> a1 U N <eq>9,p . (4.15)
p+q+r+s=n/2

This proves Theorem 4.1.2.
Remark 4.4.1. Notice that by Euler’s formula:

n . n .
2—2gm:(§—p+#vn§nm)—§+1:1+#Vn§nm—p.

Hence, when p increases, either the number of minima increase, or the genus increases.

4.4.2 Analysis of the first two orders

We now turn to the first two orders of the cumulants computed in Proposition 4.2.12. This Section will
prove part of Corollary 4.1.3.

The leading order is obtained by considering the term s =n/2 -+ 1,p=1—1,g=7r =0in
(4.15). It gives

ri(n) = (1+O(1/N)).

(2)1—1 Nt {m € SO(n): #Vi =n/2 -1+ 1}

8 nj2 —1+2

Notice that by Remark 4.4.1, we are considering maps with
2 — 20 = 1 4 V0,

Since # V" > 1, this equation is only satisfied when gy, = 0 and # V™" = 1. In this case, suitably
labelled maps correspond exactly to pointed planar maps with face profile (n). Asn/2 — [ + 2 is the
total number of vertices in the map, we get that

o\ -1
Ki(n) = <5> N 24 { edge-labelled planar maps with face profile 6(n)}(1 + O(1/N)),

which is the first order of Corollary 4.1.3. We have recovered for all 5 > 0 the result of Abdesselam,
Anderson, and Miller [AAM14].

To treat the sub-leading order, we prove the following Proposition.
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Proposition 4.4.2. Letn € N* and 6 € &,,. We define the set of suitably labelled map with two local
minima: .
S2(0) = {(m,0) € S(0): #Vo™ =2} .
We have

-1 -1
-2 _ (2 2 L [2 #S52(0(n)) 1
with My(0(n)) the set of half-edge-labelled planar maps with face profile 0(n).

The sub-leading order of the cumulant is thus described by the suitably labelled maps on the sphere
with exactly two local minima. In Section 4.5, we give another description of this object in terms of
non-orientable maps on RP2. The full proof of Corollary 4.1.3 will follow from Proposition 4.4.2 and
Theorem 4.5.42 proved in Section 4.5.

The proof is based on two mappings that we now introduce. We define the set of suitably labelled
maps with two local minima and m + 1 global minima

So(0,m) = {(m,€) € S(0): #V™ =2, #L71(0) =m +1}.

The integer m is in {0, 1}. It is 0 if we consider maps with exactly one global minimum (vertex with
label 0), and 1. We define the sets of suitably labelled maps with one local minimum and a choice of
vertex with an additional label, which is either strictly positive, or zero:

S1,4(0) = {(m, €, v,k): (m,£) € S(0),v € V&, #Va™™ = 1,1 < k < d(v, Vg"™)}
S10(0) = {(m,£,v): (m,¢) € S(0),v € Vi, #Vmn =1}

We construct a bijection ¢1 : S1 4 (0) — S2(6,0) and a two-to-one mapping ¢2: S10(0) — Sa2(0, 1).
The mappings are constructed by changing the label of the vertex with additional label to make it a local
minimum. The bijection is as follows. Let (m, ¢, v, k) € S; 4+ (). Denote the unique local minimum of
(m, £) by v*. We define the labelling function by ¢'(v) = k, ¢'(v*) = 0, and by

O(w)= min (¢'(u*)+d(u*,u))

u*e{v*,v}
for any other vertex u. The second mapping ¢ is constructed similarly, by replacing k£ with 0.

Lemma 4.4.3. The labelled map (m, 0') := ¢1(m, £, v, k) is in So(6,0) and ¢1 is a bijection.
The labelled map (m, {) = ¢o(m, £, v) is in S2(0, 1) and ¢2 is two-to-one.

Proof. We first show that the map (m, ¢') is suitably labelled. Let u, u’ be two adjacent vertices in m.
Let u, (resp. u!,) be the vertex in {v*, v} closest to u (resp. u’). Assume that ¢'(u) > 2+ ¢'(v'). Asu
and v’ are adjacent, this means that u, # u. If u, = v, then we have

d(u,v*) > d(u,v) + k > 2+ d(u,v*),
which contradicts the triangular inequality as d(u, ') = 1. If u/, = v, we similarly have
d(u,v) +k > d(u,v*) > 2+d(,v) +k,

a contradiction.
Two minima of (m, ¢') are then v* and v as any other vertex u adjacent to v has label

¢ (u) = min(d(v*,u), k + d(v,u)) > min(d(v*,v) — 1,k) > k.

They are the only minima. Indeed, for all vertex u ¢ {v,v*}, let u* be the vertex in {v,v*} closest to w.
Let ug = u,uq,...,ux—_1,ur = u* be the vertices on a geodesic from u to u*. We then have

O (uy) < d(u*,uyp) = d(u*,u) — 1.
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This proves the first claim for ¢; and ¢s.
Finally, we can invert ¢ as follows: given (m, ¢) € S3(6,0) and v* the unique vertex with £(v*) = 0
and v’ the other minimum, we can construct a new labelling function

(v) = d(v*,v).
This gives an element (m, ¢/, o', £(v")) € S1 4(0).

For ¢2, given an element (m, ) € Sa(6, 1), there are two vertices with label 0. We can thus construct
two distinct preimages. O

Proof of Proposition 4.4.2. Lemma 4.4.3 implies

#SQ(@, 0) = #51,4_(9) and #52(9, 1) = %#5170(9)

The sub-leading order of x;(n) is then

9 I—14+u (_1)qBr
Py (B) 02141
o\ -1 -1 2 2—1+1
= (5) m (ﬂ <1>9,z - <€1>a,zf1 + n/2—|— <1>9,z1>
<2
B

-1 —I+1
_ <;) n/év_m _ 1> (#85(0,0) + #82(6, 1)) ,

(1)g; = #82(0,0) + #82(0,1)
(e1)g 1 = #S1,0(0) + #851,4(0)
(n/2—-1-1) <1>0,z—1 = #81,0(0).

r+n/2—1
r

7N

—l+1
>N <GQ>9,1—1+u

as

O]

We may wonder if a similar proof holds beyond the first sub-leading order. In theses cases, the
mappings ¢; and ¢ must be defined differently.

4.5 A many-to-one map between suitably labelled maps,
and non-orientable maps on RP*

We now propose a way to interpret the suitably labelled maps appearing in the sub-leading order of
the expansion of the cumulants of the 3-ensemble as non-orientable maps on RP2, To do so, we will
interpret them as determining the lift of a map on a non-orientable surface on its orientable double-
covering. Note that we produce a many-to-one mapping and not a bijection as we consider labelled
non-orientable maps on RIP?. Fixing a face profile using a permutation determines an orientation of the
faces in the non-orientable map, an information that is redundant in an orientable map.

4.5.1 The orientation double covering

We recall a few facts on the orientable double covering of a non-orientable surface. See for instance the
book of Lee [Leel2] for more.

Consider a connected manifold M. We can construct an orientable manifold M/ and a continuous
surjective map 7: M — M such that (M ,7) is a double covering of M. Informally, the construction is
as follows: there are two choices of orientation locally around each point P of M. These two choices
determine two sheets of the covering above a neighborhood of P. A surface is orientable if and only if
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we can make a consistent global choice of orientation. In that case, there are exactly two choices of
global orientation, and M is the union of two disconnected copies of M: each copy corresponds to
a choice of orientation. The manifold M is equipped with an involution without fixed point, which
inverses the two sheets above P, or equivalently change the orientation around P.

This double covering is called the orientation covering of M. The connectedness property alluded
to above is summarized in the following Theorem.

Theorem 4.5.1 ([Lee12, Theorem 15.41]). Letw: M’ — M be the orientation covering of M. If M is a
orientable, then M has two connected components and the restriction of m to any of these component is a
homeomorphism. If M is not orientable, then M is connected.

The orientation covering is unique is the sense of the following Theorem.

Theorem 4.5.2 (See for instance [Lee12, Theorem 15.42]). Let 7’: M’ — M be an orientable double
covering of a non-orientable manifold M. Then, this covering is isomorphic to the orientation covering.

In the sequel, we consider the orientation covering of RIP. It is topologically a sphere.

An important part of the mapping described in this Section is that a non-orientable map canonically
defines a map on its orientation covering. Let us now detail why it is so. Note that starting from now,
and until the end of the Section, the notation * (as in S ,m, . ..) denote objects related to some orientation
covering,.

Construction 4.5.3. Let m be a non-orientable map. Consider a graph embedding (I', S, ) in the class m.
The surface S has a connected orientation covering p: S — S We lift to S the image of T, 1(I"). We obtain
a graph embedding (f, s, i) in S with twice the number of vertices, edges, and faces of m. We thus define
a map m on the orientation covering of S. This map is well defined and does not depend on the particular
choice of graph embedding (', S, ), since the orientation covering is unique up to isomorphism.

The orientation covering S is equipped with an orientation-reversing involution without fixed
point, inv g. This involution descends to an involution on the set of vertices, edges and faces of (I', S, ¢).

4.5.2 Combinatorial description of non-orientable maps

We now describe a way to encode non-orientable maps as triples of matchings (recall Definition 4.2.4).
The construction we now describe is due to Tutte [Tut84] (see also [GRO1]). Starting from now, and
until the end of this Section, we abuse notation and define permutational models that acts either on
sets of labels or set of half-edges or flags, as explained in Remark 4.3.10.

Definition 4.5.4. Let m be a map, orientable or non-orientable. Let h be an edge in m. We can distinguish
between two sides of h. We call a side of a half-edge a flag. We denote by Fl, the set of flags of m. Let | be
a flag on a half-edge h. There is a unique face f on this side f of h. We say that f is incident to §.

Let m be a map with n half-edges. To define a flag-labelling function, we consider an extended set
of labels I of size 2n. A flag-labelling function is then a bijection A: Fl,, — I. Let A be such a function.

We then define three matchings 7y, pm, fim as follows. We define their action on the set of flags, but
by Remark 4.3.10, using the labelling A, they equivalently act on the index set I. The cycles of 7, are
(f§') where § and ' are the two flags associated to a same half-edge. Consider an edge e. Let (f1, f;) and
(f2, f5) be two pairs of flags with f;, f; associated to the same half-edge of e, and f; and f2 (resp. f} and
f5) on the same side of e. Then (1 f2)(f} f3) are two cycles of py,. Finally, consider a corner of m. This
corner is made of two flags, f; and fs. Then, (f f2) is a cycle of jim.

In the sequel, we will often use the following an extended set of labels. Let n € N*. We define the set
of “barred” integers {1,2, ..., 7} = [n]. The extended set of label is denoted by [n, 7] = {1,1,...,n,7}.
For a subset I C [n, n], we define

I={icielInn)}u{i:ielnn]}.
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Figure 4.5: A non-orientable map with labelled flags. The edge with flags labelled 6,6, 9,9 must be
twisted to allow for an embedding in the plane. The blue and red arrows show the action of y, p, 7 and

®.

Example 4.5.5. The matchings describing the map displayed in Figure 4.5 are:

= (12)(21)(38)(83)(45)(52)(69)(96)(710)(107)
pm = (11)(22)(33)(44)(55)(69)(77)(88)(69)(1010
fim = (15)(210)(32)(48)(54)(61)(79)(86)(97)(103

As for the orientable maps, we can introduce the permutation

Pm = PmHMm,

which describes the faces of m. Indeed, each face corresponds to two cycles: each cycle correspond to
an exploration of the face in a different direction. For instance, in Figure 4.5, the same face is described

by (2310) and (3210).
4.5.3 Maps on the orientation covering

We now explain how an orientable half-edge labelled map that is equipped with a involution without
fixed point that reverses orientation (in a sense to be defined) can be seen as being a map on the
orientation covering of some non-orientable surface. This will give the inverse of Construction 4.5.3.

Definition 4.5.6. Let I C N* be finite and m be an orientable half-edge labelled map with labels in I L I.
Letinv be a matching of I U I. We say that inv is orientation-reversing if

1

¢ o inv = inv o ¢! and ay o inv = inv o an_ll,

2. For each triple of cycles (7, 7', 7") € Cycles(ps) x Cycles(ag) x Cycles(oy,), we have
(invoroinv) P #m, (invorn oinv) ™! #a', and (invon” oinv) ! # ap o’ 0 .
Remark 4.5.7. Note that this definition implies that

(inv o @ 0 inv) ! =
(inv o o 0 inv) ! = ay

. ) 1
(invoomoinv) " = @ © O © .

In particular, condition 2 ensures that inv descends to an involution without fixed point on the sets of
cycles of the three permutations oy, oy, and @p,.
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Using this notion, we can construct a bijection between flag-labelled non-orientable maps and maps
on their orientation covering. It allows us to study non-orientable maps in terms of orientable maps.

Proposition 4.5.8. Let S be a compact non-orientable surface, and S be its orientation covering. Fix
a permutation @. The construction below gives a bijection between the half-edge labelled maps m on S
with face profile given by ¢ and equipped with an orientation-reversing matching inv, and the set of
flag-labelled non-orientable maps m on S with face profile v and py, = inv.

Furthermore, m is described by the matchings defined below in (4.16), and any labelling on the vertices
of m that is invariant by inv descends to a labelling of m.

For convenience, we assume that the set of labels is [n, 7] for some n € N* and that ¢ € &([n, n)).
Fix m with half-edge labelling function . Let inv be an orientation reversing matching. We first explain
how the involution inv induces an involution of the underlying surface. Consider any embedded graph
(F S, i) representing 1. We define i invg: S — S a continuous involution of the surface S. We first

define it on the vertices, then on the edges, and finally on the faces of the embedded graph (F, S, 0).

« Let u be a vertex of m. It corresponds to a point P € Sandtoa cycle 7 of o3. By Definition 4.5.6,
the permutation (aginvminveay) ! is a cycle of 0. Hence, it corresponds to a vertex @ # u of
th and a point P’ € S. We set invg(P) = P'. Similarly, invg(P’) = P.

- Consider an edge of m, made of two half-edges h1 and h. It corresponds to a path e on S.
There is a unique edge made of the two half-edges h; and hs of labels inv(A(hq)) and inv(A(h2))
respectively. This second edge corresponds to a path ¢’ on S. We define inv¢ on e to be any

homeomorphism from e to ¢ that makes invg a continuous involution on £(I").

« Finally, consider a face f corresponding to a cycle 7 of (. There is a distinct face f corresponding
to the cycle (invrinv)~! in (g. We define inv g on f to be any homeomorphism from f to f that
makes invg a continuous involution. Such an extension exists: by the Jordan-Schonflies theorem
(see for instance [MTO01, Section 2.2]) we may construct a bijection extension of inv g on half of
the faces, and define inv gon the other half of the faces so that it is an involution.

Lemma 4.5.9. The map inv g is a continuous involution without fixed points that reverses the orientation.

Proof. We constructed inv g to be an involution. Remark 4.5.7 implies that inv ¢ has no fixed points.
To see that invg is orientation-reversing, we consider any face f corresponding to a region D

(homeomorphic to a disc) in Sanda cycle m of ¢n. The half-edges around f are hq, ..., hq in the
clockwise orientation. The disk inv¢ (D) C S corresponds to a face f’ in m and to the cycle 7’ =
(invrinv) ' inv # 7. Let &, be the unique half-edge with label inv(A(h;)). We have

m(A(hi)) = A(his1)
7 (A(h)) = invr Hnv(A(R))) = invr Y (A(hy)) = inv(A(hi—1)) = A(R_,).

Hence, inv g is orientation reversing in D. It is then orientation reversing globally. O

The quotient space S = S /inv g is a surface, and the projection pg: S — S'is a double covering
of S. The associated deck transformation is invg. By Lemma 4.5.9, inv is an orientation-reversing

involution. By Theorem 4.5.2, S is isomorphic to the orientation covering of S.
The projection pg allows us to define a graph embedding in S. Denote by V., Hy, and E}. the sets

of vertices, half-edges, and edges of I". The new graph is I' with sets of vertices, half-edges, and edges
given by

Ve ={{u,a}:ueVp},

Hyr = {{h,f_l} h € Hf} ,

Er = {{h1,ho}: hi ={g1,51}, ha = {92, G2}, 91,92 € H} .
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The graph embedding ¢: I" — S is obtained by taking the image by pg of E(f) Note that two vertices
i(u), (@) in S have the same image by pg, and correspond to a unique vertex {u, @} in I'. Similarly,
each half-edge, edge, or face of the graph embedded in S have two preimages in S.

Now, by definition, any two choices of (I, S, 7) and (T, S, 7) in the class of th are isomorphic. If we
denote by v: S —> S the orientation preserving homeomorphism between the two surfaces we have
that invg and ¢/~ 'inv 54 are homotopic (due to the possibly different choices to map corresponding
edges and faces together). It implies that S /inv ¢ and S /inv g are homeomorphic, and that pg and pg
are isomorphic coverings. This shows that we can define the map m to be the isomorphism class of
(T, S, ¢). This construction is well-defined and does no depend on the choice of (", S, Z). This concludes
the construction: we have constructed from m a new map m, which is non-orientable (as its orientation
covering is connected). We shall abuse notation and refer to m as the orientation covering of m.

Let us now describe the permutational model associated to m. We start by defining a flag-labelling
function A\. Consider a flag § in m, i.e. a side of a half-edge h (see Section 4.5.2). This flag has two
preimages in the orientation covering i, f; and fo. In i, only one of these two flags is on the left side of
a half-edge h. This follows from the fact that inv reverses the orientation. We label the flag § by S\(h),
i.e. we set A(f) = A(h). The 2n flags are thus labelled by the elements of [, 72]. We now define three
matchings 7, u, and p. We set

Tm = Qpinv, pm = inv, and pm = Taﬁl_l = inveg. (4.16)
Definition 4.5.6 implies that these three permutations are indeed matchings: the fact that they are
involutions follows from the first part of the definition, the fact that they do not have fixed point follow
from the second part.

Lemma 4.5.10. The triple of matchings (7, p, ) describes m.

Proof. Let f and § be two flags part of the same side of a same edge of m. These two flags are incident
to a face f. Denote by h; (respectively h}) the half-edge whose left side is a preimage of f (resp. f'). Let
f1 and ) the left sides of hy and b}, and f2 and f, the right sides of the counterpart hy and h, of h; and
R/j. The continuous involution sends the pair of flags f1, f2 to f/, f. Hence, it sends the label of & to
the label of 1/, i.e. inv(A(f)) = A(f/). On the other hand, we have by definition pm(A(f)) = A(f'). Thus,
inv = pp.

Now, notice that A(h}) = A(a(ha)) is the label of the flag on the other side of f, i.e. 7 (A(f)) =
i Pm(A(f)). This means that

Tm = Q@iV = invag,.

Finally, let {3 the other flag in the corner f is part of. Its preimage at the left of a half-edge is in the
same corner as h/,. Hence we have

Af3) = w(A(f)) = opaginy = oginvag = imvozm(;'t;1 = inveg.

The faces of m are then described by the permutation ¢, = pu. We have

(Pm = INVINVEE = ©g.

Proof of Proposition 4.5.8. We explained how to construct m from m, let us now give the inverse con-
struction.

Let m be a non-orientable map on S which is flag-labelled by A: Fl, — [n]. We explained in
Construction 4.5.3 how to construct a map m on the orientation covering S of S. The orientation
covering S is endowed with an orientation-reversing involution inv . The half-edges of m are naturally
labelled: the flag f at the left side of a half-edge h has one image by p, f. We set A(h) = A(f). The

continuous involution inv 4 induces an involution inv on the labels of the half-edges of m as follows. Let
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h be a half-edge in m and /' its counterpart. The half-edge  is incident to a face f and the image by inv
of h', " is incident to invg(f). We set inv(A(h)) = A(h"). This coincides with py. We now explain
why this involution must be an orientation-reversing matching. Indeed, if condition 1 of Definition
4.5.6 were not satisfied, inv g would not be orientation-reversing. If condition 2 were not satisfied, there
would be a face, edge, or vertex whose image by inv¢ would be itself. By Brouwer fixed point Theorem,
invg would have a fixed point: it contradicts the fact that inv is a continuous involution without fixed
point.

If a labelling ¢ of the vertices of m is invariant by inv, then for any vertex v in m, its two preimages
in m have the same label and we can label v in a well-defined way. O

4.5.4 Cutting and gluing suitably labelled maps

The goal of this Section is to define a mapping from the set of suitably labelled maps with two local
minima to the set of maps on RP?. The procedure starts by choosing a path in a suitably labelled
map. We start by describing the procedure with a quite general choice of path. We obtain an injective
mapping between sets of suitably labelled maps equipped with a curve.

We give some definition regarding what we mean by a path in a map.

Definition 4.5.11. A path of length | > 1 is a sequence of half-edges g = (g1, . .., g21), With g2i—1, g2i
the two half-edges of a same edge for alli = 1,... 1, and ¢2;, g2;+1 incident to the same vertex for
i=1,...,1 — 1. The length of the path is #g = l. The inverse of g is the path g —*:

g_l = (ng cee 7g1)‘

We say a path is a loop if vert(gi) = vert(gy). A path is simple if vert(gz;) # vert(ge;) and

vert(goi—1) # vert(gaj—1) foralli # j.
The concatenation of two paths g and h such that vert(goug) = vert(hy) is

gu h = (917' . '592#gvh17"'7h2#h)'
Finally, if g is simple, and if u and v are two vertices such that u = vert(gep+1) and v = vert(ga,), we
denote the subpath of g from u tov by
Glusv = (92p+1,- - -, 92q)-

An important assumption on some of the paths we consider is that they are good paths.
Definition 4.5.12. Let g = (g;)1<i<2 be a simple path of length [ in a suitably labelled map (m, ¢). Set
vo = |g1 and v; = vert(go;) fori € [l]. We say g is a good path if vy # v; and the function

{0,1,...,1} — N
lg: <
i — L(v;)

has exactly two local minima, achieved ati = 0 and i = [, with £4(0) = {4(l), and either one local
maximum, or two local maxima attained at consecutive values.

We say a simple loop g is a good loop if it can be written as the concatenation g = g1 U g2 of two
good paths g1 and gz with lg, = lg,.

Example 4.5.13. A simple path g with /4 given by

(Eg(i))i:OJ,_,J = (07 ]-7 27 2’ 17 O)
is good. However, if
(lg(i)i=01,..,=(0,1,2,3,2,3,2,1,0),
it is not good.

We now describe several transformations that can be applied to a suitably labelled map (m, £) with
a distinguished good path g.
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Opening a slit

The first transformation corresponds to adding a new face to m. This new face will be seen as a boundary.
In the process, we will add new faces, with new labels that will be barred integer, for convenience. The
new half-edges we add will also be denoted with a bar. We assume that if a half-edge h is labelled by i,
then h is labelled by .

Definition 4.5.14. A face is simple if when going around it, each edge is encountered exactly once. A
map with boundary (m, f) is a map m with a distinguished simple face f. A boundary of m is any
choice of simple loop g = (g1, - . ., ga) such that f is incident to go;_1 for j € [I].

Ifm is half-edge labelled with labels in a set I, we denote by o (f) the cycle representing f and we set

Pm\f = Pm (‘pm(f))il |I\Supp(pm(f)'
Maps with boundaries can be seen as being embedded in other maps.

Definition 4.5.15. Let (m, f) be a half-edge labelled map with boundary and w be a half-edge labelled
map. We say that m is embedded in w if

Cycles(¢m\ r) C Cycles(¢gq) and Cycles(am) C Cycles(ag).
We now describe the construction. An example is depicted in Figures 4.6 and 4.7.

Construction 4.5.16. Consider a suitably labelled map (m, g) and g, a good path of length | > 1. Let
vo = vert(gy) and v; = vert(ge;) fori € [l]. Each m € Cycles(ow) corresponds to a vertex of m. For each
such cycle, we proceed as follows.

o Ifm corresponds to none of the v;,i = 0,1, ...,1, we leave it unchanged.

« Ifm corresponds to a vertex v; fori € [l — 1], it can be written (go; u1 - .. Uqg g2i+1 V1 --- Vg ). We
replace ™ by
= (u1 .. uq g2it1 92i—2i+2) (V1 - - - V4 92i Goi—2i—1)-

« Ifm corresponds to vy, it can be written (g1 uy ... ug). We replace m by
™ =(gruy ... ugGa—1)-
« Ifm corresponds to vy, it can be written (g v1 ... vg). We replace T by
7' = (G@u1 - vdga)-

We obtain a new permutation o’. We set

¢ = omp, with¢ = (g2i—1921—3 --- 91924 - -- 921),

and o/ = (¢')"1(0') 7. The permutations (o', /) determine a half-edge labelled map wm’ with a marked
face — represented by the cycle $. The vertex-labelling ¢ of m induces a vertex-labelling ¢’ of m’: each vertex
v" of m’ is constructed from a vertex v of m, we set ' (v') := {(v).

Note that o/ is a matching by construction: the edges in g, which are represented by a cycle
(92i—1 g2i) of am, become the pair of edges represented by (g2i—1 Gai—2i+2) (92i g21—2i11) for ¢ € [[ —1].

Lemma 4.5.17. The map (W', ¢’) constructed in Construction 4.5.16 is a suitably labelled map with
boundary f. The boundary of f is a good loop.

Proof. We start by showing that the labelling is suitable. Let v and v’ two vertices of m’ which are
connected by an edge. These two vertices are constructed from vertices ¥ and ¢’ in m. By construction,
if v and v’ are connected by an edge, so are © and ©’. The fact that (m, ) is a suitably labelled map thus
implies that (m’, ¢') is a suitably labelled map.

In Construction 4.5.16, each edge of g gets duplicated. We can choose a boundary of f to be a loop
9’ = (9})iciy With g; = g; and g5, ; = gor—; for i € [2I]. As g is a good loop, we have £y (i) = Ly (I —1)
fori =0,1,...,1 It follows that g’ is a good loop. O
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Figure 4.6: Example of a good path.

Figure 4.7: Opening of a new face along the good
path.

The mirror map

Given a half-edge labelled, suitably labelled map (m, ¢), we may construct the “mirror map”, obtained
after changing the orientation of all the vertices in m.

This reversing of the orientation is encoded at the level of the permutation by the following
transformation.

Definition 4.5.18. Letn € N*, I C [n,n], and o € S(I). Each cycle m € Cycles(o) can be written

We set

and

s= | =meeW.

w€Cycles(o)

We have in particular that for two permutations o1 and o9,

0109 = 09071 and 61_1 = 01_1.

Figure 4.8: (a) The map of Figure 4.7, (b) its mirror map.

The map m determined by ('@, !, &) is called the mirror of m. We denote by invy, the mapping
from the set of half-edges of m and the set of half-edges of m sending a half-edge to its mirror image. In
particular, if a half-edge h is labelled by w, the half-edge invy, () is labelled by u. We abuse notation
and denote by invy, (v) and invy, (f) the mirror image in m’ of a vertex v of a face f in m. Finally, we
define / by

£(invy (v)) = £(v) for any vertex v of m.

Lemma 4.5.19. The constructed map (m, {) is a suitably labelled map.
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Proof. The mirror construction descends to a bijection between the underlying graphs of m and m
that preserves the labelling of the vertices. The fact that (m, ¢) is a suitably labelled map implies the
result. O

Note that the vertex permutation of m’ is

on = ag'o! = ' En! = (Pnan) ! = (@nPn) | = G (Pnon) " Gy! = Anondg' (417)

Gluing along a face

The last construction we define is how to glue a map with boundary to its mirror map, along their
distinguished faces. We use the two previous constructions. Fix a suitably labelled map (mg, £y) and a
good path go in my. We use Construction 4.5.16 to obtain a suitably labelled map (m, ¢) with boundary
face f. Let (m, £) be the mirror map of (m, £). It is a map with boundary face invy,(f). Let g be a choice
of boundary of f in m such that g = (g;);c[a;) is @ good loop. There is a canonical way to glue m and
m along f. The labels of the half-edges of the boundary of m and m were constructed to be the same.
There is a natural way to identify an edge on the boundary of m to an edge on the boundary of m.

We define the boundary permutation

!
ag = H(gm’—l G21—2i+2)(92i G21—2i+1)-

=1

We then notice that the labels of the half-edges that are not on the boundary are integers in m
and barred integers in m. This means that ¢, and p5 have disjoint support, and that two cycles in
Cycles(am) \ Cycles(0y) and Cycles(am) \ Cycles(On) have disjoint support as well. Finally, we have

Cycles(am) N Cycles(am) = Cycles(agy).

Figure 4.9: Map obtained by gluing a map to its mirror map.

We thus define the permutations

Pmlm = PmPm
Omm = OmOmAHf
-1, -1
Omum = Oy im Palims
The pair of permutations (0w m, mum) defines a map. By construction, the maps with boundary (m, f)
and (m, invy (f)) are embedded in m L m. Furthermore, every face (and hence vertex) of m LI m can be
seen as being part of either m or m (or both, in the case of vertices). Thus, for every vertex v of m LI m
we set
l(v) if v is part of m
b (v) = 9 5 o _
l(v) ifvis part of m.
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Any boundaries of m and m are made of the same half-edges (possibly in a different cyclic order).
They form a loop gmum- It can be chosen to be a good loop since the boundary of m is a good loop by
Lemma 4.5.17.

Lemma 4.5.20. The map (m U m, lym) is a suitably labelled map. It is orientable and its genus is twice
the genus of m.

Proof. Each edge of m LI m can be seen as being part of either m or m (or both). Hence, if an edge e
between vertices v and v’ can be seen as being part of, say, m, we have

[mum (v) = boum (V)| = [£(v) — £(v")| < 1.

Furthermore, the minimum label of a vertex in m LI m is 0.

The vertices and edges that are not part of this loop are part of exactly one of the embedded maps
m and m. The vertices and edges part of this loop are part of both m and m. As it is a simple loop, the
number of vertices and edges that are part of gy, m. Considering that m and m have the same genus,
Euler formula implies that the genus of m LI m is twice the genus of m. O

The mirror map invy, allows us to define an involution inv on the set of labels of the half-edges of
m L m. It is defined as follows. Let & be a half-edge in m U m with label i = Ay m(h). We set

N Amum(inv(h))  ifhisinm
inv(i) = ) e A
Amum(invy,* (h))  ifhisinm

Lemma 4.5.21. The mapping inv is an orientation-reversing matching (in the sense of Definition 4.5.6).

Proof. By definition of au, (recall Definition 4.5.18), we have

inveppinv = go%l and Invoginv = &;1 = 4.

We also have invayrinv = agy. This gives
. 1 ~1 .
INVemum = Puuminv and  invog s = muminy.
Using this, we have

. R | .
anUml_,man = MVPOmumCmumlV = Qp i Cmium = CmuUmOmum Cmim-

By construction, the involution sends the label of a half-edge h to the label of another half-edge
h' which is neither incident to the same vertex, nor incident to the same face, nor part of the same
edge. It is easy to see for the faces and the edges: the conjugation by inv replace all the elements
of a cycle by their barred versions. The cycle of the faces have support in either the integers or the
barred integers, it is also the case for the edges that are not on gy m. We can then check that no cycle
T € agy satisfies invrinv = 7. For the vertices, assume that there exists a cycle 7 € Cycles(omum)
such that (amuﬁlinvamumamuﬁl)*l = 7. Necessarily, the vertex corresponding to this cycle is on
gmum. If it is not the case the support of 7 is in the integers or the barred integers, without the
elements of the support of apy. We can then proceed as for the faces. Let 7 be the only element in
Supp 7 N Supp agy N N*. We have that n1(i) # i (m is incident to at least two edges) and thus
invomum (i) = invags(i) € Supp N Supp agr N IN*. However, this set is the singleton {4} and

invag m (i) = 1.
The permutation invouy i has no fixed point, we have reached a contradiction. O
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Let us sum up what has been achieved so far. Starting from a suitably labelled map (m, ¢) an a good
path g, we produced a suitably labelled map with boundary (m, £ ). We glue this map to its mirror
image t_ to obtain a new suitably labelled map (11, ) in which both . and t_ are embedded. The
map (m, f) is equipped with a good loop §. Finally, thanks to Lemma 4.5.21, we can use the construction
of Section 4.5.3 to see m as being a map on the orientation covering of a non-orientable map m.

Proposition 4.5.22. The mapping just described, which associates, to a suitably labelled map (m, £)
equipped with a good path g, the suitably labelled map (W, £), is injective.

Proof. This follows from the fact that there is a right inverse to this mapping which we now describe.
From (m, é) we can recover the embedded map (M, !74_): it is the unique embedded map whose non-
boundary faces are exactly the ones with labels in the integers. Then, we glue the edges along the
boundary face together. We glue together the two edges incident to each vertex of minimal label on
the boundary. We do this repeatedly until there is no boundary face. The labels erased during this
procedure are barred integers that where added in the first step (when opening the slit) O

The construction above depended on a choice of good path g in m. We now explain how to choose
it in a canonical way.

4.5.5 Choosing a path in a map

We now explain a way to choose a path g in a suitably labelled map (m, £), and characterize the image
of this path in the glued map (i1, ). We will show that when considering a map on an orientation
covering, there is a canonical choice of loop, which we call equilibrium loop. Starting from this Section,
we assume that m is planar (and thus, so is m).

Local roots and leftmost paths

Definition 4.5.23. Let m be a suitably labelled map with labelled half-edges. The half-edge h* with
minimal label among those attached to a vertex of label O is said to be the root. The vertex v* it is attached
to is the root vertex.

A local root at a vertex v is the choice of a half-edge incident to v.

The notion of a local root allows us to define an ordering of the half-edges at a vertex.

Definition 4.5.24. Let v be a vertex with a local root h. Let h = hy, ha, . . ., hq be the half-edges around
v in the clockwise order. We say that h; is to the left of h; ifi < j.

This ordering of the half-edges defines an ordering of the paths starting at a vertex equipped with a
local root.

Definition 4.5.25. Consider two paths g = (gi)1<i<21 and g’ = (g.)1<i<or With same starting vertex
v = vert(g1) = vert(g}). Assume that v is equipped with a local root h. By convention, set go = g{, = h.
If there exists i, the first index such that g2;11 # 9§i+1 then taking g2; = gb, to be the local root at
v = vert(go;) = vert(gs,;), we say that g is at the left of g’ if g2i 11 is to the left of gy; . If there are no
such i, then the shortest of the two paths is said to be to the left of the other.

Note that this ordering of the paths defines a total order of the paths started at a locally rooted map.

Definition 4.5.26. A geodesic between two vertices v and v’ is a path of shortest length (for the graph
distance) between v and v’.

Construction 4.5.27. Consider a map m with labelled half-edges. Let us explain how the root h* at the
root vertex v* induces a choice of local root for each vertex v in m. Among the geodesics from v to v, there
is a leftmost geodesic g = (g;)1<i<24. We choose the local root at v to be the half-edge following go4 in the
clockwise orientation around v.
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Furthermore, the (global) root allows to order the vertices.

Definition 4.5.28. Let v* be the root vertex, and v, v’ two distinct vertices. Let g and g’ be respectively
the leftmost geodesic from v* tov and from v* tov'. We say that v is to the left of V' if g is to the left of g’.

Leftmost good geodesics

Consider a planar map (f, /) € S,, with two local minima, v* and v°. Assume that v* is the root vertex,
and thus 0 = £(v*) < £(v°). We now distinguish a path g in m. To do so we introduce another notion.

Definition 4.5.29. A good geodesic starting from a vertex v is a path from v to a distinct vertex v’ with
{(v) = £(V"), of minimal length among the paths from v to a distinct vertex with label {(v).

Note that a good geodesic in a map with two local minima is in particular a good path.

We define h to be the leftmost geodesic from v* to v°, with respect to the ordering given by the
global root at v*. As v° is a local minimum, there is a unique vertex v*® # v° encountered by h such
that £(v°) = £(v*). We may have v* = v* if /(v°) = 0. We denote by § the subpath of h from v* to v°.

Lemma 4.5.30. The path g — up to reorienting it from v° to v® — is a good geodesic from v°.

Proof. Assume that there is a vertex u/ with label ¢(u’ ) = ((v°) and a path h’ between v° and v’ such
that the length of h' is strictly smaller than g g As u/ is either v* or not a local minimum, there is a
path of length {(u') = 0(v°) between v* and u’. We can thus construct a path strictly shorter than h
between v* and v°. This contradicts the fact that h is a geodesic. O

Equilibrium loops

Fix a suitably labelled map (m, é), equipped with an orientation-reversing matching inv that preserves
the labels, i.e. o inv = . In this section, we explain how to choose in a unique way a good loop in m.
The construction is depicted on Figure 4.10. We denote by v* the root of m and by v* = inv(v*) its
image by the involution.

Construction 4.5.31. Let h be the leftmost geodesic from v* to v*, and inv(h) be the path obtained from
h by applying inv to each of its half-edges. Let k be the number ofvertlces in h that are also in 1nv(h)
Since inv(v*) = v*, we have k > 2. Let uj = v*,ug, ..., ur = 0" be these vertices, in the order they are
encountered by h. Note that for alli € [k], inv(u;) is also both in h and inv(h), and inv does not have
fixed point on the set of vertices. Hence, k is even.

The loop we construct is

geq = h’uk/2_>uk/2+l U inv(h)|uk/2+1—>uk/2‘

U241 = V°

inv(h)

Figure 4.10: Construction of the equilibrium loop.

Definition 4.5.32 (Equilibrium loop). The loop §eq of Construction 4.5.31 is called the equilibrium loop.

Let us give some properties of the loop geq.
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Definition 4.5.33 (Invariant loop). Let g be a simple loop of even length. We say it is invariant if for all
i< [#g],

invyg (vert(gei—1)) = vert(gug+2i—1)-
Lemma 4.5.34. The loop equilibrium loop eq is a simple, invariant, good loop.

Proof. The fact that geq is simple follows by construction: both h and inv(iz) are simple paths as they
are geodesics. Furthermore, we chose the paths so that the only vertices that are both in k|, 2= U 241

and inv(h)

The fact that geq is invariant also follows by construction: inv(fb)

|Uk/2+1_>uk/2 are their endpoints.

|uk/2+1ﬁuk/2 is obtained from

iz]uk Jja—ug /241 PY applying inv to each of its half-edges.
Finally, the fact that geq is good follows from the fact that

Uupyp) = Loinv(ugs) = L(ug/oy1),

and from the fact that A and inv(fz) are geodesics: the maximum of their labels may be attained only
once, or twice at consecutive vertices. O]

By the Jordan curve Theorem, geq separates m into two embedded maps, whose boundary is geq-
We denote by m . the embedded map containing the face incident to the global root, and by m_ the
other embedded map.

Lemma 4.5.35. Let v*® = w9 and v° = uy o1 in Construction 4.5.31. Let vy, . .., vq the neighbors of
v° in M. We have for all i € [d] that
(v;) > L(v°).

Proof. Assume that there exists ¢’ in ., a neighbor of v°, with #(v/) = ¢(v°) — 1. The only minima of
vertex labels in m are attained at v* and v*. Hence, there is a geodesic with strictly decreasing vertex
labels, of length l (v'), from v’ to one of v* or v*. Since the labels are strictly decreasing, the geodesic
may not cress the curve eq, so the geodesic goes to v*. Hence, we can construct a path of length £(v°)
to v*. This contradicts the fact that h is a geodesic. d

Let us now take (1, ) to be the glued map, constructed from (fit, ) and the leftmost good geodesic
g as defined in Section 4.5.5. The path g corresponds to a good loop § in m. We may identify edges of
m that are not on g, to edges in the embedded map m. . In particular,

h

v*—v®

can be seen as a path in m,.. The path § can be written § = g1 U g2, with §; starting at v*. We can
thus see h as being embedded in m

h=h|y e Ugy inthy.
Proposition 4.5.36. The loop g is the equilibrium loop Geq of M.
The proof relies on the following lemma concerning h.
Lemma 4.5.37. The path h is the leftmost geodesic in m between v* and v°.

For the proofs of both Lemma 4.5.37 and Proposition 4.5.36, we use the following paths. Given a
vertex u in g, we set

N g1|u—>vo if u is in gl
and  Gyrp =44

Gt G2 |u—sve ifuisin gs.

~ gl’v'—m if u is in gl
Ju— = . N
Js |vesu ifuisin gs,

Note that #§,/_ + #gu/— = #§G1 = #3g2.
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Proof of Lemma 4.5.37. Notice first that h is the leftmost geodesic in M between v* and v°. Let h' be
the leftmost good geodesic in m between v* and v°. We assume that h # h'. We show that in that case,
we can construct a path in m that is either shorter or to the left of h. This will contradict the fact that
h is the leftmost good geodesic.

Let u be the last vertex such that

B|v*%u - B,|v*ﬁu>

and u’ be the first vertex strictly after u along R’ that is in §. Since we assumed that h #* h’, we have
that u # v° and v’ is well-defined.
We consider the path h’|,«_,,/. Since h’ is a geodesic,

oo < # (B

vron UG ). (4.18)

There are two situations, depending on whether h’|, .,/ is contained in M or m_. Assume we are in
the former case, as depicted in Figure 4.11.

71
h |u—>u/

92
Figure 4.11: The case where h'|,_,, is in i .
If the inequality (4.18) is strict, then
B ey U Gy

is strictly shorter than h, this contradict the fact that h is a geodesic in m. Thus, we assume there is
equality in (4.18). If hA’|,«_,, is at the left of h, then

h/’v*—m’ - gu'—l—

is a geodesic form v* to v°, contained in m, at the left of h. This is a contradiction. If iz'|v*_>u/ is at
the right of h, then
RO _

~ 7!
v*—ve LGy U h |u’—>v°

is a geodesic from v* to v°, at the left of h'. This contradicts the fact that h’ is the leftmost geodesic
from v* to v°. Thus, ﬁ'\u_m/ cannot be in M.

We now assume that b’ lu—w is in m_. It implies in particular that u is in §;. This situation is
depicted in Figures 4.12 and 4.13.

If (4.18) is strict, then

iL(2) = i’/|v*~>v. L an (i:'/,|y'—>u’ U gu'-i—)

is a path from v* to v°, contained in m, and strictly shorter than h. This contradicts the fact that h is
a geodesic in m . Hence, (4.18) is an equality. In that case, if v’ is in g1, we see that

#B|v*—>u’ = #ﬁ,|v*—>u’,
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inv (2 |usur)

iIlV(iL/ | u—u’ )

Figure 4.13: The case where ﬁ']u_m/ isin m_,

Figure 4.12: The case where h'|,_,,/ is in m_, S
and v’ is in go.

and v/ is in §.

and that h is at the left of k' at u. We can thus construct a path of the same length as R’ that is to the
left of h'. This is a contradiction. If %' is in g2, then h(2) is at the left of i~1, is of the same length, and is
contained in m.. This contradicts the fact that h is the leftmost geodesic from v* to v°.

We thus necessarily have that h=nh. O

Proof of Proposition 4.5.36. Lemma 4.5.37 implies that h is the leftmost geodesic from the root vertex v*
to v°.
Consider now the leftmost geodesic h from v* to * = inv(v*). Let u be the last vertex such that

ﬁ‘v*—m = il’v*—m-

Assume that u # v° and let u’ # u be the last vertex along h that is both in § and h.

Gu' —

92
Figure 4.14: The different paths involved in the proof of Proposition 4.5.36.

We define the path _ B 5
R = hUinv(h|ys ).

This is a path from v* to v*.
We claim that k' is a geodesic from v* to v*. Assuming the claim for now, we observe that h is at
the left of A’. Thus, the path o
h' = h|v*—>u’ U gu’—f-

is at the left of h/ as well. However,
I = Rl + #Gury < H (Bloroson Ugur ) + #ury = #h.

Hence, h'isa geodesic from v* to v° on the left of h. As h is the leftmost geodesic from v* to v°, we
have h = h'. This implies that h|,«_,s = h|y*_,. This can only be satisfied if u = v/ = v°, i.e. if
h = h|y+_o. This immediately implies that v*® is part of h and

ﬁ|v‘%v° = iL|v‘~>v° .

Hence, we deduce that § = geq.
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We now prove the claim. We proceed in two parts: we first prove that

#Mv*—m’ = # (ﬁ

vroon UG ) (4.19)
and then that A _
o = # (Gurg UR oo ). (4.20)
This will imply the claim:
#h = #h| e + #BLy e = #Rlo e + FGur—  FGur g AR oo = H#B

=#a1

To prove (4.19), we notice that since hisa geodesic,
#hl o < # (B

However, if the inequality were strict, we could construct

vr—pe U gu'—) .

il(l) = il|’v*—>u’ U gu'+7

a path from v* to v° that is strictly shorter than h. This would contract the fact that h is a geodesic.
To prove (4.20), we proceed similarly: h being a geodesic implies

#ﬁ’u’—m* <# (gu'—f— L Mv'—ﬂ)*) :
If the inequality were strict, the path
A® —iny (gu,_ ¥ ﬁyu/%*>

would be a path from v* to v° that is strictly shorter than h. This conclude the proof of the claim. O

4.5.6 The mapping for maps on RP*

We can now give the full construction.

Construction 4.5.38. Consider a suitably labelled map (m, £) with two local minima. Choose a path
g as in Section 4.5.5. Construct the glued map (m, é) as in Section 4.5.4. This map comes equipped with
an orientation-reversing matching inv. Using the construction of Section 4.5.3, we see M as a map on the
orientation covering of a map m on the projective plane RP?. This map is naturally pointed: the pointed
vertex is the common image of the two vertices labelled by 0.

We now give the inverse construction. The idea is as follows: we can choose canonically a loop -
the equilibrium loop - in the orientable double covering of m. We can then contract the loop to obtain
a suitably labelled map with two local minima.

Let m be a non-orientable map on the projective plane RPP? which is flag-labelled by \: Fly, — [n]
and with vertex profile #9. We assume that m is pointed, i.e. that there is a distinguished vertex v
in m. We label the vertices of m by their geodesic distance to v, giving a suitable labelling ¢ of m.
Using the bijection of Proposition 4.5.8, we construct a half-edge labelled map m, equipped with an
orientation-reversing matching inv = py,. This is the orientation covering map of m. The labelling
of the vertices of m induces a labelling of the vertices of m: for every vertex © of m, there is a unique
image vertex v (by the projection from the orientation covering) in m. We set

0(0) = 4(v).
The map (m, é) is a suitably labelled map: the minimum of the labels is 0, and the difference between
the labels of two vertices connected by an edge is at most one since every edge in m is in the preimage
of an edge in m. In m, we choose geq to be the unique equilibrium loop in m (associated with inv).
Before constructing the map m, we exchange some of the labels in m.
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Construction 4.5.39 (Flipping the labels). By the Jordan curve theorem, the equilibrium loop Geq
separates m into two embedded maps: M containing the root face, and m_ the other one. Each face in
m corresponds to a cycle of @ or 0. All the labels of a face are either in [n] in the first case or in [n] in the
second case. For each face f inm_, if the labels of the half-edges incident to f (i.e. such that f is at their
left) are in [n1], exchange their label with the one obtained by applying inv. Similarly, change the labels of
the half-edges in a face of m_ with the one obtained by applying inv if they are in [n]. This mapping that
flips the labels is 29)=1-to-1, as each pair of faces in 1, except the one of the root face, may be flipped.

Once the labels are exchanged we can glue geq to itself to obtain a suitably labelled map with two
local minima.

Construction 4.5.40 (Closing the slit). Consider now the map . with boundary g, embedded in m. We
glue the boundary to itself to remove the boundary face. The good loop G can be written as the concatenation
of two good paths

9 =013
Let v® and v° be the first and last vertex of g1, they are the two minima of these good paths. We glue the

two paths together, identifying the vertices as follows: for eachi = 1,...,d — 1 there are exactly two
vertices at distance i to v®, we identify them. Denote by m the resulting map.

Note that thanks to Construction 4.5.39 The face permutations of m is 6.
Lemma 4.5.41. The resulting map m has exactly two local minima.

Proof. In m™ there may be local minima only at the root, or on the boundary of m*. The two possible
vertices where there might be minima are v® and v°. However, by construction, one of them, say v°®,
is connected to the root and may not be a local minimum. Lemma 4.5.35, however, implies that v° is
a local minimum in m, as the vertices that may be of lower label that it get removed in Construction
4.5.40. O

We can now state the main theorem of this section.

Theorem 4.5.42. The previous construction gives a 20(9)*1—1,‘0—71 mapping between the set of pointed
labelled maps on the projective plane with face profile given by 00, and the set of suitably labelled maps
with two local minima and face profile 6.

Proof. Denote by ® this mapping. Lemma 4.5.41 implies that this construction gives a well-defined
map to the set of suitably labelled map with two local minima. The fact that the face profile remains
0 is a consequence of the construction. In particular, the faces are not modified during the cutting
and gluing. The mapping ® can be seen as the composition of a mapping ®1, 2¢(¥)~1-to-1, that flips
the labels, see Construction 4.5.39, and a bijection ®, that consists in cutting the orientable double
cover and gluing the sides appropriately. The fact that ®, is a bijection follows from Propositions 4.5.8,
Proposition 4.5.22, and the fact that given an orientable double cover, there is a unique equilibrium
loop by Construction 4.5.31, along which we cut. This is the same curve we construct in the reverse
construction by Proposition 4.5.36. 0

Theorem 4.5.42 allows us to conclude the proof of Corollary 4.1.3.

Proof of Corollary 4.1.3. We proved in Proposition 4.4.2 that:

NI-2-1/2, () (Z)H #Mo(0(n)) + (;)H;] <; _ 1) m + 0(;2)

Denote by M, /5(6(n)) the set of edge-labelled maps on RP? with face profile #(n). Theorem 4.5.42
implies:

(1+n/2 =) #My5(8(n)) = 27 14#8:(6(n)),
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as (1 +mn/2 — 1) is the number of choice of a marked vertex in a map on RP? with [ faces and n,/2
edges. Hence,

N2 2emy = (2) T wmoem) + (2) L (2 1) sy Lo L
l - ﬁ 0 6 N ﬁ 1 N2 )
which is the wanted result. ]

4.6 The limit § — co and the roots of Hermite polynomials

We give a simple application of Theorem 4.1.2. Let us take the limit 5 — oo in (4.15). We get for all

n > 2 even,

—1)B, (r+s _

k1(n) = Z (Sllr< . )NS+1 /2 (eq)g_1 - (4.21)
gt+r+s=n/2—1+1

The terms of the expansion are linear combinations of expectations of product of distances in planar
maps with one face of degree n: with Remark 4.4.1 in mind, we see that since #V,™" > 1, we have
[+ #Vmin _ (] — 1) > 2. Necessarily, # V2" = 1 and the genus must be zero.

If we take [ = 1, the case of trees, we can push the computation further. We have that

0 VN -1 0 0 0
N -1 0 N—-2 0 0
1 VN — T
TY = lim T} = — 0 N—2 0 (4.22)
0 e 0 V2 0 V1
0 e 0 0 V1 0
The eigenvalues of v/ NT. are the roots of the Hermite polynomials He defined by
2 (AN o
Hepy () = (—1)Ne? /2 (d> e /2 for N > 1. (4.23)
x
In particular, if we denote by iy v < ho v < --- < Ay, N the roots of Hey. We have that
pn(hiN, - hvN) = Ki(n), (4.24)

for all N > 1. This is easily seen from the fact that the characteristic polynomial of .Y satisfies

det (z — Tolo) =z

det(z — TO]XH) = zdet(z — Tg) — Ndet(z — TOJX_I),
the same induction equations as for (Hey )y (see for instance [AGZ10, Section 3.2.2] for many
properties of the Hermite polynomials).

We give one application of (4.24). The two leading orders of p,,(hi n,...,hn N) are given by
[KM16]:

- 1 n — 1 ]_
N n/2-1 = S 1] 1 )

We recover that the number of planar trees with n/2 edges is the Catalan number Cat,, /5, and obtain

that
#85,((12 ... n)) = g <2”1 - (nn;;» ,
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or equivalently
(—1)IB, (r+n/2 -1 1 2 _1 n—1
g — =—(1L)gg——(dyo=—12"""—
= /2 - <eq>970 9 ( >970 n ( >9,0 n/2 )

that is:

(g 2" %n n? 1 \/? 32w s oo
= - ~ = = as .
(1)g0 Catyp(n/2+1) 8(n/2+1) 2V8

The above quantity is the average distance between two (distinguished) uniform vertices in a tree. This
is related to the expectation of the area under a Brownian excursion EBey = 1/7/8, see [Jan07].
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Chapter 5

Fay identities of Pfaffian type for
Hyperelliptic curves

This Chapter is based on a joint work with Gaétan Borot [BB24].

5.1 Introduction

We saw in Section 2.7 that Fay’s identity (Theorem 2.7.2) is not only a geometric identity, but also one
of many links between the geometry of Riemann surfaces and the theory of integrable systems. On the
other hand, the integrable -ensemble, for € {1,2,4} are also related to integrable systems. They
admit many determinantal (8 = 2) and Pfaffian (8 = 1, 4) formulae involving observables such as
expectation values of ratios of characteristic polynomials, as discussed in Section 2.7.4.

The large N asymptotic of these matrix models has been extensively studied, either by Riemann-
Hilbert methods relying on integrability [Pas06; CGM15; Cha+23], or by probabilistic techniques [Joh98;
APS01; BG13; BG24; Shc13; BGK14]. In the one-cut regime, i.e. when the large IV spectral density of the
random matrix is supported in a segment, the asymptotics are described by an asymptotic expansion in
1/N. In particular, for 8 = 2, the terms of the asymptotic expansion are generating series of maps (see
Section 2.8.1). In the multi-cut regime, when the large IV spectral density is supported on g + 1 disjoint
segments, a phenomenon of “tunneling” of the eigenvalues appear and the asymptotic expansion include
oscillatory terms, modeled by theta functions (see Section 2.8.2). This theta function is naturally the
Riemann theta function of the spectral curve (see Section 2.7.1) of the -model, which is hyperelliptic
of genus g. The exact determinantal identities for § = 2 allow us to recover in the large NV limit the
Fay identities. This implication will be shown in Proposition 5.5.2.

The purpose of our work is to generalize this to orthogonal and quaternionic self-dual 1-matrix
models. The determinantal formulae of the hermitian case for 2n-point functions of ratios of character-
istic polynomials are then replaced with the Pfaffian formulae found by Borodin and Strahov [BS06].
These models correspond to the 5§ = 1 and 3 = 4 cases of the J-ensembles, whose asymptotic analysis
in the (g + 1)-cut regime has been established for all 3 > 0 by probabilistic techniques in [BGK14;
Shc13; BG24]. The large N spectral density is described by a hyperelliptic curve of genus g independent
of £ and having a period matrix 7. The asymptotics of the partition function and the 2n-point functions
are governed by the theta function associated with the matrix gT. Inserting these asymptotics up to
0(1) in the Pfaffian identities for the 2n-point functions yield identities between these theta functions,
which can be expressed solely in terms of the geometry of the underlying spectral curve.

The spectral curves arising from the large N limit of the matrix models we consider must be
hyperelliptic, have real Weierstrafl points, and have the Boutroux property. We show that all such
curves can be realized as the spectral curve of an off-critical S-ensemble with polynomial potential
(Proposition 5.3.11). By analytic continuation we can extend the validity of the resulting identities to all
hyperelliptic curves. This gives our main results: Theorem 5.5.1 for § = 2, Theorem 5.5.4 for § = 1
and Theorem 5.5.7 for 8 = 4. It turns out that all three identities can be reformulated in terms of theta
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functions for the matrix of periods 7 (instead of gT) and in this form we are able to give them a second
proof by direct algebraic methods. Interestingly, the 5 = 1 and /3 = 4 identities are equivalent via the
modular properties of theta functions, and the § = 2 identity implies the Fay identity in the special
case of hyperelliptic curves.

As a byproduct of our proofs, we obtain a seemingly new formula (Proposition 5.4.3 proved in
Section 5.5.4) for the equilibrium energy of the S-ensembles in the multi-cut regime in terms of the
geometry of the spectral curve. Although the ingredients are the same, at first sight it does not have
exactly the same form as the 1-matrix model specialization of the formula known in the context of the
2-matrix model [Ber03]. Independently of our analysis, we also establish (Proposition 5.4.4 proved in
Section 5.6) an explicit formula for the derivative with respect to filling fractions of the equilibrium
entropy. For 8 # 2, the equilibrium entropy appears as the order IV term in the free energy of the
B-ensemble, and its derivatives with respect to filling fractions appear both in the asymptotics of
the partition function (Theorem 5.4.1) and in the centering in the generalized central limit theorem
(Theorem 5.4.2).

The strategy of proof via asymptotics in integrable random matrix ensembles is somehow more
interesting than the resulting identities in the particular case we studied, and constitutes the originality
of this study. In principle this strategy can be applied to any random matrix ensemble:

(i) which is amenable to asymptotic analysis up to o(1) in the large size limit and in the multi-cut
regime;

(if) in which exact formulae for 2n-point functions in terms of k-point functions (with & independent
of n) are available.

Finally, we remark that similar formulae can be derived from the study of quasiperiodic solutions to
the Pfaff-Toda Lattice [ASMO02]. It is however unclear how these formulae are related to ours.

5.2 [-ensembles and their properties

We recall a few facts about the 3-ensembles and review the determinantal and pfaffian formulae of
Borodin and Strahov [BS06]. We use the notation [g] for the integer set {1, ..., g}.
5.2.1 The unconstrained model

Fix a finite union A of compact intervals of R, a positive integer IV, a real number § > 0, and an
even-degree polynomial V' (the potential) with real coefficients and positive top coefficient. We consider
the probability measure PK on AN defined by

N
1 _BN N .

dPR(A) = 7V [AN)Pe 2 2= VO TT (NN, (5.1)
N =1

where A = (A1,...,An) € AN, A(X) = [],_;(\j — \;) is the Vandermonde determinant, and

i<

v _ B oxc BN S~ T
2= [ 1P e (=53 vo) [Ty

is the partition function. Many results that we quote are formulated with A = R but their validity
trivially extend to the case of A compact. We choose to work from the start with a compact A as
it facilitates the statement of the asymptotic results we will need and does not lead to any loss of
generality.

When 8 = 1,2 or 4, IP’X, is the distribution of the IV eigenvalues of a random matrix whose law

is proportional to e™ 2 VIM)q M, where M is a matrix which is real symmetric (8 = 1), Hermitian
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(8 = 2) or quaternionic self-dual (5 = 4) and which is conditioned to have spectrum in A. The measure
dM is the product of Lebesgue measure on the R-linearly independent entries of M. In particular,
when V(M) = %M 2, the entries M;;,i < j of the matrix are independent Gaussian random variables.
These matrix ensembles are known under the name of Gaussian Orthogonal Ensemble (GOE) for 8 = 1,
Gaussian Unitary Ensemble (GUE) for § = 2, and Gaussian Symplectic Ensemble (GSE) for 5 = 4, see

[Meh04]. The $-ensembles (5.1) constitute a generalization of these models.

5.2.2 The model with fixed filling fractions

Let us write A = | |]_, A, where A}, are the connected components of A. In addition to the measure
(5.1), we define the 3-ensemble with fixed filling fractions as follows. Let N = (N3)7_, € (N*)9 such
that N1 + --- + Ny < N and introduce Ny € Z-¢ such that

N0+"'+Ng:N'
We call Ny, /N the filling fraction of Aj. We define the measure with fixed filling fractions by

g N

1 BN
Py v = AN exp < -5 V(Ah,n) ITIT2aOuadh, 62
N,N/N h=0 i=1 h=0i=1
where A = (Ap1,. .., AnN, )j—g is @ N-tuple and
BN g Np g M
ZNNIN = / JAN)[Pe™ 2 Zhmo 2=t VW) TTTT 14 Ona)dAn,
’ AN h=0 i=1

is the partition function for fixed filling fractions. To distinguish it from the model with fixed filling
fractions, we refer to (5.1) as the unconstrained model.

5.2.3 Equilibrium measures and their Stieltjes transform

We define the empirical measure as Ly = % Zf\il 0y, It belongs to the space of probability measures
on A, which we equip with the weak topology. We first consider Ly in the original model. The
following result comes large deviation arguments [AGZ10, Theorem 2.6.1 and Corollary 2.6.3], but see
also [Dei00; APS01; Joh98].

Theorem 5.2.1. Assume that V is an even-degree real polynomial with positive top coefficient. As
N — oo, Ly converges under ]P’% almost surely, and in expectation (when tested against continuous
bounded functions) to the unique probability measure ji.q on A maximising the energy

el =5 [, (mie == D auantn. 53

Furthermore, jiq has compact support S consisting in a finite union of segments. It is characterised by the
existence of a constant ¢ such that

Ve e A Q/Aln|:v — &ldpeg(§) = V(z) <c, (5.4)

with equality fi.q-almost everywhere.

We will only need to consider S = | |7_, ), where S}, is a segment contained in the interior’ Ay,
of Ap. Without loss of generality one can and one will restrict Aj, to be a small enlargement of .S;,. The
choice of this enlargement will be irrelevant for our purposes, as it does not change the equilibrium
measure and only affects the model by corrections which are exponentially small in [V, see e.g. [APS01,
Proposition 2] or the discussion in [BG13, Section 2] and references therein. In the model with fixed
filling fractions, Theorem 5.2.1 has the following adaptation.

"This is usually called the ’soft edge’ case, by opposition to hard edges that are endpoints of S in the boundary of A.
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Theorem 5.2.2. [BG24, Theorem 1.2] Consider a sequence indexed by N of g-tuples of nonnegative integers
N = (Ny,...,Ng) withY9_ N, < N and assume there exists € = (e3,){_, such that N,/N — €, for
allh € [g]. Then, Ly = % >h o fV:’Ll Ox, . converges almost surely and in expectation under IP’K’N/N
towards a deterministic probability measure [i.q ¢, Which is the maximiser of (5.3) among probability
measures giving mass €y, to the segment Ay, for each h € [0, g|. It is characterised by the existence of
constants (cp,)j_ such that

Vhe0g Veed, 2 / |z — €|dpege(€) — V() < e
A

with equality fieq | A, -almost everywhere.

The filling fractions at equilibrium €* = (¢};)7_, are defined as €}, = jieq(A}), and one can show
that fieq = fleq,er — see [BG24, Section 1.4].

Let us now discuss the properties of the equilibrium measure, both in the unconstrained case
(Theorem 5.2.1) or fixed filling fraction case (Theorem 5.2.2) . We introduce the Stieltjes transform of

the equilibrium measure
dpte
Wi(z) = / . q(&),
A z=§
defined for x € C\ S. In [Joh98], Johansson introduces the polynomial

Pl = [ FO= g,

and derives the equation
Wi(z)? = V'(z)Wi(z) + P(z) = 0, (5.5)

forall z € C\ S. This equation is the large N limit of the first Dyson-Schwinger equation of the model,
and its origin can be traced back to [Bré+78; Mig83]. In particular, it implies that

V@), V@ =1P)

Wiz) = — 2

(5.6)

The determination of the square root should be chosen such that Wy (x) ~ % as x — oo and W;
is holomorphic in C \ S. As this determination plays an important role in our discussion, it is worth
reviewing in detail how this can be achieved. The standard determination of the square root gives a
holomorphic function z + /x on C \ R<q such that R=o = R¢ and (y/7)? = 2. We decompose
V'(x)? — 4P(z) = M(z)?0(z), where ¢ is a monic polynomial with simple real roots and M is a real
polynomial with positive top coefficient. We write further

g9
o(x) = [[ (= — an)(z — bn),
h=0
with:
a0<b0<a1<b1<---<ag<bg,

The locus 0~ (C \ R<p) is a union of g + 2 connected components, labeled from left to right: Cj
contains qg in its closure, C}, contains by, and aj,; in its closure for h € [g — 1], and Cy41 contains b,
in its closure. For z € Cj, with h € [0, g + 1] we set s(z) = (—1)971" /o (). This definition makes
s(z) a continuous (thus holomorphic) function of z € C \ S. It is discontinuous on (ay, by, ) because by
crossing this segment we stay in the same component, so we keep the same global sign coming from the
component we are in while the standard determination of the squareroot does get a sign change since

164



5.2. B-ENSEMBLES AND THEIR PROPERTIES

o(x) crosses R.g. Then, M (z)s(x) is a holomorphic function of 2 € C \ S, and M (z)s(z) ~ tz¢!

for some d > 2 and t > 0. The constraint Wy (x) ~ % as x — oo leads to the formula:

Wi(z) = . (5.7)

The fact that W is the Stieltjes transform of the equilibrium measure puts some constraints on the
polynomial M.

Lemma 5.2.3. The support of fieq is S = | |]_, Sp, with Sy, = [ap, bp] and we have

dpteq _ M (z)Im(s(x +10))
dx 2w

1g(x).

For each h € [g], the number of zeros (with multiplicity) of M in [b,_1, ay) is odd. For each h € [0, g|, the
zeros of M in (ap, by) have even multiplicity (if there is any).

Proof. By construction, for any h € [0, g] and = € (ay, by,) we have s(z 4 i0) € (—1)97"R~ and for
any h € [0,g+1]and z € (b,_1, ap) we have s(x) € (—1)9T17"R ¢, with the conventions b_; = —o0
and ay41 = +00. By definition of the Stieltjes transform, the function W7 (z) has a discontinuity in the
interior of the support of jeq. It is identified as the real locus where the polynomial V'(z)? — 4P(x)
takes nonpositive values, and thus coincides with S = | |} _[as, bp]. The density of the equilibrium
measure is reconstructed from the jump:
vz € R, djteq " (z —10) - Wi (x 4 10)
dz 2im

_ M(a:);f;c +1i0) 6(x)
M (x)Im(s(x +i0)) 1
N 2

s(x).

Since fieq is a positive measure and since Im(s(x + 10)) has a constant sign in each (ay, by,), M should
have constant sign in S}, and thus have zeros of even multiplicity there (if there is any). Likewise, since
the sign of Im(s(z + i0)) changes between two consecutive segments in the support, M should have at
least a sign change in the closure of the interval between these two segments, hence an odd number of
Zeros. O

Lemma 5.2.3 allows us to give an expression for the density p of the equilibrium measure. Indeed,

pz) = Wi(z — 10)2;TW1 (z +i0) _ M(z)
—M(z)o(x)

= T]lg(x).

s(x +140) — s(x — 0)
4

]lg(x)
(5.8)

Definition 5.2.4. The effective potential is defined forx € AbyU(z) := V(z) —2 [, In |z — &|dteq(&).
It satisfies
Vee A\ S Uz) =V'(z) —2W1(x) = M(z)s(z),

VeesS U'(z)=V'(z)— Wi(z +i0) — Wi(z — i0) = 0. %)

Remark 5.2.5. For the equilibrium measure in the unconstrained case, Theorem 5.2.1 says there exists a
constant ¢ such that U(x) = cfor all x € S. In view of (5.9) the latter property is equivalent to

ap,

Vh € [g] M (x)s(z)dx = 0. (5.10)

bp_1
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5.2.4 Determinantal and pfaffian formulae

Expectation values of ratios of characteristic polynomials, also called kernels, are quantities of interest
in random matrix theory. Let us introduce the notation <>x for the expectation value with respect
to ]P’K (the value of § will be specified in each case), and A = diag(\). Given ¢y, ...,¢n, € Z, and
Z1,...,%m € C with the condition x; ¢ A if ¢; < 0, the m-point kernel is defined as

(et = (]

In [BS06], Borodin and Strahov derive formulae to compute the kernels. In what follows, we will
always consider the “balanced” case, that is, when there are as many characteristic polynomials in

m N

1($j'_'Ai)Qj>

%

=1i= N

the numerator as in the denominator. Given two tuples of complex numbers = (x1,...,Z;,) and
&= (Z1,...,Tm,), We write
mi1 mo
A, &) = [ [[(xi — %))
i=1j=1

The determinantal case: § = 2
In that case, we have the following formulae.

Theorem 5.2.6. [BS06, Theorem 4.1.1] Let N, m1, my be positive integers, and sets of complex numbers

x={x,...,m} ' ={a],... 20, }
&= {F1,. . Fmy} & ={F,..., 7},
such that
zNa' =0, zNa =0, £NA=0, T NA=0.
We have:

m m ~ Vv ~ o~
<1—i det(z; — A) ﬁ det(z; — A) > _ (_1)%((m1+m2)2+m2_m1) Az, ') Az, &)
j=1 det (SU; — A) j=1 det (i‘; — A) N ) )

x det (M(Q) (z,x'; 5:,5:’)),
in terms of the block matrix of size (m1 + ma):
(2) = (2)
MO, of 5,3 = | M) M) )
ML (7, 25) M

where i is a row index, j a column index, and the entries are:

N _y
N-1 N
ME () = N2 (et — A det( — ADA
N
14
@ N det(z — A)
M+ (.I‘,ZE) x—:p,<det(l’/—A) N’
- 1%
(2) ~1 AN 1 det(x - A)
M +($ ’x) T —5 <det(5}’—A) N’
Ny Ny

1 N+1
S N+1 Z% <det(;ﬁ’ — A)det(z’ — A) >N+1
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Orthogonal ensembles: 5 =1

Recall that for an antisymmetric matrix A of size 2m, the pfaffian is defined as

1 m
Pf(A) = o EG: Sgn(a)l_[lAa(Qi—l),a(%)'
occBGam 1=

Theorem 5.2.7. [BS06, Theorem 1.2.1] Let N, m be positive integers and set of complex numbers
x={r1,...,2m}, ' ={x),..., 2},
such that ' N A = (). We have:

m 14 /
<H det(fva—A)> _ Agwgpf (MO, 2, (5.12)

j=1det (x; - A) .

in terms of the antisymmetric matrix of size 2m:

(1) 1) '

M T, ri) M (x;, o

./\/l(l)(a:,m/) = a—;( ! /) ?_1)( / f) ’ (5.13)
ML (2], x5) ML

with entries

2N v
2N -2 9N
MY (@) = (2N ~ 12N (2 - 5) 22 (det(z — A) det(z - Apz=Y
2N
14
(1) N1 det(x — A) VI 514
M+—(x7x)_x_x/<det(x/_A) QN_ M_+({E,.T), ( . )
_2N v/ oN
MO iy = T —F Zani 1 2z
—\% @GN+ 12N +2) 2, \det(@ — A)det(@ — A) /ypig |

Symplectic ensembles: § = 4

The case 8 = 4 is very similar to the case § = 1.

Theorem 5.2.8. [BS06, Theorem 1.2.1] Let N, m be positive integers and two sets of complex numbers
x={x1,...,Tm}, ' ={x),..., 2},

such that ' N A = (). We have

m 2\ Y !
<H det(x]—A)2> _ Mpf (MDD (z,2")), (5.15)
j=1 det <x; - A)

with the same block structure as (5.13) but entries

) 7 ~V

- N-1 - A2 = A2\ N1
MY (2,5) =N 7T (z — ) <det(1: A)2det(F — A) >N_1 :

1 det(z — A)? v

(4) n_ - — MW 5.16

MJF,(.Q?,.T) T — ! <det(a:’—A)2>N M—+( 7$)7 ( )
Ny N
ZN+1 =V
MG (@ 5 = L ZNEL (1 gy < = 2>N+1
N+1 Zy det(z/ — A)“det(z' — A)*/
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5.3 Geometry of the spectral curves

This section collects the information on theta functions and geometry of the spectral curve that will be
needed later to present the large N asymptotics in the S-ensembles. We only give the details necessary
to understand the formulae of Section 5.4 and 5.5 in a self-contained way. We refer to the many textbooks
address in details theta functions and the geometry of Riemann surfaces, for instance [Fay73; Mum§83;
FK92; Ber06].

5.3.1 Theta functions
Let us recall the definition and properties of the theta function.

Definition 5.3.1. Let T be a complex g X g symmetric matrix such that Im T is positive definite. The
theta function with characteristics p, v € RY is the function defined by

Vz2eCf Wuu(zlt)= ) exp(in(n+p) 7(n+ p)+2r(n+p)- (2 +v)).
nezI

We set ) := Vg .

The condition Im 7 > 0 ensures that the function is well defined. Let us define the period lattice
associated to T as L = Z9 @ 7(Z9). The theta function is quasi-periodic: for m,n € Z9 we have
m + 7(n) € L, and for any z € CY

19“,” (Z —I—m—i—'r(n)“r) _ e2i7rm-,u,—i7rn-(T(n)+2z+2u),l9u’l/(z|7_)'

Definition 5.3.2. An odd half-integer characteristic is ¢ = %e + %T(e’), with e, e’ € Z9 such that
e-e €2Z+1.

By direct computation, if ¢ is a odd half-integer characteristic, then 6(c|7) = 0.

5.3.2 Geometry of Riemann surfaces
Basis of cycles and forms

Let C be a compact Riemann surface of genus g. The first homology group H 1(6’ ; Z) has a basis
(A, By)7 _; which can be chosen to have the following properties under the intersection pairing

Vh,k € [g] A, N A, =0, B, NB, =0, AhﬁBk:(sh,k.

Such a basis is called a symplectic basis of homology, and C equipped with such a basis is called a marked
Riemann surface. We can for instance choose a point pg and simple closed curves on C representing the
2g classes (Ap, By)Y_, such that all the curves intersect each other at py only. For spectral curves of
[B-ensembles, we will later work with another set of representatives (Section 5.3.3). We keep the same
notation for homology classes and their representatives. The surface C° = C'\ U7 _,(An UBp) is then
simply-connected. The A-cycles (Ap,)j_; determine a dual basis of holomorphic 1-forms (dus)j_;,
such that

Vh,k € [g] 7{ dug = 5h,k-
Ap
The matrix of periods 7 is then defined by
Vh,k € [g] Thk = % dug. (5.17)
By,
It is symmetric and Im(7) is definite positive, in particular we can consider the theta function with

matrix gT for any 8 > 0. The theta function with matrix equal to (5.17) is called the Riemann theta
function.
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Abel map

With the 1-forms (duy); _; defined in Section 5.3.2 we can introduce the Abel map.

Definition 5.3.3. Choose a base point pg in C. The Abel map u: C0 — Y is defined by

ui(2) —/ du,
Po

The definition of the Abel map depends on a choice of base point pg. However, we will often
consider differences u(z) — u(w) of Abel maps, which are independent of py. Depending on the context,
we may also consider the Abel map as a map u: C — CY defined on the universal cover C of C' based
at po. We say that c is nonsingular if 6 (¢ + u(z) — u(w) ‘7’) is not identically 0 when z,w € C. Non
singular odd half-integer characteristics exist, and in what follows we fix one.

where the path of integration is in Co.

Prime form

We introduce the holomorphic 1-form

g
We = Z 9.,0(z|T)|,_ dun.
h=1

The prime form is:

O(c+ u(z1) — u(z2)|7T) .

E(Zl,ZQ) = (5-18)

It is defined as a holomorphic bispinor on C' x C, i.e. a (—3) ® (—3) form. It has zeros only at 21 = 2,

and in local coordinates (, we have

E(s1.2) ~ (1) —Clz2)
T sz /A (21)d( (22)

The prime form on the Riemann sphere C reads

Ty — X2

vV dxldxg ’

Given a meromorphic function X : C — C, we can define the relative prime form:

Eo(x1,22) =

~ E(z1, 22)
FE(z1,22) = . 5.19
(1022) = 5 X (o), X (22)) (.19
We observe that E(z, z3) is a function on C' x C, such that
lim E(zl,ZQ) =1. (5.20)

Z9—21

Fundamental bidifferential

Definition 5.3.4. The fundamental bidifferential B(z,w) is the unique bidifferential (i.e. a1 ® 1 form on
C x C) such that

1. Symmetry: B(z,w) = B(w, z);

2. Normalisation: Vh € [g] f-Ah B(-,w) = 0;
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3. Singularities: B(z,w) is meromorphic with only a double pole at z = w, and if  is a local coordinate,
we have

Bw) =, (e e + 56l + 06 = 6w ) dc2)ac(w)

for some function Sp ¢ locally defined on C.

The fundamental bidifferential can be expressed as
B(z,w) =d.dy Inf(c+ u(z) — u(w)).

and this expression is independent on the choice of a nonsingular odd half-integer characteristics c.
Given p, ¢ € C and a choice of path v, , from p to ¢, we define the meromorphic form

4Spq(2) = / B(z,"),

p,q

It has two poles of order 1 in p and ¢, with respective residue —1 and +1. Equivalently we can consider
that it is specified by the choice of two points p and ¢ in the universal cover C'. The prime form appears
in the following computation.

Lemma 5.3.5. Fori =1,2, let z;, z; € C and v; a path from Z; to z;. Then:
FE E(z,z2
/ / B :/ Sz, = ln< (21, 22) (’fl’ZQ)).
Y1 /2 oGt E(Z17Z2)E(21722)

Decomposition of meromorphic forms

One distinguishes between three kinds of meromorphic forms:
+ holomorphic 1-forms (first kind);
« meromorphic 1-forms with vanishing residues (second kind);
« meromorphic 1-form with non-vanishing residues (third kind).

The space of first kind differentials has for basis (duy)j_,, which are dual to the A-cycles.

Assume that a choice of local coordinate (), near each point p € C has been made. A basis of the
space of second kind differentials is then given by

dBy 1 (2) = Res Cp(z')_kB(z/, ).
Z'=p

for p € C and k € Zg. Given the properties of the fundamental bidifferential, its only pole is at p with
order (k + 1), where it behaves like:

dB,i(2) = - d(Gl(=)") + O(dGs(2)).

2
Besides, we have fAh dB, = 0 for any h € [g].

Assume that for each p € C?, a choice of path Ypo,p from pg to p in CO has been made. An example
of third kind differential is

dSpo,p(2) = B(z,-), (5.21)

Tpo,p

It has two poles of order 1 in pg and p, respectively of residue —1 and +1, and has zero .A-periods.
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Every meromorphic 1-form ¢ can be decomposed uniquely as a sum of first kind, second kind and
third kind differentials?:

o(2) =<§ 73 h ¢) du(2)

+ Z (Res qS)dSpO,p(z)
p simple pole P
of ¢

dB, k(2
£ (Resche) e,

k>1 p pole of
order (k+1) of ¢

5.3.3 The spectral curve

We elaborate on Section 5.2.3 and construct the spectral curve associated to the equilibrium measure of
[B-ensembles, for the moment indifferently in the unconstrained case or the fixed filling fraction case.
This prepares us for Section 5.4 where the asymptotics in the $-ensembles is described solely in terms
of the geometry of this spectral curve.

Construction of the marked Riemann surface

The equation (5.5) satisfied by the Stieltjes transform of the equilibrium measure has two solutions:

V/(x
Fu@) = U 4 ye) = W),
Vi) (5.22)
x
Fo(z) = —= —ylz) = V'(z) - Wi(a).
where y(z) = —3M(z)s(z) and y(z)> = $V'(z)> — P(z). After the birational transformation
(z,y) — (z,s = —%) we have the equation of an hyperelliptic curve
g
s* =o(x) = [[ (= — an)(z — bn)
h=0
where the Weierstrafy points ag, b, . . ., aq, by are real. This curve is constructed from two sheets

homeomorphic to C \ S, which are glued together along S. The two sheets are embedded into the
curve by

C\S — CcCxC
PSRN (x,£s(z))

We denote the sheets by C = ¢ (C\ S), and C'4 are the sheets including their point at infinity. Adding
these points at infinity oo to C, we get a compact Riemann surface C'. We define the projection map
as the meromorphic function

¢ — C
T

X (z,s) +—

This function has simple poles at coy and it defines a degree 2 branched covering of the Riemann
sphere C, whose branch points are the zeros of o. It allows us to define local coordinates (;, around any
point p € C, which is used in Section 5.3.2 to define a basis of meromorphic differentials:

®Given ¢, we can always perturb the representatives of A and B-cycles so that all poles are contained in C° and we can
use (5.21).
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« If p is a ramification point, we take (,(z) = /X (2) — X(p) for some choice of sign for the

squareroot.
o If p= 0oy, then (oo, = X (2)71.
« In all the other cases, {,(z) = X (z) — X(p).

We shall take py = oo as reference point for the definition of the Abel map (Section 5.3.2). For later
use we analyse the prime form over C near co.

Lemma 5.3.6. We have: .

Eo(z,,%) dCooi(é) S—oos = T(z)

Proof. Since dX (Z) = — X (2)?d(x0, (Z), we have

i Eo(z, ) A (5) = Tim (X(2) — X ()Y XX -1

Fvo0t 004 AX(2)dX ()  /—dX(2)

d

We choose representatives for a symplectic basis of homology on C like in Figure 5.1. Namely,
we take A}, representing a counterclockwise loop in C; going around the cut Sy, for h € [g]. For
convenience we fix a representative .4 of a counterclockwise loop surrounding Sy in C, whose
homology class is —(A; + - - - + Ay). We take B}, representing a loop in C travelling from Sy to S}, in
C4 and in the opposite direction in C_.

An

A

F

C J

A

Figure 5.1: Two cycles A, and By,.

The 1-form ¢ and the Stieltjes transform

The branched covering X : C' — C alone does not determine the equilibrium measure: we also need to
specify the meromorphic function Y : (z, s) — —2M(x)s on C. Itis such that Y (z) = FiM(z)s(z)
for z € Cv. The advantage to work with the Riemann surface C is that the function W7, originally
defined on C \ S (Section 5.2.3) can be analytically continued to a meromorphic function on the whole
C'. Indeed, the meromorphic function Wi (z) = % + Y () coincides with Wy (X (2)) for z € C,.
We can also see this by noticing that Fy in (5.22) are two solutions of the Riemann-Hilbert problem

VeeS  F(x+i0)+ F(z —i0) = V'(x). (5.23)
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Definition 5.3.7. We equip C' with the meromorphic 1-form ¢(z) = Wy (z)dX ().

The previous discussion shows that ¢ has a simple pole at co with residue —1, and a higher order
pole at co_ with:

¢(z) = dV(X(2)) -

v -8 o(39)

X(2)?

where we recall that (, = 1/X is a local coordinate near co1. As X has two simple poles at co, the
form d X thus has double poles at these points with

dX = -2, Ao, -

The 1-form ¢ therefore decomposes as in Section 5.3.2:

g d
. s t
¢ = 2imejdup + dSoo, 0o — EkdBooﬂk. (5.24)
h=1 k=1

where the potential is V(z) = Zi:l t’“,f *. The path from ooy to co_ used in the definition of the
1-form dS. oo_ is chosen so that it does not intersect (Ap, Bh)i:r For instance, one can take it to be
Ly (ao + iRzo) Ui (CLO - iRgo).

Remark 5.3.8. For the equilibrium measure in the unconstrained case, the property noticed in Re-
mark 5.2.5 can be equivalently rewritten as

Vh € [g] b =0,

As the filling fractions are real, this implies that for any v € H; (O ,Z), we have Re( 3% <Z5) = 0. Pairs
(C’ , ¢) satisfying this property are called Boutroux curves, see [Ber11].

The fundamental bidifferential and the second correlator

Under the assumptions discussed in Section 5.4.1, [BG24] shows that the N — oo limit of the second
correlator in the model with fixed filling fractions N /N — € exists:

B 1 1 v
Wz(xl’x2) N ]\}gnoo 2 Tr (l‘l - A) Tr (1‘2 - A) N,N/N B Wl(xl)Wl(xQ) '
It can be shown to satisfy the Riemann-Hilbert problem
. 1
V(xl,xz) c ((C\S) XS, WQ(.Tl,.TQ‘i‘iO)‘i‘WQ(.Tl,[EQ—io):—m, (525)
1 — 42

forx € C'\ Sandy € S, see for instance [EKR18, Chapter 3] or [BEO15]. Besides, Wy (z1,x2) =
(’)(1 / x?) as x; — oo since the total number of particles is deterministic, and

Vh € [g] Wa(xq, x2)dzy =0, (5.26)
Ap

since the filling fraction of the segment Ay, is fixed.

The Riemann-Hilbert problem (5.25) implies that we can define a meromorphic function Wa(z1, 22)
on C x C such that Wh(z1, z3) = Wa(X (21), X (22)) when 21, zp € (. By examining the behavior
of W at the poles and considering the A-period conditions (5.26), one can identify it in terms of the
fundamental bidifferential:

dX(Zl)dX(ZQ)
(X(21) = X(22))*

B(z1, 22) = Wa(21, 22)d X (21)d X (22) + (5.27)

Definition 5.3.9. The spectral curve of a 3-ensemble is the marked compact Riemann surface (C’ A, B)
equipped with the meromorphic functions X, Y and the bidifferential B.
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5.3.4 Characterisation of spectral curves of S-ensembles

In Section 5.3.3 we explained that the Riemann surface C underlying the spectral curve of a $-ensemble
is hyperelliptic with real Weierstrafl points. We now prove the converse, namely that all such Riemann
surfaces can be realised (non uniquely) as the underlying Riemann surface of the spectral curve of an
unconstrained $-ensemble.

Definition 5.3.10. If G is a meromorphic function in a neighborhood of 0o in C, we define its polynomial
part V[G](z), which is the unique polynomial such that G(z) = V[G](z) + O(L) asz — oco.

Proposition 5.3.11. For anyag < by < --- < ag < by, there exists a polynomial V' of degree (2g + 2)
with top coefficient ;ggj;; > 0 and there exist for each h € [0, g] a segment Ay, which is a neighborhood
of [an, bp] in R, such that the unconstrained (3-ensemble with potential V on A = | |] _, Aj, admits an
equilibrium measure with support S = | |7 _.[an, bp] and in (5.7) we have M (x) = tag2 [ 7, (x — 2z1)

having roots outside A and such that b;,_1 < z, < ay, for any h € [g].

Proof. Take 2g + 2 real points ag < by < --- < ag < by and introduce polynomials o (z) = [ ]} _,(z —
ap)(z — by). We have seen in Section 5.2.3 that there exists a unique holomorphic function s(x) on
C\ LIS _olan, bp] such that s(z)* = o(x) and s(z) ~ 29"! as @ — oo in the complex plane. Take
h € [g] and introduce the continuous function

VA e 0,1 Jh(X) = /bah s(z) H (2 — (Akbr—1 + (1 = Ap)ag))dz.
h—1 k=1

By continuity, s(z) has constant sign for z € (b,—1, ay). Besides, for A, € {0, 1} we have sgn(J,(A)) =
(—1)9~h+1=M The Poincaré-Miranda theorem [Mir41] then implies the existence of A* € [0, 1]¢
such that Jj,(A*) vanishes for any h € [g]. Since Jj(A) does not vanish when A\, € {0,1}, this
A* must be in (0,1)9. We let 2z, = A\jby—1 + (1 — A})ay, for h € [g] and introduce the polynomial
M (x) = tag2 [}, (x — 25), where the constant 942 is chosen such that

=1. (5.28)

I O M (x)Im(s(z + i0))
Z/ 27

h=0"%h

The sign discussion for s in Section 5.2.3 reveals that all terms in (5.28) are positive, thus #2442 > 0.

2g+2
2g+2°

s(z)M (z) B b M (x x—|—10))
g M h0s S f S
where A}, is a counterclockwise loop around [ap,, by,]. Therefore,

2  x—oo

and

Then, V(z fo €)d¢ is a polynomial of degree 2¢g + 2 with top coefficient

This V' defines the potential in a 3-ensemble which we consider over the domain A = | |7_, Ay, where
Ap = [a,b,] and z, < a}, < ap and by, < b}, < 241 for any h € [0, g, with the conventions
20 = —o0 and zg11 = +oo0. It remains to check that W (z) := £(V’'(2) — M (z)s(x)) is the Stieltjes
transform of the equilibrium measure of this (unconstrained) S-ensemble.

We define the measure p with support S = | |7 _[an, by] and density

dp W(z —1i0) — W(z +10) _ M(z)s(x)
dz 2im 2T

1g(z).
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By construction, W is the Stieltjes transform of y. Since M has a single zero between each components
of the support, p is a positive measure — see the sign discussion in Section 5.2.3. Define U(x) =
V(z) =2 [gIn|z — &|du(E). We clearly have

Ve e S U'(x) =V'(z) = Wi(z +i0) — Wy (z —i0) = 0.
Integrating this from ay, to x € (ap, by), we find a constant ¢j, such that U (z) = ¢, forany x € (ap, by).
Besides, for any h € [g] we compute
ap, ap, ap
Ch— Ch—1 = / U'(z)dx = / (V'(z) — 2Wi(z))dz = M (z)s(x)dz.

bp—1 bp—1 bp—1

Since we have chosen (z1, ..., z4) so that this integral vanishes, ¢, is independent of h. As a result, 1
satisfies the characterisation of the equilibrium measure from Theorem 5.2.1 (unconstrained case). By
uniqueness, this must be the equilibrium measure: j1 = fleq. O

5.3.5 Deformations of the curve

We consider real and complex deformations of the complex curves, that will be used in Section 5.4 to
extend the validity of our formulae beyond their realisation for spectral curves of 5-ensembles. We first
show that within the class of spectral curves of -ensembles, we can always realise any vector of filling
fractions in a small neighborhood of a given one by perturbation of the support.

Lemma 5.3.12. Letag < by < -+ < ag < by and take a corresponding M () = tago [[4_,(x — z)
with z, € (by_1,ay,) as in Proposition 5.3.11. There exists a small neighborhood Q@ C R?9 of (ay, zh)zzl
such that the map I1 : Q@ — R?9 given by

H(al,zl,...,ag,zg)—( 5 (z)y/—d(z)dz, ~(:c)\/%dgc)g :

bp—1 h=1

is a diffeomorphism onto its image, where we have set:

g g
I(z) =togya [[(—2) and  &(z) = (z —ao)(x —bo) [ [ (= — @) (@ — by).
k=1

This will be used in the following form.

Corollary 5.3.13. There is a dense set of ag < by < --- < ay < by for which there exists a 3-ensemble
whose associated equilibrium measure of Theorem 5.2.1 has filling fractions €* whose components ey, ..., €
are Q-linearly independent.

Proof of Lemma 5.3.12. 11 is a smooth function of (ay, éh)‘zzl intherange bg < z1 < a1 < b < Zy <
ag < -+ < zZg < ag < byg. We compute its Jacobian

M(x)\/—6(z by, —M(z)y/—
fah z " ) dw

det 2(96 ak) an (f” Zk)
f - x)rd f - 33)\/7
bh_1 (z—ag) bh—1  (z—Z) 1<h,k<g

by

g g
/b TT deon i (on) /=5 (an) (5.29)

9 h=1

~ ~ L
x / / A6, M (€1)y/5(€) - det <1 1> ,
bo 1 1<h,k<g

by En—ar  Ep—Zk

175



CHAPTER 5. FAY IDENTITIES OF PFAFFIAN TYPE FOR HYPERELLIPTIC CURVES

where we used the fact that \/£&(x) vanishes at the endpoints of the integration intervals. The
determinant in the integrand is a Cauchy determinant and can be readily evaluated

dot (T Tw — A@)A(Z)A@)A) ﬁ (2n = k) (En — 1)
G—ar & ) 1<pp<g pim1 (@h = @) (& — ax) (wn — 2) (€n — Zk)
_ t%gnA(a)A(f)A(m)A(Q ﬁ (Eh — Elk)(fh - xk) (5.30)
o M(zp)M(&) 52, (@n = a@x)(&n — ax)’

For (ap, Z,)j_, close enough to (ap, z4)7 _,, the zeros of M are outside LY _, [an, bp], so that the sign
of the integrand in (5.29) remains constant in the whole integration range. The determinant of the
Jacobian of II is thus nonzero, and II is a local diffeomorphism. O

Proof of Corollary 5.3.13. If (an,, Z1,)7_; € €, call i the measure supported on S = [ao, bo]ULLY 1 [an, br)
with density iM (x)\/—0(x). At (ap,zp);_; this fi is by construction the equilibrium measure
of a B-ensemble, which we simply denote p: it is in particular a probability measure with vec-
tor of filling fractions (€};);_;, and the h-th second component of II(a1, 21, .. ., ag, z¢) is equal to
(—1)9="U(ap,) — U(bp_1)) = 0 for h € [g]. So, IT induces a homeomorphism from 2 to a neighbor-
hood ' C R%9 of ((—1)9*h27re;; , O) i:r ~By continuity with respect to the parameters, [i remains a
positive measure on each component of S for all parameters in a (possibly smaller) €2, and that the
total mass of /i defines a positive continuous function on (2. In particular, i’ = fi/fi(S) is a probability

measure on S.

If €7, ..., €, are Q-linearly dependent, we can approximate ((—1)9*h27rez, 0) }91:1
precision by 2g-tuples ((—1)9*h27r€h , ());ql:1 € Q' such that ¢, ..., €, are Q-linearly independent.
Applying IT™!, we get an approximation (a, Z,)9_, of (an, 21)7_, at arbitrary precision whose associ-
ated probability measure i’ is by construction (follow the proof of Proposition 5.3.11) the equilibrium
measure of the -ensemble with potential

to arbitrary

- 1 [T
Vi) = s /0 VT - 3)(x),

with § like s of Section 5.2.3 but with as instead of as, i.e. a choice of square root of [T{ _ (x—ap) (z—bp).
Let us detail this claim. We introduce the effective energy U (x) = V() —2 |, g In|z—¢|dfu(&) associated
to ji. It satisfies both U (ay,) — U(by,) = 0 (because the second component of the image of (dy,, Zh)h 1
by II is zero) and U’ (x) = 0 for x in the support of i (because the Stieltjes transform of V' is the
polynomial part of the density of ji, up to a factor 27). It satisfies (5.4), and is the equilibrium measure of
the S-ensemble with potential V. This equilibrium measure has vector of filling fractions (¢, /fi(S Ni_1s
whose components remain QQ-linearly independent. O

In a second step, we will leave the realm of spectral curves of 5-ensembles and rather consider
their complex deformations. Here it becomes important to keep track of the marking. The equation
of a hyperelliptic curve s? = [[{_,(z — ap)(x — by,) is parameterised by the set Ay of (29 + 2)-
tuple (ap, bp)j_, of pairwise distinct complex numbers. Its universal cover Ao based at a tuple
of strictly increasing real numbers parametrises the equation of the hyperelliptic curve together with
a choice of marking: at the base point it is the one described in Section 5.3.3, and there is a unique
way to get from there a marking for any other point in AQg.A,.Q by performing continuous deformations
of the representatives of the homology cycles. The outcome is an analytic family Cc - &29+2 of
marked hyperelliptic curves, which coincide with the one described in Section 5.3.3 above the connected
component of the base point in the real locus of Egﬁg. Concretely, in other real connected components,
the symplectic basis of homology has changed by an Sp,, (Z)-transformation compared to Section 5.3.3,

and so must have the matrix of periods. Let us denote likewise C the family of universal covers over
Ayg 2. We will rely on the following basic fact in complex geometry — see e.g. [CMP17, Chapter 1].
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Lemma 5.3.14. The period matrix (5.17) is a holomorphic function on 3294,_2. The Abel map based at
004 is a holomorphic function C — C9.

5.4 Asymptotics of the partition function and the kernels

5.4.1 Expansion of the partition function and generalised central limit theorem

The large N asymptotic expansion of the partition function of the 5-ensembles in the multi-cut regime
was established in [BG24], under assumptions which are satisfied for the potentials that we consider
in Theorem 5.2.1. In particular, the off-criticality assumption on A corresponds to M of Lemma 5.2.3
having no zeros on A. We reproduce here the formulae for these asymptotics, which will be our starting
point.

Theorem 5.4.1. [BG24, Theorem 1.5] Let g > 1, let V' asin Theorem 5.2.1 and assume M from Lemma 5.2.3
has no zeros on A. The partition function has the following expansion as N — 0o

ZY ~ N 5 N+ N2E[peq] + NS pteq) +G eq) 9 New0(veg g,,_)

Here
B

St = (1= 5 ) (Butl] - u(8/2)) + (8/2)n(2n /) ~ W (5/2)
where Ent[u] is the von Neumann entropy of the probability measure i, 5 is a known universal constant
depending only on g and 3, G|u] is a continuous functional whose expression is irrelevant for our purposes,
and

Vo = — . (5.31)
e=€*

In (5.31) one differentiates with respect to € = (€1, . . ., €4), keeping in mind that the filling fraction
€0, associated to the component of the support [ag, bo], satisfies g = 1 — (e + - - - + ¢,) and thus
depends on €1, . .., €4. The kernels appearing in the determinantal and pfaffian formulae of Borodin and
Strahov (Theorems 5.2.6-5.2.8) can be estimated using the following generalised central limit theorem.
We use the notation fs for a sum of contour integrals in the positive direction around the connected
components of the support S of the equilibrium measure.

Theorem 5.4.2 ([BG24, Theorem 1.6]). Let f be a holomorphic function in a complex neighborhood of A.
Under the same assumptions as Theorem 5.4.1, we have as N — oo:

(X f”“>v Vel 2l g =Ne 0 (Veg +ULF|5T)

N U-Net0 (”eq‘gT)
Here . , ; )

where W1 and Wy are calculated in a model with fixed filling fraction tending to €*, H|[f] is a linear form
whose expression is irrelevant, and

du(z)

2imr

Mﬂzﬁﬂxw>

5.4.2 Three explicit formulae

We will establish in Section 5.5.4 the following expression for the equilibrium energy in terms of the
geometry of the spectral curve.
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Proposition 5.4.3. The equilibrium energy is

B B

—Etteq) = EE[V] Q[V V]+irBe" - (T(€*) + u(oo-)).

The right-hand side is proportional to g, since W5 contains a factor %, and so is the left-hand side.
Accordingly this is an identity between S-independent quantities. There is a classical link between
random matrix theory and the theory of Frobenius manifolds: the free energy at leading order, namely
E[fteq] coincides with the prepotential of the Hurwitz-Frobenius manifold associated to the spectral
curve of the random matrix ensemble. A formula for this free energy was established in the more
general context of the two matrix model in [Ber03], involving only the geometry of the spectral curve.
It involves the same ingredient but does not have exactly the same form as Proposition 5.4.3, which is
the formula we need.

Before going further, we give two extra formulae. The first one evaluates the argument veq of
the theta functions in Theorems 5.4.1-5.4.2; it is not necessary for Section 5.5, but we include it for
completeness. The second one will be used in the proof of Lemma 5.4.8.

Proposition 5.4.4. Assume M in (5.7) is of the form M (x) = tog1o [ [1_; (x — 2z1) with roots z, ¢ A

satisfying bp,_1 < zp, < ah forany h € [g], and denote by (eq, . .., egy) the canonical basis of CY.
The function Imu(z f du is a single-valued function ofz e C, and we have
B\ g + 1 L9tk +1—-k
Veg = 27r(1 -5 )+ Z (Imu 2k) 5 (ek)) ) (5.32)

Proof. See Appendix 5.6. As we explain in Section 5.5.4, u(co_) and 7 are purely imaginary, so all
terms in the right-hand side are real, as it should be. The domain C’+ is homeomorphic to the non
simply-connected domain C \ S, so fozo+ du is multi-valued. However, the ambiguities are A-periods
of du which are real, so Im u(z2) is single-valued. O

Remark 5.4.5. If we remove the assumption on the roots of M in Lemma 5.4.4, we can still compute veq
and obtain a formula of a similar form.

Lemma 5.4.6.
U[V] = —Resoo, Vdu = 7(€*) + u(oco_).

Proof. The first equality is obtained by moving the contour around S to co,.. We focus on the second
equality. Since dV = 2(¢ — YdX), we have

Resoo, Vdu = —Resyo, udV = —2Resqo, u(¢p — YdX).
Since 0o is the base point for the Abel map, we have u(co) = 0 and since ¢ has only a simple pole
at 0o, the first term gives a vanishing residue. The hyperelliptic involution preserves X, sends Y and
du to their opposite, and oo to co_. Hence, it sends u to u(co_) — u, where co_ € CV. Using the
involution as a change of variables, we get
Resoo, uYdX = Rese_ (u — u(00_))YdX = Reso_ uYdX — u(oo_).
For the last equality, since the only poles of Y'd X are co+ we could evaluate

Resoo_ YdX = —Resy, YdX = —Resoo, ¢ = 1.

We then write
Resoo, Vdu = (Resoo, + Resoo_ )YdX — u(oo_).
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The first term can be computed with the Riemann bilinear identity [FK92, Equation 3.0.2]
1 9
(Resoo, +Resoo_ JuYdX = —— > < 7{ du - f{ VdX — ¢ du- f YdX>. (5.33)
2im h—1 An By, By, An
Taking into account that for any h, k € [g], we have th YdX = 0 (Remark 5.3.8), and th duy = T
and fAh YdX = 2ir €, we find that (5.33) is equal to —7(€*). O
5.4.3 Kernel asymptotics: intermediate computations

We need to compute an asymptotic equivalent as K — oo of kernels of the form:

Z]\%V m . %V
2V H det(z; — A)“ ,

j=1 M

where z1,...,2m ¢ A, c1,...,0m € Z,and (M — K) = p is a fixed integer. Notice that

Z%V i iV zv M 14
M (T det(a; — &) =2y <eZi:1 fc<&>+§p‘/(&>> , (5.34)
2y e u Ly M

where we used the holomorphic function on a neighborhood of A

feN) = cjln(z; — \),

J=1

and for z; ¢ A we choose the cut of the logarithm away from A. In order to access the asymptotics of
(5.34) via Theorem 5.4.2, we first have to evaluate the following quantities

Lemma 5.4.7. Let z, z1, 29 € C1. We have:

L[In(X(z) — )] = 2ime* - u(z) — In (n(2)E(z, 004 )2d¢oo, (c04))

k=1 oo+
2Lt [*
Q[In(X(z) —e),V] = 3 > | Bk
k=1 o+
_ 2 E(z1, 22)
Q[In(X(21) — o), In(X(22) — 0)] = Bln (E(zl, OO+)E(Z2700+)(X1(222) — X(zl))dgm+(oo+)>
Q[In(X(2) ~ &) (X () ~#)] = F1n <E<z, oo+>21d<oo+<oo+>>’

where 1)(2) is defined in (5.37). In particular, we observe the simplification

L]In(X(z) —e)] + ngn [In(X(2) — o), V] = 2ime* - u(2) — In (n(2) B(2, 004 )*dloo, (004))-

(5.35)

Proof. Let x = X (z). The first two formulas are a consequence of the decomposition (5.24) of ¢. We

179



CHAPTER 5. FAY IDENTITIES OF PFAFFIAN TYPE FOR HYPERELLIPTIC CURVES

have:

de

2ir
o | (o e)ﬁ+m4 '
zln(x)+/:d§'<]{ dm ¢ — 5 §1’>

:1n(x)+/ojd§'<W1(f/)—§l,>

= In(x) + ’ gi)—i)(()

We can expand this as

d
4 d o 4
L[In(z —e)] =Inz + 2ire* - u(z) + / (dSOO+7OO + C+) - Z t dBoo_ &

o4 COO+ k—1 k o4 -
z E / _ o / d z
zlnx+2i7re*ou(z)+/ dz/ln< (zl,?oo/ )< +(Z)> —Zt]j/ By &
oot (2%, 004) jm1 1 Joor (5.36)
d
: E(z,00-)Coo, (2) te [*
=Inz + 2ire” - u(z) + In ( - - — Bs_ k-
E(Z,OO+)E(OO+,OO_)dCOO+(OO+) ; k 004
and In x cancels with In (., (2). We introduce the 1-form on C
E(ocoy,00_
n(z) = (04, 00-) (5.37)

E(z,004)E(z,00_)

and use it to get rid of co_ in (5.36). This leads to the claimed formula.
For the second formula

Q[ln(:v—o),V] :; 2 gi;ﬁi‘/(&)[lnx—i—/oo <§,i§2 g,) f:|W2(fl,£2)

We move the £>-contour to co. Since W has no residue at oo the first and third term disappear and we
get:

Q[In(x — o) ]{ d& V(&) Wz(flaf/)dfl

d§1 / 1 /
5%mﬂ / O%@f*W&—w»%’

where in the second line the shift does not affect the integral around S’ as it is holomorphic near S.
Then, we write X (w) = &, and X (w') = ¢, consider these integrals as integrals on C, and recognise
via (5.27) the fundamental bidifferential B. Since the path on which we integrate w’ remains in the first
sheet away from the cut, we can move the integral over w to surround the pole co_ of V(X (w)). We

get:

Q[ln(z —s),V] = ; / Z_ Res dX(w) V(X(w)) B(w,w)
ot [*
S [ e B
2Lt [*
== 7 dBoo_,ka
RS
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as desired.
For the third formula, let x; = X (z;). Using Section 5.3.3, we find

déid
Q[In(x; — o), In(zy — @)] = Z 52 (gjﬂ)ﬁ;

2 21 22
Wg(wl, wg)dX(wl)dX(wg)

Wo (&1, &2) In(z1 — &) In(ze — &2)

after we handle the logarithms like in the previous proofs. Then:

it =) nter =] = [ [ (om0 = G, S

(E(Zla z2)Eo(21,004) Ep(00+, ZQ))
E(z1,004)E(00y, 22)Eo(21,22) )

2
=—1In
B

where we used Lemma 5.3.5 both for C and C, and (5.20) to get rid of the ratio of the relative prime
form with two arguments co. Since the prime forms are antisymmetric in their two variables, we can
arrange the formula to have oo always in the second argument. The presence of oo in Ej factors
can be understood by first replacing it by a point Z, and then letting Z — co4.. Due to Lemma 5.3.6 the
product of the two Ey-factors involving oo only gives a sign when we use the local coordinate (o, ,
and using Fy(z1, 22) = (X(21) — X(22))/+1/dX (21)d X (22) leads to the claim. O

We are now in position to evaluate the asymptotics of the kernels. We will mainly be interested in a
situation with only two variables:

K _ ~ \%4
/C]\Ajv( cf) = <det(ac — A)“det(z — A)CengrV(A)>
o M (5.38)
M o B Vv :
_ <62i:1cln(:c—)\i)+cln(x—)\i)—i—EpV()\i)> .
M
where p = M — K. It will be used in the form:
Z](\?V c ~ é %V ZX[ %V _
2V <det(:z: —A)“det(z — A) >M = 7% K (c2). (5.39)

Lemma 5.4.8. Letz,Z € C and c,¢ € Z. We have as K — 0o and p is a fixed integer:

%V c c
Kty (x(o x)
- eKcz:[ln(X(z)_.)]+Kac[1n(x(2)_.)}+cH[1n(X(z)_.)]+5H[1n(X(z)_.)]+K§pc[V]+gp%[ngpH[vH%p?Q[v,V]

—pc —pc

% e2impe” (cu(z)+éu(2)) (n(z)E(z, OO+)2dCoo+ (OO+)> (n(%)E(E, OO+)2dCoo+ (OO+)>

x 6%02 Q[ln(X(z)—o),ln(X(z)—o)]—&—%E2 O[In(X (2)—e),In(X(2)—e)]

y ( E(z,2) )ﬁcc
Bz 000 ) B, 00 ) (X (2) — X)), (007
U (i ip)er 0 (Ve + cu(z) + &u(Z) + Sp(7(€") + u(oo-))|57) '

U_Me+,0 (”eq’ gT)

X
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In particular if p = 0, we have as M — oo

IC]\V/[(sz) X(Eé) ) N 6Mc£[ln(X(z)—o)]+M6L[1n(X(2)—o)]+CH[ln(X(z)—o)]+E’H[ln(X(2)—o)]
% e%czQ[ln(X(z)fo),ln(X(z)70)}+%62Q[ln(X(Z)fo),ln(X(Z)fo)}
y ( E(z, %) )BCE
(X(2) — X(2))E(2,004) E(Z, 004 )d(so, (00+)
y O_nrer 0 (Veg + cu(z) + u(2)|57)
V_(k+p)er,0 ("’eq’%’)

Proof. Let x = X(z) and & = X(Z). Applying Theorem 5.4.2 to the definition (5.38), we get as
M, K — oo while M — K = pis fixed:

2V (e Zx MeL[In(z—e)]+MEL[n(i—e)]+cH[In(z—e)]-+FH[In(G— o)+ MEpLV]+ EH[V]+ 2 p2 Q[V, V]
ki (55) Ky © ’
Zyp
% 6%02Q[ln(xfo),ln(:cfo)]JrcéQ[ln(xfo),ln(ifo)}Jr%éQQ[ln(ifc),ln(:Efo)}Jrgch[ln(xfo),V]+§p6Q[ln(a§7.),V}
% 19—M6*,0 ('Ueq + % fs [CIH(JJ - .) + 6111(‘% - .) + gpv]d“‘gﬂ

197M6*70 (’Ueq’ gT)

We split M = K + p in the exponential and combine the newly created p-terms with the gQ[ln, V]
terms which is evaluated thanks to (5.35). We also replace the term ¢¢Q|[In, In| by its evaluation from
Lemma 5.4.7, but refrain from doing so for the ¢? and the & terms. Finally, writing the logarithm
in the arguments of the theta function as a primitive, we get an expression in terms of the Abel
map (a similar manipulation was carried out in the proof of Lemma 5.4.4), and Lemma 5.4.6 tells us
7 $s Vdu = 7(€*) + u(oco_) which we need to multiply by % in the last argument of the theta
function. Together with Lemma 5.4.6 this implies the claimed formula. d

The ratio of partition functions appearing in (5.39) will only be needed through the following
combination.

Lemma 5.4.9. For fixedp € Z, we have as K — oo

ZI‘Q"‘PZ}?—IJ ~ 62p28[ueq]+i7r6p26*-7'(e*) 19—}(5*,0 (’Ueq — ng(G*) ‘ gT)'ﬂ—Ke*,O (Ueq + ng(e*) } gT)
(Zi)? 0 Ker 5r)?
K Ke ,O(Ueq‘QT)

Proof. Using Theorem 5.4.1 we find:

Vv B
ZK+p -~ e(zKp+p2)5[ueq]+p5[ueq]+§p(1nK+1) ﬂ—(K+p)e*70 (UeQ‘ET)
Zf‘é ﬁ—Ke*,O(”eq‘%"-)

Multiplying this expression and the same with p — —p yields:

Zf‘éﬂzzl‘é—p o 2P E ] V_(k+p)er,0 (veQ‘gT)ﬁ—(K—p)e*D (veQ‘gT)
(Z))? D2 ke o (veq 57)

We would like to rewrite all theta functions with a characteristic —K €* instead of —(K + p)e*. For
this, we come back to the definitions in Section 5.3.1 and find:

(5.40)

U (K+p)e*,0 (v|%7) = (T apte T(e)~2impet v I_geo(v—pir(en)|5T), (5.41)

which holds for any v € C9. We multiply the outcome with the same factor for p — —p and obtain:

U (K+p)e0 (U| gT)ﬁ,(K,p)e*70(v‘ gT)
= TN 0w — (€| 5T)0kero (v + Fm(€7)] 7).

Inserting in (5.40) yields the claim. O
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5.5 Derivation of the theta identities

We shall now state and prove the main theorems. For each case 5 € {1,2,4} we give both a proof
based on the analysis in the previous sections, and a second, direct proof based on geometric arguments.
We recall the definition of the meromorphic 1-form 7 on C' that appeared in (5.37)

E(co4,00-)
E(z,004)F(z,00_)

n(z) =

Throughout this section, the Abel map will always be based at 0o, and u(co_) is computed using a
path from oo to co_ which does not cross any of the representatives (A, By)9_, obtained by analytic
continuation from the ones in Section 5.3.3, see the discussion above Lemma 5.3.14. Furthermore, we

use the following notation: let 21, ..., 23, 2],...,2}, € C, we write
k 14
u(zr+- -2 — 2w) ::Zu(zi)— u(z}).
i=1 j=1

The formal sum in the left-hand side is commutative.

5.5.1 The 8 = 2 formula

Theorem 5.5.1. Consider a hyperelliptic curve C, and let 2,2 w,w' € C, and wu,v € RY. Then, we
have:

E(w,2)B(zw) — E(z2)E(w,w)
~ (X(2) = X () (X () - xw»ﬁ“’“%ﬁi > ) e (ZEZ ) o
| 7 (5.42)
= E(z,w)E(',w") H n(p) 19“’”(u(z+w_OO—)‘TWM,V(U(—Z/—w’+oo_)‘7-)_

pe{z,z’,w,wl}

Notice that each of the three terms is actually a %-form on the universal cover C in each of the
variable z, 2/, w, w’. Even if pu = 0, it does not descend to the curve itself. As the proof will show, the
formula holds equally well for arbitrary p, v complex, in particular, if we shift all arguments of the
theta functions by the same arbitrary but common v € C9.

Proof. Consider first the case where the Weierstraf3 points of C are real. By Proposition 5.3.11, we
can find a 3-ensemble whose spectral curve has C as underlying Riemann surface and for which the
results of Section 5.4 apply (by construction the potential is off-critical). We then express the identity
of Theorem 5.2.6 for m; = mg = 1,forz = X (z), 2/ = X(2/), 2 = X(w) and &’ = X (w’) pairwise
distinct points in C \ A, that determine unique points z, 2/, w,w’ € C,. Taking into account the
definition of K in (5.39), we get:

det(z — A)det( — A) \

det(a’ — A)det(z' —A) / 5

N Z§ 1 Zy
N+1 (Z})?

N v Ny
= (v —a)@ - 7) Ky GDENG (30 + KNG HER (G 2 R4)

Let us first consider the asymptotics of left-hand side as N — oco. We have veq = 0 since 3 = 2.
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Coming back to Theorem 5.4.2 and using Lemma 5.4.7 for the Q-terms involving two different variables:
det(z — A)det(& — A) \
det(a’ — A)det(z' —A) / 5

eNz:[m (%)} +#[ In (%)] L e (mnat.zry Qln(E—e).In(E—9)]

~

E(Z7 w)E(Zla ’LU/)E(Z, OO+)E(Z/7 OO-I—)E(wv OO+)E(U}’, OO+) (dCOO+ (OO+))2

E(z,2)E(z,w")E(w, z')E(w,w")
(z —a')(z — &) (2 — 2') (& — &)
(r—2)(2' — &)
y _Neo(u(z) — u(z') + u(w) — u(w')|7)
197Ne*,0 (Ol’T)

X

(5.44)

For the asymptotics of the first term of the right-hand side of (5.43), we use the 5 = 2 specialisation
of Lemma 5.4.9 with p = 1 for the ratio of partition functions, and Lemma 5.4.8 for the K-factors with
K =N,M =N F1and (¢,¢) = (£1, £1), that is p = F1. The outcome is

. N Z§ .7k v v

N

~ eQE[ueq]—&—QL[V]—I—Q[V,V]—Qiﬂe*~(u(z)+u(z’)+u(w)+u(w’))

HIC% 1.1
N-1 (i’ aj’)

y eNE[ln (%)] +#[In (%)] 1 Yot s,y Qln(E—9) In(E—9)]

(5.45)

y E(z,w)E( w')(z — ') (& — &) H n(p)E(p, 004+ )1/ dCso, (004)

A I A
(@ —3)(a — ) et

'ﬁ—(N—l)e*,O (U(Z + w — 007) — T(G*)‘T)ﬁ_(]v_;,_l)e*’o (u(—z’ —w' + 007) + T(G*)}T)
9?2 ye- 0 (0]T)

In the last line we can restore a characteristic — IV €* in the theta functions thanks to (5.41), which we have
to use respectively with v = u(z)+u(w)—u(co_) —7(€*) and v = —u (') —u(w') +u(co_) +7(€).
The outcome is

X

- (n—1)er 0 (w(2) + u(w) — u(co_) — T(E*)‘T)ﬁf(NJrl)e*,O( —u(2) — u(w') + u(co-) + 7(e)|7)
_ e2i7re*~T(e*)+2i7re*~(u(z)+u(z’)+u(w)+u(w’)—2u(oo,)—27'(e*))
X U_Ne.0 (u(z) + u(w) — u(oo,)}T)ﬁ,Ne*,o( —u(?) —uw) + u(oo,)’T).

Inserting this in (5.45) gives an exponential prefactor

625[,ueq}+2ﬁ[V]+Q[V,V]+4i7re* (T(e*)+u(co-))

which would be equal to 1 if we had Proposition 5.4.3. We will establish Proposition 5.4.3 as a byproduct
in Section 5.5.4; for the moment, we proceed assuming it holds. We get:

V. oV N
N 2y 1281 v v

(Zl/‘—q;/)(j,‘—i'/)N—I_l G Ky (A1)

N
v (7))

N£[in (%)] +H[In (%)] 2 e ot .57y Qln(E—e)In(E—0)]

~ e

" E(z,w)E(Z' W) (z —2") (T — T) H

(z —2) (2" — &)

(5.46)

n(p)E(p, 004) 4/ oo (004)
pe{z,z  ww'}

y V_Newo(w(2) + u(w) — u(oo )| T)_nes0( — w(2') — u(w') + u(ooy)|7)
292—NE* (0’7-) .
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The asymptotics of the second term is simpler as we just need to use the p = 0 case of Lemma 5.4.8.
The outcome is:

ICV ( 1 -1 )’CX[( 1 ,/1) - eNE [ln (%)] +H [ln (%)] +% 256{1917/757,5/} Qlln(¢—e),In(¢—e)]
T

(z —a)(@ - T) 11

E(z,2)E(w,w’) E(p,004)4/dCe, (004)

pe{z,z’ waw'}
 Doeno((2) — w(|m) ) Nero(uw) — u(w)|)
79_Ne*,0 (0]7)

We also observe that (5.44), (5.46) and (5.47) all have the same exponential factor involving £, H
and Q, the same factor

(5.47)

H E(p7 OOJF) d<<>0+ (OO+),

pe{z,z" w,w'}
and the same squared 1} in the denominator — except for (5.44) where the latter is not squared. After

we cancel those and multiply further by

(x —2)(2' — )
@)~ F)

the identity (5.43) as N — oo then becomes:

E( ) ) (2/7 /)( /)(j_x) / /
E(z,2)E(z,w)E w,z’)E(w,w’)ﬂ_NG*’o(u(z ~# +w=uhfr)d-veo(07)
= E(z,w)E(Z, w")n(2)n(z")n(w)n(w)I_ye o (w(z + w — 00_)|7)I_ne o (u(—2" — w' + 0o_)|T)

(
(z —2)(2" - 7) , ) (5.48)
( 2, ’)E(w, ,) ﬁ_Ne*,O(U(Z—Z)}T)ﬂ_Ne*,O(u(w_w)‘7-) +0(1).

Let p € RY. Let us assume temporarily that €], ..., €; are Q-linearly independent. Then, by

Kronecker’s theorem, one can find an increasing sequence (/N (n))n21 such that

; (n) ¢x - _
lim (NWe' + [-NWe'|) = —p,
where the integer part is applied to each component of the vector. Using N = N (") in (5.48) and letting
n — oo we get the same identity without the o(1) and with characteristic p, O for all theta functions,
which is (5.42) with v = 0 and pairwise distinct points z, 2/, w, w" € Cy.

If €7, ..., €, are not Q-linearly independent, thanks to Corollary 5.3.13 we can take a sequence of
[B-ensembles whose spectral curve admits as underlying Riemann surface a hyperelliptic curve C") with
real Weierstraf} points converging to those of C, and whose filling fractions are Q-linearly independent.
By the previous argument, we know (5.42) with arbitrary u € RY and v = 0 and z, 2/, w,w' € C'_(i_n)
pairwise distinct. Since all the members of this identity are continuous in the real Weierstraf3 points
ap < by < -+ < ag < by while the values X (z), X (2), X(w), X (w') € C are fixed away from
them, taking n — oo shows that the formula also holds for C,v =0and pairwise distinct points
2,2/, w,w" € C4. Let us call (x) this formula. From there, we can derive the desired identity in full

generality by using repeatedly analytic continuation, as follows.

Firstly, all terms in (x) are holomorphic functions of & € C9, and the identity holds for real p.
Therefore, it must hold as well for complex p. In particular, we can replace g with o + 771(v) for
arbitrary p, v € RY, and rewrite all theta functions as

it~ (v) v+2inrT L (v) -z
D ey 0(2|T) = ™7 WVIETW) 2 ().
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The resulting phase is common to the three terms of the identity, therefore (x) is valid for arbitrary
w,v € CY, and a fortiori for arbitrary real p, v

Secondly, fix R > 0 large enough, and let &29+2(R> be the subset of points in our parameter space
of marked hyperelliptic curves 329+2 such that the X-image of the Weierstraf3 points have moduli
< R. Having fixed and pairwise distinct values z, 2/, Z, ' € C such that max (|2, ||, |Z], |Z']) > 2R
determines a unique quadruple of analytic sections z, 2/, w, w' : &29+2(R> — C such that = = X (2),

"= X(7)), 2 = X(w) and ¥’ = X (w’). These sections represent points in the (moving with
parameters) hyperelliptic curve. Due to Lemma 5.3.14 and the discussion preceding it, all terms in (x)
are holomorphic functions on &2g+2(R) but since we know that (%) holds in the connected component
of the base point in the real locus of A29+2(R) it must also hold over the whole A2g+2 (R) with
max (|z|, |#'[,|Z|, |#'|) > 2R. Now rather fixing a marked hyperelliptic curve corresponding to a point
in Ay o(R), the identity (x) is valid for points z, 2/, w, w' in a neighborhood of ooy, but since it can be
seen as an identity involving only meromorphic functions of z, 2/, w, w’ € C, it must hold for arbitrary
quadruple of points in C. Eventually as R is arbitrary in the argument we get (5.42) over the whole
parameter space 329_,_2 and quadruples of points in the universal cover of the associated hyperelliptic
curve. O

This formula implies the Fay identity, as we now show.
Proposition 5.5.2. Formula (5.42) implies the Fay identity (2.26) for hyperelliptic curves.

Proof. The key remark is that z and w play almost symmetric roles in (5.42). We write the two equations
obtained when exchanging 2z and w, specialised to 4 = 0 and v € CY arbitrary but rather transferred
to the argument of the theta functions, so that everything is expressed in terms of 6 = g o:

E(z,w)E(z',w") 0(v +u(z — 2/ + w — w')|T)

(X(w) - X(N)(X(2) — X P DI e =22 Ty
- () - X)X () — Xy eI Dl )

= E(z,w)E(z',w")n(z)n(z")n(w)n(w)0(v + u(z + w — co_)|7)0 (v + u(—2 — w' + co_)|T)
E(z,w)E(z',w') 0(v +u(z — 2/ + w — w')|T) (5.49)
E(z,2")E(w,w") E(w, 2 )E(z,w")
, )9(1/ +u(w —2)|7) (v + u(z — w')|7)
E(w, 2 E(z,w")

6(v|T)

Subtracting the first member from the third member of the equalities, grouping the terms together
and dividing by (X (2) — X (w))(X (") — X (w")) yields the identity

E(z,w)E(z',w") , )
E(w, 2)E(z,w')E(z, z’)E(w,w’)H(V +u(z) —u(z) + u(w) — u(w )}T)Q(V‘T)
B 0(v +u(w) — u(2)|7)0(v + u(z) — u(w')|7)
E(w,z)E(z,w")
N 0(v +u(z) — u(2)|7)0(v + u(w) — u(w')|7)
E(z,2')E(w,w’) ’

0:

w
w

which is exactly the Fay identity (2.26) after we replace the prime form with its expression (5.18) and
take (21, 29, 23, 24) = (2, w, 2/, w"). O]

Finally, we provide a direct proof of (5.42) based on complex analysis. This proof is based on a
classical theorem of Riemann which we recall for the convenience of the reader.
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Theorem 5.5.3 ((Mums3, Theorem 3.1]). There is a vector k € C9 such that for all V" € C9, the function
Z 9(1/ +u(z2) ’T) of z € C either vanishes identically or has g zeroes w1, . .., wy in a fundamental
domain, satisfying

Zu(wh) =—v+k modlL.
h=1

k is called vector of Riemann constants.

Direct geometric proof of Theorem 5.5.1. It suffices to prove the identity for o = 0, since we still have
v € CY arbitrary which allow reconstructing arbitrary characteristics. Let v’ € CY. Riemann’s theorem
5.5.3 implies that seen as a function of z € C, the theta function z — 0(v' + u(z)|T) is either
identically zero of has g zeroes in a fundamental domain. Let D,/ be its zero divisor. We apply this
tor = v+ u(w) — u(z') — u(w') with v, 2/, w, w’ generic such that it is not in the theta divisor. A
classical consequence of Riemann’s theorem [FK92, Theorem VI1.3.3.] is that meromorphic functions on
C with pole divisor at most D,/ are constant. For convenience, write

‘= E(w, z E(w,w")
o — X (2) = X(w)(X(&) — X(u))
E(z,2')E(w,w’

and consider

o 0V +u(z) - (2)|7)0(v + u(w) — u(w')|T)
1 0(v +u(z) — u(?) + u(w) — u(w)|r)(v|r)
cg O(v +u(z) + u(w) —uoo-)|7)0(v — u(z') — u(w') +u(co-)|7)
—u(z') + u(w) — u(w)|7)0(v|7) '

U(z) =

u
u

)
€1 O(v + u(z)

This is a meromorphic function of z € C. We have seen that the theta function in the denominator has
g zeroes — which are thus poles of W. We now consider the poles of the other factors: the zeroes of ¢;
and the poles of co and c3. The coefficient ¢; has a simple zero at z = j(w’), where 7 is the hyperelliptic
involution, and at z = w. The coefficients ¢ and c3 have simple poles at z = 2’. Accordingly, both
ratios <2 and 2 have a simple pole only at z = j(w’). A careful computation of the residues taking into
account u(j(w’)) = u(oo_) — u(w’) shows that ¥ does not have a pole when z = j(w’). Notice that
there are no pole at ooy as poles coming from linear terms are cancelled by other linear terms or the
form 7. We conclude that the divisor of poles of W is at most D,+. Thus, it is a constant function of z. A
similar argument with the other variables would show that it is a constant function of z, 2/, w, w’. By
sending the points 2’, w, w’ to z one after the other, and we arrive to ¥ = 1. d
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5.5.2 The S =1 formula

Theorem 5.5.4. Consider a marked hyperelliptic curve C and let 21,21, 22,25 € C and n,v € RI,
Writing x; = X (z;) and x; = X (%]), we have

(21, 22) E (21, 25) ’ () () — (T -
<E(21721) E(z1,25)E(22, ﬂ)E(Z2,Z§)> Dunar (ulr) = ulz) + ulz2) = u()|5) Y (0]3)

)

2

. (I‘l — 1'2)(1'1 - ZL'IQ) 79;1,1/ (u(z ) - ’U,(Zé)‘%) 1911,'/ (U(ZQ) — u(zll)‘%)
)

(o1 - 2h)(@ E(21, 4)? E(2], 22)?
(w1~ w) (& — ) Dy (1) — ()| 3) D (w(z2) — u(zh)|3)
(x1 — xh)(xg — ) E(z1,21)* E(zy, 22)? (5.50)
(E(z1, 22) (2}, 2)n(z0)n(4)n(z2)n(z))°
(w1 — ) (w1 — ah) (w2 — @) (22 — h)

X Oy (w(21) + w(22) = w(00)| 3) D ( — w(2}) — u(2h) +u(oo_)|3).

Proof. The strategy is similar to the proof for 8 = 2 in Theorem 5.5.1. In particular, we first prove an
asymptotic identity for hyperelliptic curves arising from 5 = 1 ensembles, use approximations to get
arbitrary characteristic u, 0, and then analytic continuation to get the identity for marked hyperelliptic
curves with arbitrary complex Weierstrafl points and characteristics p, v € RY.

The starting point is the exact identity of Theorem 5.2.7 in the simplest non-trivial case, i.e. m = 2
(pfaffian of size 4). Taking z1, z, x2, 24 € C\ A pairwise distinct, this gives
det(zy — A)det(zg — A)\ "
det(z] — A)det(z}, — A)
2N(2N — 1)

2N

VANEIN/AS
(21 — @) (w2 — @) (w1 — ) (w2 — o)) 22202

T 2N +2)2N +1) (ZV,)?
sV sV -1 -1 (5.51)

(71 —37/2)(3?2 ) 1 -1 1 -1 (21 —w’l)(xz /) 1 -1 1 -1
o e ey () + o O G R ().
As the computation is similar to 5 = 2 we only streamline it. Let 21, 21, 22, 25, € C4 be such that
z; = X(z;) and x; = X (2]). The asymptotic equivalent of the left-hand side of (5.51) as N — oo is
obtained from Theorem 5.4.2:

JENLHH) [In (%)] 3 Ceefoy.a] o ) Qn(E—0).In(E—0)]

(I Byt en)

pE{Z17Z/17227Zé}

(o B (== s )’ >
B DEGrH 5B DB ) ma)(r — )
y V_aNe*0 (veq +u(z1) —u(z]) +u(z2) — u(zé)’%)

Y_oNer 0 (Ueq‘ )

We have used Lemma 5.4.7 to evaluate the Q[In({ — o), In(¢ — )] terms that appear with £ # ¢'. In

the right-hand side of (5.51), we use the asymptotics of the 2-point kernel from Lemma 5.4.8 with
K =2N and p = F2.

Consider the asymptotics of the first term in the right-hand side of (5.51). It contains a product of
theta functions with characteristic —(2/N + 2)€*, which we can replace by two theta functions with
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same characteristic —2/N e€* using (5.52) up to an extra exponential factor. The latter combines with the
asymptotics of the ratio of partition functions of shifted size from Lemma 5.4.9 to reproduce a factor

685 [feq| FAL[V]+Q[V,V]+8ime* (T (€*)+u(o0))

which is equal to 1 due to Proposition 5.4.3, and to kill the factor of e~4m€" (u(z1)tu(z2)+u(z))+u(z))
coming from the use of (5.35). The other factors are the first line of (5.52) multiplied by

(E(Zh@)E(zi,Zé)
(z1 — z2)(2] — 75)

2
[T 9B o00) e (o))

p€{z1,2],22,25}

X 0 _gNer 0(Veq — T(€)]5) 0 2ner 0(Veq + T(€9)]F)

X V_oNer,0(Veq + w(21) + u(22) — w(00_)|F)V_oner,0(Veq — w(2]) — u(zh) + u(oo_)|

):

h

where the last line was already explained.

The asymptotics of the second and third terms in the right-hand side of (5.51) are more straight-
forward to get. They both contain the first line and the third line of (5.52), and the other asymptotic
factors are

(@1 - 2 —xp) ((wl — 2 ) T pipooy)y g <oo+>)2
(1 — 22) () — 25) \ E(21,2)E(22,2) pe{z1,21,22,25} 7 h

X U _aNex0 (Ueq +u(z) — u(zi)‘%)ﬂ—me*,o ('Ueq + u(z2) — “(Zé)‘%)

for the second term (including its sign), and

(o —ah)las — ) (o= oh)aa—al) [T g o) facs (sen))
(x1—332)(1’,1—5”/2) E(217Zé)E(ZQ,Zi) elo 3 p, 04 oot +
PEZ1,27,22,%

X 19,21\76*,0 (’Ueq + U(Zl) - U(Zé)’%)1972Ne*,0 ('Ueq + 'U'(Z2) - u(zi)’%)

We then divide all terms by the first and second line of (5.52) (common factor to all terms) and by

((961 — a)(w1 — ah) (w2 — ) (w2 — 1‘/2)>2

(z1 — 22) (2] — 75)

to arrive to (5.50) with p = —2Ne€*, v = 0 and an extra v.q added to the arguments of all theta
functions. Then, we repeat the end of the proof of Theorem 5.5.1 to get exactly and in full generality
the claimed (5.5.1). O

Theorem 5.5.4 can be reformulated as an identity for theta functions with matrix of periods T
instead of 7.

Lemma 5.5.5. There is an equivalence between (5.50) for any p, v € RY, and the formula

0=rc102o(u(z1) — u(z]) + u(z2) — u(zé)‘T)
+eata o(ulz1) +u(2]) — u(z) — u(z)|7)
, / (5.53)
+e30a o(u(z1) — u(z]) —u(z2) +u(z)|T)
+eadag (w(z1) + u(2]) + u(z2) + u(zh) — 2u(oo-)|T),
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forany o € 79 /2729, where
. E(z1,22)E (2, 2,
' E(z1, 2))E(z1, 25)E (22, 2

(z1 — @2) (2] — 7%)

) 2
)E(Z%Zé)) ’
1

® 7 (ar — ) (w2 — ah) (E(z1, ) E(}, 22))°
S (21 — m2) (2 — 25) 1

(z1 — x%) (22 — 2}) (E(zl, 21)E (25, 22))
o\ — (B(21, 22) B(#, 2)n(z1)n()n(z2)n(2))”

(21 — @) (21 — @) (w2 — 27) (22 — 25)

Proof. The trick is to use Riemann’s binary addition theorem — see e.g. [Mum83, Equation 6.6]. It states
that for any p, v, ', v/ € RY and 21, 29 € CY

19”7,, (21 + ZQ‘%)T%L/J/ (21 — ZQ‘%) = Z 19”+“/+a v (2z1 ‘T)ﬁu,uura v (QZQ‘T). (5.54)
Q€Z9/2Z9 2

We apply the transformation (5.54) with g/ = p and v = v/ to each term in (5.50), writing it in the
equivalent form

4
Z Dyt g w(ulz) — u(2]) + u(z2) — u(z)|7) <Z ci'ﬁg’o(wi(zl,zi,zz,zé)"r)>, (5.55)

Q€9 /279 i=1

where the w; are exactly the four arguments of the theta functions appearing in (5.53). In this form, the
converse implication is clear. The direct implication follows from the observation that v is arbitrary,
and the family of functions T (v) = V2 o (u(z1) —u(2]) +u(z2) — u(2h)|7) indexed by v € Z9 /279
are linearly independent, forcing the sum inside the bracket to vanish for each individual o. O]

This is an identity involving only Riemann theta functions, for which we can offer a direct geometric
proof, in a slightly more general form.

Theorem 5.5.6. Equation 5.53 holds for any marked hyperelliptic curve for any characteristic p, v € RY
(instead of just half-integer characteristics).

Direct geometric proof of Theorem 5.5.4. The strategy is similar of the direct proof of Theorem 5.5.1. We
start without lack of generality to set ;¢ = 0 and for v € CY arbitrary, consider

0 0(v + u(z1) + u(z]
1 0(v+u(z) —u(z

U(21) =

1
1
e 0(v +u(z) — u(z]) — ulz) +u(z)|7)
€1 9(1/ +u(z1) —u(z]) +u(z2) — ’U,(Zé)‘T)
CAH(V +u(z1) + u(z]) + u(z2) + u(zh) — 2u(co_)|7)
€1 e(u +u(z1) — w(2]) + u(z2) — U(Zz)| ) '

This is a meromorphic function of z; € C. We first analyse the poles that may come from the ratios
of coeflicients. The ratio E—f has simple poles at 21 = 23 and 21 = j(2]), where j is the hyperelliptic
involution. The ratio ¢ has simple poles only at z1 = j(z3) and 21 = 29. The ratio ¢* has simple poles
only at 21 = j(25) and 21 = j(2}). However, careful computation of the residues show that ¥ has none
of these poles. Thus, the only poles of W are the zeros of 21 — (v +u(z1) —u(2]) + u(z2) —u(zh)|7).
As in the direct proof of Theorem 5.5.1, Riemann’s Theorem implies that if we choose the points
21, z2, 2}, and the vector v generically, there are no nonconstant meromorphic function whose poles
are the zeroes of this theta function. We deduce that ¥(z;) does not depend on z;. A similar argument
shows that ¥(z1) is independent of all points points z1, 21, 22, z5. Sending 21, z2, 2 successively to z;
we find that the constant is 1. d
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5.5.3 The S = 4 formula

The case 5 = 4 has the same structure as the 8 = 1 case of Theorem 5.5.4, except that the argument of
the theta functions are doubled while we use the matrix 27. This similarity is already manifest in the
exact formulae of Theorems 5.2.7 and 5.2.8.

Theorem 5.5.7. Consider a marked hyperelliptic curve C, and let 21,21, 22, 2 € C and w,v e CY,
Writing x; = X (z;) and x; = X (z}), we have have:

2
21, 21)E (21, 25) E(22, 21) E (22, 7}
(21 — m) (&) — 7)) Vpw (2(u(21) — u(25))|27) Dy (2(u(22) — u(2]))|27)
(x1 — ) (22 — ) E(z1, 25)? E(z], z2)?
i 29) (@) — ) DV (2(u(21) — u(2))[27) Vpw(2(u(22) — u(zp))|27)
(x1 — zh)(x2 — ) E(z1, 2])? E(zh, z9)? (5.56)

X Dy (2(u(21) +u(z) — u(oo,))|27')19”7,, (2(—u(zi) —u(2h) + u(oo,))‘QT).

Proof. The starting point is the simplest non-trivial identity of Theorem 5.2.8, namely m = 2 (Pfaffian
of size 4), which gives

;
det(z; — A)? det(zg — A)
det(a} — A)?det(zh — A)? /

N
T 1($1 — o) (z2 — x5) (21 — 2%) (22 — 27)

1% 1% N
ZN14N-1 14 14

N _N 5

(x1 —2) (T2 —21) oy 2 2\ v [ 2 —2 (21 — ) (22 —2h) oy 2 —2\ v 2 —2
" e —ay N e o oW e o) G ey KN e )N ()

We omit the details of the asymptotic analysis based on Lemmata 5.4.8 and 5.4.9: it is very similar to the
$ = 1 case. Instead of using them for X' = 2N, p = £2 and ¢, ¢ € {—1, 1}, now we rather use them
with K = Nandp =+landc,¢ € {—2,2}. O

Lemma 5.5.8. Theorem 5.5.7 is equivalent to Theorem 5.5.4.

Proof. We apply Theorem 5.5.4 to the hyperelliptic curve with matrix of periods 7/ = —7~!. Then,

(5.50) is an identity involving theta functions with matrix %’ = —%. On the other hand, the modular

transformation of the theta function is (see [Mum83, Equation 5.1]), for any z, u, v € RY

Yu—p (z’ - "T_l) =D, eQi”z"'_l(z)ﬁu,,, (2z‘27').
for some constant D, € C*. Applying this to each term in Theorem 5.5.7, all terms get the same
prefactor and we are left with Theorem 5.5.7. The operation is reversible. O
5.5.4 Formula for the multi-cut equilibrium energy (Proof of Proposition 5.4.3)

In the proof of Theorem 5.5.1, if we did not use Proposition 5.4.3 to simplify the exponential in (5.45),
the rest of the arguments would prove the identity (5.42) with a prefactor

625[ueq}+2ﬁ[V]+Q[V,V]+4i7re* (T(e*)+u(co-)) (5.57)

in the right-hand side, valid for any hyperelliptic curve with real Weierstrafy points and the equilibrium
measure /ieq of the associated (unconstrained) 3 = 2 ensemble. Taking all points z, 2’, w, w' to ooy
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in this modified identity implies that this extra factor (5.57) must be equal to 1. The argument of the

exponential is manifestly real, except perhaps or the last term. As the curve is hyperelliptic, a basis of
zFda
S

the space of holomorphic forms is given by dmy, = for k € [g]. Recall that s takes imaginary values
on the segments [ay, by] for each h € [0, g, and real values between the segments. This implies that
the matrix Q5 = ¢ A dy, has purely imaginary entries. Since (duy)j_; is the basis dual to A-cycle
integration, we have

g
duy, = Z QE,}chkv with Q™! purely imaginary.

Integrating this on the B-cycles which only run between segments (Section 5.3.3) yields a purely
imaginary matrix of periods 7. A path from oo to co_ that does not cross any of the .A- and B-cycles
described in Section 5.3.3 is for instance the path travelling along the real axis in C’+ from —o0 to ay,
then along the real axis in C_ from ag to —oo_. In this range s is real-valued, so u(co_) is also purely
imaginary. All in all, (5.57) only involves the real exponential, and we conclude that

2E |jteq] + 2L[V] + Q[V, V] + dire” - (1(€") + u(oo_)) = 0.

This argument was for 8 = 2, but we retrieve Proposition 5.4.3 in full generality since it is simply
the § = 2 identity multiplied by g and taking into account the prefactor % in the definition of O,
while fieq and £ are independent of 3. So, it was justified (without loop in the logic) to proceed with
Proposition 5.4.3 in the proofs of Section 5.5. In fact, the same argument would establish Proposition 5.4.3
as a byproduct of the proof of the 8 = 1 Theorem 5.5.4 or of the 5 = 4 Theorem 5.5.7 instead of
Theorem 5.5.1.

5.6 Variation of the entropy with respect to filling fractions (Proof of
Proposition 5.4.4)

Consider the equilibrium measure ficq ¢ of a 3-ensemble with fixed filling fractions € such that M (z) =
tog+2 H“Z:l(x — zp) with 2, € (bp—1, ap) in the notations of Section 5.2.3. The density of fieq,e is

o) = 222 T o aal [] VI anlle — Bl - 15(o)

h=1 h=0

We need to compute for each h € [g]

Vegq,h /(‘Lh z)Inp(z)) = (g—1)/5(85hp(a:))lnp(:r)dx. (5.58)

For the last equality we used that | g p(w)dr = 1 has vanishing e;-derivative. The density p can be
expressed as a jump of W to rewrite

Veq,h = (é -1 / Oey, Wale - 10)2; Wiz +10) In p(z)dx

! (5.59)
= <— — 1) (Z Th Zk Z (Th(ah) + Th(bh))>
h 0
in terms of the integrals
VEER  Tal€) = /S B, (Wl(x - iO)Qi_le @+ 10)) In|e — &|d. (5.60)
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5.6. VARIATION OF THE ENTROPY WITH RESPECT TO FILLING FRACTIONS (PROOF OF
PROPOSITION 5.4.4)

It is well-known (see e.g. [BG24, Appendix A]) that
Vze Oy 0, Wi(X(2)dX (z) = 2imduy,(z).
Forz € C\ S orin S £ i0, we define 3(x) to be the unique point in CTL such that X (3(x)) = x. Then:
1(6) = [ (dun(s(o = 10) = dun 3+ 10)) Info — €] =2 | dun(s(a = i0)) Info —¢].

This is a differentiable function of £. For £ ¢ S, we can compute

. . 1 dUh(Z) . duh
T = d —i0) —d = =2 .
For ¢ € S , we rather have
dup(3(x —1i0)) duy, . dup, )
0 Y =2 =— 0) — — —1i0)) = 0.
() =2 [ T (56 +10)) — S 36— 10)
We will integrate this starting along the real line starting from £ = —oo + i0 and using the continuity

of T}, on the real axis shifted by +i0. From the definition (5.60) we can see that lim¢_,o, T1,(§) = 0.
Therefore

Yh(€) ) un((9) + X070 (un(ar) —un(dy))  if €€ (b, an),
= k—1 . (5.61)
2im up(ag) + Y120 (unlar) — un(by)) if & € [ag, bil,
with the conventions b_; = —oo and a441 = +00. Note that we could start integrating along the real
line coming from +oo, but we would get an equivalent expression because
g g
Z u(ag) = Z u(bg). (5.62)
k=0 k=0

The primitive w of du in (C \ 9) is multivalued, because this domain is not simply-connected. Yet, for
the previous computation, it suffices to define it by integration based at oo in the simply-connected
domain H \ S, and it is extended to S and hence H by continuity. Inserting the formula (5.61) in (5.59)
we arrive to

Veq,h = 21T <§ - 1> [Z (w(zk) +u(ao) —u(bo)+- - +u(ar_1) —u(bp_1)) +Z: u(ak)—l—u(bk)} .

2
k=1 k=0
(5.63)

We now compute u(ay,) and u(by,) as defined above. Denote (e, . .., e4) the canonical basis of CY.
Due to the description of the representatives of the .A- and B-cycles in Section 5.3.3 and the fact that
the hyperelliptic involution changes the sign of du, we have

g
u(by) — u(ag) = —;7{4 du = %Z e, (5.64)
0 =1

and for any k € [g]

(5.65)
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with the conventions By = 0 and ey = 0. Since ag is the only Weierstraf point that does not belong to
the A- and B-cycles specified in Section 5.3.3, u(0o_) can be obtained by integrating du in the first
sheet —o0 on the real line to ag, and then to ag from —oo on the real line in the second sheet. Therefore

u(ag) = —u(oco_).

From (5.64)-(5.65) we deduce

wlhn) = 5 (uloo ) + D er),
=1
and for k € [g]
g k
u(ay) = f(u(oo_) +Y e+ ZT(eZ)),
=k =1
1 g k
u(by) = 5(u(oo,) + Y e+ Zr(el))
I=k+1 =1
Therefore

iU(ak) i“(b’“) — % [(g + Du(co) + i (i e+ ir(eﬂ)]

k=0 0

[\D\)—t =

g
= (o4 Duloo ) + 3 (ter + (g+ 1~ )r(en) ).
=1

We can return to the computation of veq. By definition in (5.31) it is real, so we can replace u by
Imw in (5.63). Since w(b;) — u(a;) is real for any [ € [0, g|, we get

Veq = 27r<1 . g) [Zg: (Imu(zk) + wlmﬂek)) + g—;llmu(oo)} .

k=1

Since we already know that 7 and u(co_) are purely imaginary, we can drop imaginary part and divide
by i instead, and this is the final formula.

194



Chapter 6

Semi-localization in the Generalized
Random Graph model

This Chapter is based on a joint work with Antti Knowles [BK24].

6.1 Introduction

This Chapter is devoted to showing a semi-localization result for the adjacency matrix of the Gen-
eralized Random Graph (GRG) model. The properties of this random graph model are studied in
great details in [vdHof16, Chapter 6]. Let us recall the definition of the model. Let N > 1 be an
integer. We consider a graph G = ([N], F), where [N] = {1,..., N} is the set of vertices of G and
E C {{z,y},z,y € [N],z # y} is the set of edges. We take G to be a random graph, distributed
according to the Generalized Random Graph (GRG) model, defined as follows. To each vertex = € [N],
we attached a weight w, > 0. Thus, w" = (w,) z€[N] is a sequence of weights that depends on V. We
shall omit this dependence from the notation in the sequel. Two distinct vertices = and ¥y are connected
in G, ie. {z,y} € E, with probability

WaWy

Py =P ({z,y} € E) = ,
v ({zy} D se[N] W + Wowy

and the random variables (]l{{z,y}e E}) are independent.

z,y€[N]
We denote by A the adjacency matrix of G, with coefficients A,y = 1y, 1cpy- We endow G with
the usual graph distance. Let € [N] and r > 1. We denote by B, (x) (respectively S, (x)) the set of

vertices at distance at most (resp. exactly) r of the vertex x. The degree of a vertex x is denoted by

Dy =#81(x) = > Lfany}-

y€[N]

In the sequel, we will write the event {{z,y} € E} as {z ~ y}.
In this article, we make two hypotheses on the sequence of weights. To state them, we introduce
the empirical moments

1
Mo =MNq = — ng‘ (6.1)

Notation 6.1.1. We fix for the rest of the article two parameters ¢ > 0 and 0 < § < 1/3 such that
Hypotheses 6.1.2 and 6.1.3 below are satisfied.

Hypothesis 6.1.2. Forallx € [N],
wx S N1/2—6.
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Hypothesis 6.1.3. The first and second empirical moments satisfy
my > N™° and m_ O((InN)‘S).
my
Remark 6.1.4. We have the simple bound

Wy Wy Wy Wy
= < .
Pay m1N+ Wz Wy - mlN
Furthermore, Hypotheses 6.1.2 and 6.1.3 imply that for all z,y € [N],
—2€
Wy Wy WaWy Wz Wy N Wz Wy e
Py Nmpy1 +wzwy,  Nmy+O(N™2¢)  mN < + ( my )) mi N ( + ( ))

We are thus considering the regime where the GRG model and the Chung-Lu model coincide approxi-
mately. Indeed, recall that in the Chung-Lu model,

Chung—Lu _ Wa Wy Al
pa:y mlN *
Given a sequence of probability distributions (xx)n>1, there are two natural ways to define the
sequence of weights:

. the weight sequence w" = (w,) z¢[N] can be sampled according to M%N ,

. the weights w¥ = (wz)ze[n) can be chosen to be the N + 1-quantiles of 1.

We now present some examples in which our Theorem 6.1.9, stated below, is applicable.

Example 6.1.5 (Exponential distribution). Assume that 1 is the exponential distribution with parameter
a > 0. For all constant parameter o > 0, Hypotheses 6.1.2 and 6.1.3 are satisfied with high probability
in the i.i.d weight case, or always in the quantile case. In the latter case, the weights are chosen to be
1 | N

e k1
forl <k <N.

If « < 1/(2v), Lemma 6.1.10 implies that the greatest degree in the graph is of order In N, and our
result, Theorem 6.1.9 below, is not vacuous.

Example 6.1.6 (A model with heavy tails for the weights). Assume that p is the measure having density
with respect to the Lebesgue measure

d a? AN
dﬁ) ) =g=g9" (750) Lto +o0) (1),
with tg = O‘T_ld, and a > 2. The constants are chosen so that this is a probability density with
expectation d. The choice o > 2 ensures that a second moment exists and is finite, and hence that
Hypothesis 6.1.3 can be satisfied.

When taking weights to be i.i.d samples, Hypotheses 6.1.2 and 6.1.3 are not satisfied in general.
However, the event that these two hypotheses are satisfied is an event of high probability. When taking
the weights to be N-quantiles of 1, the weight of vertex x € [N] is

<N> 1/a
Wy = t(] ; .

In that case, both Hypotheses 6.1.2 and 6.1.3 are satisfied when o > 2 and d > 1.
As shown in [vdHof16, Theorem 6.12], the choice of such a heavy tailed distribution for the weights
implies that the vertex degrees in the graph will have a heavy tailed distribution as well.

We will derive results which hold with very high probability, in the following sense.

Definition 6.1.7. Let v > 0. A sequence of events (E ) is said to be satisfied with v-high probability if
there exists C' > 0 such that
P(Exy)>1—-CN™".
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6.1.1 Semi-localization result

We now state a semi-localization result concerning the eigenvectors of A associated to its largest
eigenvalues. Such an eigenvector is shown to be essentially supported on vertices of high degree. We
define the set of resonant vertices by

Way = {& € [N]: VD, - Al < ).

The set of resonant vertices is in cases of interest of negligible size compared to the size of the

graph.

Proposition 6.1.8. Let v > 0. There exists C,, > 0 such that with v-high probability, the following

statement is true: for all C,,/In N/Inln N < n < \/2, we have

2vin N < 2mo 2uin N

<2E '
#Wan S EEWA IV Ly < 5 i Y Y

Furthermore, when the weights are taken to be the quantile of the exponential or the heavy tail distribution
as in Examples 6.1.5 and 6.1.6, we have respectively

E Wi ] = 2+MNW)

N
of ——
<(a +1)(A=m)
and

N
E[#Wx 1] =0 (/\2;13 + (In N)%) :
The main result is then as follows.

Theorem 6.1.9. Let v > (. There exists C,, > 0 such that for all N the following statement holds with
v-high probability. For all eigenvalue X with associated normalized eigenvector q, and for alln < |\|/2,
we have

C, mN
2 v
Z (¢; usign A (%)) = 1 — Fma

JJGW)H»,]

where uy (x) is a vector supported in Ba(x), defined in Proposition 6.3.4.

6.1.2 The degrees and the weights

We give a few more results and definitions regarding the link between weights and degrees in G. In
the sequel, we will mainly consider vertices of high degree. In particular, vertices with weights greater
than cln N, for a fixed ¢ > 0, are easier to describe. The degree D, of a vertex x concentrates around
its expectation dy,

Wy W
dy = B[Dq] = Z ="+ < w,.
yelNI oy 2= W= T Wy
Remark 6.1.4 implies that
o Wy Wy B -
e = Z 1N(1+0(1)) = wy(1 mlN)(1+O(1)) wy(1+ o(1)). (6.3)

m
ye[N\{z}

As soon as the weight of a vertex x is at least of order In IV, the degree D, is as well at least of
order In N, with very high probability.

Lemma 6.1.10. Let v > 0 and = € [N]. With v-high probability,

1
dy — \/2vdy In N < Dy < dy + 2\/VlnN(dx v glnN).
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Proof. This is an application of Bennett’s inequality (see [BLM13, Theorem 2.9]). We have for M > 0,

M2
P(D,>M+d,)=P(D, —d, > M) < —_ .
(Do = M) = o0 (g5 1 a7)

If we choose M = 2./v1In N(w, V (2/3)vIn N), we get the upper bound.
For the lower bound, we use the slightly sharper bound (see [vdHof16, Theorem 2.21]),

2vd, In N)?
P(D, < dy — \/3d,In N) < exp<_<”;WT>) <N,

O]

In the large /V limit, most of the random variables we consider have Poisson tails. The In N scale
thus appears naturally when deriving results that hold with very high probability.
In the sequel, it will be convenient to order the vertices in terms of their degree.

Definition 6.1.11. We define the order relation < on the set of vertices [N| as follows. For any two vertices
z,y € [N],
x <y ifand only if (D < Dy) or (Dy = Dy andz > y)) .

We define the (random) permutation m € S to be the unique permutation such that
m(N)<7m(N—-1)<--- <7(2) <7(1).

Note that in particular D (n) < Dr(v_1) < -+ < Dr9) < Dr(1). This order allows us to define
two notions of neighborhood and degree:

Si(@) = {y € [N]: 2~ y,x <y} and D} = #8] (),

Sy (@)= {y € N]: 2~y =y} and D, = 487 (z). o9

6.2 Pruning the graph

Similarly as in [ADK21b; ADK21a], it is more convenient to work on a pruned version of the graph.
The GRG model is inhomogeneous, compared to the Erdés-Rényi model: there are greater differences
of degrees in the graph. Because of this greater heterogeneity, the pruning procedure has to be more
subtle. As in the Erd6s-Rényi case, we first prune the graph to remove cycles in small balls. Then,
instead of removing all edges connecting two vertices of high degree, we remove edges appearing in a
very specific pattern. This procedure is key to simplifying the computations in Section 6.3.

We fix r > 6. For convenience, we will sometimes omit it from the notation.

Remark 6.2.1. The pruning of [ADK21a] (besides removing cycles) amounts to to remove all the edges
between vertices of high degree. Because of the inhomogeneity in the GRG case, this would mean
cutting a number of vertices proportional to w, around a vertex x. This would prevent us from obtaining
good bounds on the error we make when replacing the adjacency matrix of the original graph by the
one of the pruned graph.

6.2.1 The set of vertices of high degree
We will be interested in the vertices with the greatest degrees in the graph G.
Definition 6.2.2. We define the threshold

Ay +1)(2-36) InN

=8 = =51 -2) MmN
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We define two sets of vertices of high degree

In N
V= {x € [N]: D, > lnlnN}’ and
Vo ={x €[N]: Dy >&,}.
Lemma 6.2.3. Letv > 0 and C' > 0. Let x € [N]. Then, with v-high probability,
(4vInN) D, > d,.

Furthermore, if D, > C% then with v-high probability

4
(glnlnN> D, >d,.

Proof. Assume first that d, > 4vIn N. By Lemma 6.1.10 we have with v-high probability that

D, >d, —+/2vd;InN.
With d, > 4v, this yields
D, > d, (1 _ 1/2) ,

and the two claims follow.

If d, < 4vin N, we get the first claim as D, > 1. Assuming D, > ClrﬁerN we get

% < g NN A N

ClnN _C

hence the second claim. O

6.2.2 Removing the cycles

In this Section, we estimate the number of edges to prune around each vertex to remove all cycles in
small balls centered around each vertex. To state this precisely we give a few definitions about paths.

Definition 6.2.4. A path -y in the graph G is a sequence of verticesy = (79, V1,- .., V), With{vi—1,7i} €
E fori € [n]. The length of the path is () = .

A path is said to be simple if v; # v; fori # j,{i,j} # {0,1}. Two pathsy and ~' are edge-
intersecting if there exists i and j such that v; = +; and either v;—1 = v;_; oryi—1 = 7} 1.

The set of paths in G is denoted by P(G), the set of simple paths in G is denoted by P*(G), and the
set of simple paths with length less than [ is denoted by PZ,(G).

Consider a vertex x € [N]. We define
SY(x) = {y € Si(x): Iy € Py, 11(G) 70 = W(y) = 711 = Y,

i.e. the set of vertices connected to x that are part of a cycle which is a simple loop. In Section 6.2.4 we
will prune the edges in the set {{z,y}: y € S]"(x)} so as to remove all cycles in all small balls. In
this Section, we give bound for the cardinality of the set S7¥(z).

Proposition 6.2.5. Fixx € [N] and v > 0. There exists a constant C,, such that with v-high probability,
#5717 (x) < Cy.
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Y1
Y2

Figure 6.1: A representation of the event NE ,..
The simple paths can share a vertex, but cannot e edge-intersecting.

We shall consider the following event concerning non edge-intersecting paths

Vi # j,7% and v are not edge-intersecting,
Vi, 'YOi) = 'Y(i) @y — L
NE, () = { I7V,...,4®) € P*(Glp,m)): 1o

Zl ) < 2k(2r +1)

It is depicted in Figure 6.1.
We argue that the cardinal #.57;”°(z) can be bounded by the number of non edge-intersecting paths
in the graph G|p, () {+} between pairs of points of S; ().

Lemma 6.2.6. Let k > 1 and x € [N]. We have the inclusion of events
{#S7°(x) > 2k} C NEg,(z).

Figure 6.2: Construction of the path 7.
The paths v and 7/ are edge-intersecting, respectively from y to z and ¢’ to 2’.

Proof. Let y1,...,yx € S7°°(x) be distinct vertices. By definition, there exists z1,...,2; € S7°(z),
with 2z; # y;, such that there exits paths v;,7 = 1,..., k, each of them connecting y; to z; (without
going through z). We now argue that we can choose the paths ~; such that they are either equal, or are
not edge-intersecting.

Indeed, consider v connecting y € S7”°(z) and z € S7°(z), and 7/ connecting v’ € S}7°(z) and
2/ € §7Y°(x). If v and 7' have an edge {v, v’} in common, with

/

Y= (0= YV Vi = U Yigl =V Yig2, s V1, Z)
7 = (’Y(/) = y//)/ia’yé’ e ar)/; = U,’7§'+1 = UI’7§'+2> e 7/71,’_172/%
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6.2. PRUNING THE GRAPH

i.e. the edge {v, v’} is traversed in the same direction for both paths, then we see that if we consider
the graph with the edge {v, v’} removed, y is still connected to a distinct vertex of S;"°(z), that is v/'.
In this case, we obtain a paths 7, that connects y and ¥/

If 7/ is oriented otherwise, and v is encountered before v’ in 7/, we proceed differently. We do not
remove the edge {v, v’} from the paths. Instead, we construct one path 4 from these two paths

;y: (y”)/la---a’yi =v,7; :Ulvly;'—lv'--afyiay/)‘

This construction is depicted in Figure 6.2.

To construct a family of non edge-intersecting paths from the paths going from the y;’s to the z;’s,
we consider first the path v(!) from y; to z;. We consider the first edge e in y; that intersect another
path v, i £ 1. We apply the procedure described above, and obtain one path 7(1) whose first vertex is
y1 and last vertex is ;. We obtain a new family of paths, (31, (), .. 40=D ~G+1) (k).

We keep applying this procedure on the first path of the family until it is no longer edge-intersecting
with any other path of the family. We then consider the second path, and proceed as previously until all
the paths are either non edge-intersecting, or identical up to orientation. Notice that this procedure
terminates as there is a finite number of edges that are part of two or more paths.

At the end of the procedure, we have a family of paths, and each vertex y;,4 = 1,..., k is at one
end of at least one path paths. We thus have k/2 simple paths that are pairwise non edge-intersecting.

Notice that we have not added any edges in the procedure, thus the total length of the non edge-
intersecting paths thus created is less than k(2r — 1). This shows that the required inclusion holds. [J

Lemma 6.2.6 then implies the Proposition 6.2.5.
Proof of Proposition 6.2.5. Let k > 1. Lemma 6.2.6 implies that
P (#57°(x) > 2k) < P (NEy,, ().

The union bound then implies

k
P (NEg(2)) < Z H Z Py Pyrya =+ " Py, oli—1Pli 1z

Iy, g1 =1 \Y1,0¥1,-1
>, Li<2k(2r+1)

Notice that we have independence of the edges because we ensured that the paths are not edge-

intersecting.
We have
2,2 2 Li—1
Z < Wrwy, Wy w% mo \ Y
pxy1py1y2 o 'pyl,,gli—lpli_lx ~ E ] = = .
‘ i Nl miN \m
Y1591, -1 Y1yl —1 ml N g 1 1

Hypotheses 6.1.2 and 6.1.3 then imply

Z Pzy1 Pyrys " Pyy, _oli—1Pl; 1z = O<N_€/2>

YloesYl—1

Finally, we have
P (#8%°(z) > 2k) < O(N"“/Q).

Choosing k big enough gives the result. d
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ZC./N
<

Figure 6.3: A down-up path.

6.2.3 Removing the down-up paths
In this Section, we will use the order defined in Definition 6.1.11.

Definition 6.2.7. A down-up path between two distinct vertices x € [N] and z € [N] is a path (x,y, z)
withy < x < z. The set of down-up vertices near x is

SNy ={y: Iz,x~y~ 2y <z <2}

We will remove all down-up paths in G. To do so we proceed as follows. Consider a vertex x € [N],
and y € Si(x) with y < x. If there exists z € S1(y) with z > z, then we remove the edge {x,y}. To
bound the number of edges removed around x, we use Lemma 6.2.8. Around y, this procedure removes
exactly (D;j — 1) vV 0 (recall (6.4)) edges. This quantity is bounded using Lemma 6.2.9, below.

Lemma 6.2.8. Let v > 0 and x € [N]. With v-high probability,

2v In N
du cyc <
#(Sl (x)\Sl (x)) ~1—2lnln N’

Lemma 6.2.9. Let x € [N] and v > 0. With v-high probability,

3v In N
Dt < .
T 7 2(1-4)Inln N

Thus, Lemmata 6.2.8 and 6.2.9 show that we will remove roughly In N/ Inln NV edges around each
vertex when removing the down-up paths.

Proof of Lemma 6.2.8. Recall that

#(S1(@)\ () = #{y € S1(@) \ SP(2): 32 € 1)\ {a}, Dy < D, < D).

Let £ > 1. We have by the union bound,

P(#(S1(2)\ 87°(2) 2 k| S$1(2)) =P (31 € (S(@) \ S7°(@)) : 1] = k| $1(x))

< Z Z P(Vyel,y¢ Sy (z),x~y~z,D, <D, |Si(z))
IC[N] {zy;y€l}
\T|=k

1 .
<o 2 D PMiElH i ¢S (@) 2~ yi~ 2, De < Dsy | Si(2).

’ yl]":uyk) 21,52k
distinct

Notice that we removed the event D, < D,.

Notice that if y; ~ z; for i # j,thenz ~ y; ~ zj ~ y; ~ xisacycle and y; € S}”°(x). It is also
the case if y; = z; for some pair (¢, j), if z; ~ zj, or if & ~ z;. Thus, the vertices y1, ..., Yk, 21,. .., 2k
can be assumed to be distinct. Furthermore, if we define the random variable

Ezi = #(Sl(zi)\{yluzla"'uykvzk}) = Z ]]-{Zir\/z/}7

2'¢{y;,zj:5€[k]}
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we have the inclusion of events
Yly v Yk %S?]C(:E), c YLy - - s Yk 21,5 - - - , 2 distinct
VLx‘NyiNzi’DxSDzi \V/’L',Q?NyiNZi,DxSﬁzi—Fl '

Notice that the random variables DZZ for i € [k] are independent conditionally to S (z). It follows
that

k

P# (SN ST @) 2k ISi@) < Y T hampuosP (Do < Do 411 81(a))

Y1 721‘»' yYks2k 1=1
distinct

Markov’s inequality and (6.2) give

P(# (500 \ S @) 2k 8i0) £ L 8 [ D dtL

! miN D,
Y1521 55Uk 2R AT 1=1
distinct

Now, notice that if there exists k distinct vertices y1,...,yx € Si(x), then D, > k. Take k =
[ 2 hlﬁ V-1. Then, using Lemma 6.2.3 we have that with v-high probability,

k
PO (500 \ 59°() 2 k[ su() < BN 5~ g el 1),

|
k' Y1521 Yk 2k =1 dwmlN

distinct

Taking the expectation and using (6.3), that is w, = d;(1 + o(1)), as well as twice (6.1), we obtain

P (# (53 \ 57°) 2 &) < (21“};”\7) <m1 + 1>21c (1+0(1) + O(N™).

Using Stirling’s asymptotics and Hypothesis 6.1.3 yields the result. O

Proof of Lemma 6.2.9. Consider the random variable

DYt = #(SF@\ST@) = D Lienicn,)

yE(S17"(2))°
By Proposition 6.2.5, there exists a constant C,, such that with v-high probability, we have
Df < C, + D,

We thus only have to bound D2*. For each y € S1(z), we introduce the random variable

Dy=#S1p)\ {2} USi(@) = D Liymssgsi@)-
z€[N]\{z}

Conditionally to Sy (), the variables D,y € S;(z) are independent. Furthermore, for y € S () with
k € IN*, we have the inclusion of events

{y ¢ S7°(x), Dy < Dy} C {y ¢ S7*°(x), Dy < Dy +1} C {D, < D, + 1}.
The union bound and Markov’s inequality imply

P (DI > k| () < ki 3 (sz <D, +1|Sl()> kl 3 dezﬂ.

Y1y, Yk €51 () Y1, Yk €51 () 1=
distinct d1st1nct
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Now, notice that as the y; in the sum are distinct, we have D, > k. In particular, if we take k =

[20335) %1 we can apply the second part of Lemma 6.2.3. With v-high probability,
k
(@ InIn N) 4o
" Yi
P (D;}C >k | Sl(x)) < o Z HTI
Y1, Y€1 (x) 1=1
distinct

Finally, taking the expectation of this quantity and using (6.2), we get

(@mlnjv)k
P (D" > k) <

k
H wyi(wyi + 1) + O(ny)

k! , miN
Y1,k =1
distinct
1 (8(1—6)ma+my F —
_k!< 3 - Inln N -i-(’)(N )

With k = [5 (f’z 5 1;? erNL we get from Stirling’s asymptotic equivalent that

1 3v In N mo _
nc+ > < o o v
P (Dt > k) < \/ﬂexp( 21 inn N (mk 1n<2m1 lnlnN> +(9(1))> +O(N7)

_ \/2177@ exp (—3vIn N/2(1 + o(1))) + O(N~Y),

as soon as (ma/m1) < (In N')?, which is satisfied by Hypothesis 6.1.3. O

6.2.4 The pruning procedure

Recall that we fixed r > 6. In Section 6.3, we do not work in the graph G, but rather in a pruned graph
GP. To construct it, we proceed in two steps. Firstly, we do a first pruning procedure to remove some
cycles in balls of radius 7 around all vertices. Then, we remove the down-up path, see Definition 6.2.7.
More precisely,

cyc

1. for each x € [N], and each y € S7°"(x), we remove from G the edge {x, y}, and then
2. for each x € [N], and each y € S{%(z) \ S7Y°(x) , we remove from G the edge {x, y}.

We denote the graph obtained after the first step by G"°, and the resulting graph by GP. We indicate by
the superscript p that the adjacency matrix, degrees, spheres, balls, ... correspond to the pruned graph
GP. For instance, DY, is the degree of the vertex = in GP. The event that the edge {z, y} is present is

denoted by {z % y}.

Theorem 6.2.10. Let v > 0. The graph GP satisfies the following properties.
1. With v-high probability, for allx € [N], D, — D} < £/2.
2. There are no down-up paths in the graph GP.
3. The graph GP is a forest.

Proof. Let « € [N]. During the pruning procedure, we remove at most D + # (S{"(z) \ S7“(z)) +
#5717 (x) edges around z. Proposition 6.2.5, and Lemmata 6.2.9 and 6.2.8 imply claim 1. The two other
claims are consequence of the construction of GP. Let us detail the third one. Assume that there is a
simple loop in GP composed of the vertices (0,71, - .-,k = Y0) with {v;—1,7;} € E foralli € [k].
Then there is a vertex, say 7o, which is minimal for the total order <. Then v;_1 > v = 70 < 71, and
either (vx—1,70,71) or (71,70, Yk—1) is a down-up path. As there is no such path in GP, there are no
cycle in GP. g
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6.2.5 Estimate of ||A — AP||

We now give estimates for the error we make when working with the adjacency matrix of the pruned
graph AP rather than the adjacency matrix of the original graph A.

Proposition 6.2.11. Let v > 0. There exists a constant C', > 0 such that with v-high probability,

In N

A— AP <C, .
I I=Coi iy

This Proposition relies on the following Lemma.

Lemma 6.2.12. Lety € [N] and v > 0. With v-high probability,

6v In N
1) _
Pil= D Lygst ) asymanynd gy <a<e') < (1-30)(1—25)InlnN"
z€[N]
Y¢Sy (2)u{y}

Proof of Proposition 6.2.11. The matrix A — AP is the adjacency matrix of the graph made of the edges
we removed during the pruning. Consider the adjacency matrix A™ of the graph G"¢ obtained after
the first pruning (removing some cycles near the vertices of V). The maximum degree of a vertex in
the graph described by A — A™® is bounded by a constant C,,, with v-high probability. It implies that
|A — A*¢|| < C,, with v-high probability. Thus, it suffices to bound || A™¢ — AP]||.

Let us introduce for convenience the matrix
A= Z 1 1Sdu NS () — Z ]l{y¢SCy ),3z,z~y~z, y<m<z}1 1y7
we then have
AP — A™C = A4 A*.
We only have to bound the operator norm of A. We have
|A|? = HmHzaLX u*A* Au = ”m”ax Z Uy Uy .
ul|=1 ul|=1
z€[N]y,y' €S (x)\S7 (z)

If y = ¢/ in the sum above, we have the contribution

3(v+1) N
2< 2 +<
2 2. ws ) whys< 21 —0)Inln N’

T€[N] ye ST (2)\S5¥ (z) y€E[N]

by Lemma 6.2.9. For the remaining terms, Young’s inequality then implies

3v+1) N

2 2
HAH < HrnHa’X uy EZ[]:V] ]l{Sz,z’,zwywzwy’Nz’,y,y’<x<z,z’} + 2(1 — 5) nln N
x
Y ¢ST7 (2)U{y}
Lemma 6.2.12 allows us to conclude. O

Proof of Lemma 6.2.12. We proceed as in the proof of Lemma 6.2.8. The union bound yields

vy ¢ S7(x),
P (P = k) =P |31 (@,y) € IN]x N\ {y}): 3oy ~a~y/ ~ 2 0 T =k

yayl <z < 2
1 .
S 2, P (VW’%‘ ¢ 57 (xi), 3% # @,y ~ i ~ y; ~ 2, Dy, Dy < Dy, < Dz;)
' T1,..,T
Yy 7---jy;€ disktinct
1 . / cyc . / ' ' , ,
SE Z ]P V%y,yi¢51 (xz)7zlzi#xl’le‘ZNyiNZiaDySDZQ )

Z1,5Th
Y4y}, distinet
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Notice that in the second line the y; can be taken distinct as otherwise, if (z;,y;) # (z;,y}) with
Y= yj theny ~ x; ~y, = yJ ~ xj ~ yis a cycle. This contradicts y ¢ S7”°(x).
Assuming the vertices {z;,y,} are fixed, we introduce for all 2’ € [N]

Dy = > Lizry-
v {z;,y5.5€ k] ULy}
Using this notation, we have
P(Pél)zk)é—! S P(ViddAmy~ai~y~ Dy <Dyt 1).
T1,..,Th
Y w.,y}k #y, distinct

Conditionally to S;(y) the variables 1, ~ylts 1 (32l yim! Dy <D , +1}’i € [k] are independent, with

dy +1 Wy Mo + My
]P(Elzg#x;,yngg,DygD/—kH51 ) Zpyz _Di,
/#m m

We used Markov’s inequality in the first inequality, and (6.1), (6.3), and (6.2) for the last one. Then,

2
1 We, W, 4
HGREDET DY Hn{ywxl}ml D e

L1y, T, my
Yy sy 7Y, distinet

Similarly, (6.1) and (6.3) give

1
P (’P?Sl) > k;) < o (W) Z E (H ]l{ywmz} D >

L1y Th

To sum on distinct vertices x;, we transform the sum as follows:

1 +m \ N [k : wy, 1
2 < (P 5 (0) 5 ([T )

xl 7""7Il =1
distinct

: (m) ( ) ws, Wylip,z1y
S _ A i Y
k' \mq Z x1ZmlI[1m1N D,
distinct

Now, we use again (6.1), to obtain

1 (ma\FEx R\ [ mo wylip, sn )
P (P —k)_k! <m1> Z(z) <m1 D,

Now, let p > 1 and take k = [-22. 12N_ We have

1-36Inln N I*
k 1 Lk/p l k !
k mo wy]l{Dy>l} k Mo k meo
= 7 YvI9=7 < i =
E <l> <m1 D, < g l m14V1nN + E l m12lnlnN(1+o(1)) ,
=1 =1 I=|k/p)+1

where we used the first and second claim of Lemma 6.2.3 in the first and second terms respectively.
Now, notice that

z () (2amn) < B z (50) (2201

ol my /)
~ ([k/p))!(Lp — 2)k/p))! i ) ‘

<1+41/
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Stirling’s approximation then yields

<m)2k (1 + 42 1y N

mi mi

([k/pD!(L(p = 2)k/p))!

< exp(—f) <(p —1)Ink—InlnN — (2p+ 1) Inln ;’;i) (1+ 0(1)))

) [k/p)

—o(v),

assoonas (p—2) — (2p+1)6 > 1 — 30, 1ie. assoonasp > ?:—gg We thus have

mi mi

2k k
P (P> k) < % (mz) (1 + 31n1nNmz) +O(N).
Using again Stirling’s asymptotics yields the results. O

6.3 Finding the eigenvectors

In this Section, we construct a family of orthonormal vectors that will be close to eigenvectors of A. The
main intuition to show that the eigenvectors associated to the greatest eigenvalues are (semi-)localized,
is that these eigenvectors are probably close to the vectors

1 o
Ua(x) = ﬁ (1:): + \/lflsf_(z)> s

where x € [N] and o € {£1}. This particular choice is motivated by the fact that such vectors are
eigenvectors of the adjacency matrix of a star of degree D}, i.e. a tree with one vertex connected to
D™ leaves.

Notice that these vectors are normalized, but in the pruned graph GP, we have (recall Definition
6.1.11)

(o9

Lianyy [ Pliz<y) +0]1{x>y}

2 \vor oy )

that is, we only have v_(z)*vy(x) = 0 for all z € [N], but in general two such vectors will not be
orthogonal if x ~ y.

g;’y (1+ po) +

Remark 6.3.1. In the pruned graph GP, for each vertex € V, there is at most one vertex in ¥V N Sf(w)
Indeed, if it were not the case, i.e. if there existed two distinct vertices y, 2 € V N S (z), then one of
y~x~ zorz~x~ ywould be a down-up path. There are no such path in the pruned graph.

This remark allows the following definition.

Definition 6.3.2. Let x € V. The unique elementy € V N Sy (), if it exists, is called the parent of z,
and denoted by i. Conversely, the children of x are the vertices in ST~ (). The elements of ST~ (%) are
called the siblings of x. The set of siblings of a vertex x is denoted by Sib(z) and is empty if x has no
parent. The set of smaller siblings is

#Sib™ (z) = Sib(z) N{y € [N]: y < x}.
Convention 6.3.3. We use the following conventions.
1
L g =0,

2. any term where the symbol & appears is 0 if the vertex x has no parent.
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The orthonormal family we shall use is defined in the following Proposition.

Proposition 6.3.4. Forallx € V, o € {£1}, define
Zy =2+2/#Sib™ (2),

1 Lgp—(2) Lsib(a)
o(@) = = | La L2 :
Ug () 7. ( +o o # Sib~ (2)

The family (us (7)) zey,oef+1} is orthonormal.

and

Proposition 6.4.1 will imply that the operator

Z aﬁuo(m)ug(x)*, (6.5)

eV
oe{£1}

is a good approximation of AP restricted to the eigenvectors of its greatest eigenvalues. The matrix
given by
Y oV Divs(x)ve(x)", (6.6)
zcV
oe{£1}

is also the adjacency matrix of the pruned graph restricted to the neighborhood of the vertices in V. We
now show in Proposition 6.3.5 that the matrices (6.5) and (6.6) are similar.

Proposition 6.3.5. Let v > 0. There exists a constant C',, > 0 such that with v-high probability,

Z g\/Dig_(uU(a:)ua(x)* — Vo (x)v(2)")|| < C'V\/E'

erV
oe{x1}

We now turn to the proofs. Introduce the families of vectors (Vy(x))zey, (Vi(z))zey, defined by

Lop—(a)

VDE

Vo(z)=1,, and Vi(x)=

In particular, we have v, (z) = (Vo(z) + o Vi(z))/V2.

The family of vectors we shall consider is the family (U;(z), Uy(x))zey obtained after applying
the Gram-Schmidt orthonormalization procedure on (Vi (), Vo(z))zcy, starting with the vectors of
(Vi(z)), and ordering the vectors of (Vp(x)) decreasingly according to the order <.

Working in the pruned graph makes this procedure simpler. Theorem 6.2.10 implies that the family
(Vi(z))zey is orthonormal. Indeed, if x # y, then Vi (z)*Vi(y) is nonzero if and only if there is a
down-up path between x € V and y € V, and in the pruned graph there are no such paths. Thus, we
set Uij(x) = Vi(z) forallz € V.

The resulting vectors Uy(z) for = € V, are defined by

Uo(z) = Vo(z) = X2yer (Vol(2)"Ui(y)) Un(y) — Zg&‘; (Vo()*Uo(y)) Uo(y)
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6.3. FINDING THE EIGENVECTORS

We then have
i Lelop) .
Uo(z) =1z — Z Tlsff(y) - Z (13U00(y)) Uo(y)
yeV Y yeY
y=x
ﬂ xr~Yy,xr *
=To =) %%my) =Y (1:U0(y)) Uo(y) (6.7)
yey Y yeY
y-x
1 *
= 1o — D Loo-) — Z (1zU00(y)) Uo(y)-
z y-x

Lemma 6.3.6. For allz € V), the vector Uy(z) is supported on {x} U Sib(x).

Proof. We proceed by induction. We first notice that for all # € V which have no parent, we have that
Up(x) =1,
Then, considering (6.7), we see that

1
lp— ——1gp s
Dg 1 @)
is supported on {z} U ST~ (Z).
By the induction hypothesis 1%Uy(y) with y = z, is non-zero only if x € ST~ (7)), i.e. x and y are
siblings. Thus,

> (1:Uo(y)) Uo(y)

yeVy
Y-z

is supported on {x} U S7 (). Indeed, the siblings of the siblings y of x are the siblings of . O
This Lemma serves as heuristics to prove Proposition 6.3.4.

Proof of Proposition 6.3.4. We first look for the expression of Uy(x), for all x € V. Lemma 6.3.6 implies
that the vector Up(x) is of the form

As the family (U;(x), Up(z)) is orthonormal, we have for all z,y € V,

x b$
@, ()

Dy”  est—@) /Dy~

0="Uo(2)"Ui(y) = dyz (6.8)

Furthermore, for all z,y € V,
bz, = Uo(2)"Up(y) = aiéﬂc,y + 025 (azby(z) + ayb.(y)) + 029 Z bz (2)by(2). (6.9)
z€8Y7(2)

This implies than if x = y

1= a2 + 2a,b,(x Z ba(

2€8Y7 (&)

and if x # y with & = g,

0 = azby(z) + ayb,(y) + Z by (
2€SY7 (&)
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Consider the particular choice

= and b(y) = v
VZ:2 V/Z 24 Sib™ (z)

if # has a parent and b, (z) = 0 otherwise. With this choice of coefficients, (6.8) and (6.9) are satisfied.
The family

(01 (2), Uo(@))cev = S“), alot 3 bl

¥ yeST™ (¢)

is then orthonormal. Note however that we do not claim that it is the family obtained from the
Uo(z)+oUi ()
V2

eV

orthonormalization of (Vi (z), Vo(x)). This does not matter: defining u,(z) = yields an

orthonormal family. O

We now turn to the proof of Proposition 6.3.5. We first need to prove Lemmata 6.3.7 and 6.3.8 to
bound the number of vertices in a ball around a vertex x, and of siblings of a vertex x. Lemma 6.3.7 will
also be used in the proof of Proposition 6.4.1.

Lemma 6.3.7. Let x € [N] and v > 0. With v-high probability, if t € V then

1 4v InN
- DP— < sl
Z Y = 1—-6lnln N

Lemma 6.3.8. Let v > 0. With v-high probability, for all x € V), that has a parent, we have

o 1
# Sib™ (z) > §Dg.
Proof of Lemma 6.3.7. We introduce the notation
2
PP = Y (Dy=1)= D Lyesore() amymnya)-
YEST (2)\SY(x) Y27

It suffices to bound P to bound >
probability, we have by Theorem 6.2.10

()
+ D, D, 2v InN D, 2v InN
b= < < < .
Z Dy D, DE_<1—5lnlnN+1>D$—§/2_2<1—61nln]\7+1>
yGSp ()

yesi—(ny Db Indeed: it LY < D, (%1 ;I;erN) with v-high

Which give the result. We now prove the required bound on 739(52).
Introduce the set

Va(z) = {(y,2) € (IN]\ S7(2)) x ([N]\{2}): 2 ~y ~ 2,y < x}.
For all integer k£ > 1, we have
P (739 >k | Sl(x)) <P (3 C Va(a), #] = k | S1(x))

1 .
< o 2 B(Vie o~ yi~ 2, Dy < Do | Si(@)),
(Yi,24)
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where the sum is on families of k pairs of vertices (y;, z;), such that the 21, .. ., zj are distinct. Then,
by (6.2), we have

k
1 . d TR
IP(P?)zkISl(x))SEZ]P(WG[H#EN%D Lz H1 < D | Si(x H(rle)

(Yi>2i) i=1

Notice that Dy, — 1y, ~.,} +1 > Dy,. Using (6.1), we get
IP(P > k| Si(z ) Z]PVze Jx ~yi, Dy, < Dy | Si(x Hwyl

Now, we rewrite the sum on (y;) in terms of a sum on families of distinct vertices (g;):

P (PR > k| S )gklz > SE Hn{xwyl,pyl@l | Sy (x Hwn
I=1 ky+-ky=k (3;)  Li=1

i

We now condition on D, = M for some M >
probability, for all i,

where the sum is on families of / distinct vertices (7; )
| 2 |. By Lemma 6.2.3, we get that with v-high

k;—1
; Dyw i ki—1
]I{DyiSDz}w]gj; < (D vff( ﬁlN )) Wy, < (AM (v + 1) Inln N)™ (I
Yi Inln N

Thus, we get using Zk1+-~+k,:k 1= (]l“)
IP(Pf)zk\DQC:M)

< ()2

(9s)

(6.10)
H]l{%yz}wyz v+ 1)MInln N)*' | D, = M| + O(N).

We must compute the probability

]P(Dx:M|Vi€[l},:c~gi)li[ )

Pxg; -
P (D, = M) Lo

Estimating P (D, = M | Vi € [l], x ~ ¥;) is done by considering the random variable

Di= Y gy

yé{z,gisi(l]}

Sums of Bernoulli random variables such as D,, have probability densities asymptotically equal to those
of Poisson random variables, as we now explain. Let us assume that M = 0(\/]v ). This can be done
without loss of generality as it is implied with very high probability by Hypothesis 6.1.2 and Lemma
6.1.10. Similarly, for ﬁm we have

P<ﬁx:M_l>: > IIeen [T = po),

IC[N\{z}yel  z¢I
#I=M—I
with

H(l_pmz —€XP< Zpa:z 1+O ))) —exp( dg;—l—O(Nie)),

z¢1 z¢1
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as #I < M = o(v/N) and thus using Hypothesis 6.1.3: 3_, _; s = O(N™°). We get

P(ﬁx:Ml):(l_l) 3 H@T“:f"]i/f e (1+0(NT))

Y1, YmM—1 =1
distinct

_ (Ml—l)!wM e~ (14 O(N™)).

Similarly, we have

P(D,=M)= ﬁwye—dm (1+O(N79)).

Hence, we have

. - Mlw;! : —e
]P(Vze[l],:chi!DIZM):WHP15¢(1+O(N ))-
Ti=1

Plugging this into (6.10), we have

]P(p,g” > k| Dy = M)

(f[ ml;) wy M (4AMyInln N+ O(N7Y)
()5 (22) e 50079

Mk

k
< (2L gpmnN) +O(N).
k! ma

We now choose k = |2v Nj Stirling’s asymptotics imply
P <Pa(32) >k|Dy= ) < exp(—kIn(k/M)(1+ o(1))) + O(N“’) — O(N_M"),

Finally, we have

(a:ev PR > 2D, In N
Inln

|z € Vl,> — O(N7).

Proof of Lemma 6.3.8. To show this, we shall rather show that the random variable
In N
DIV = # (1) VA 527 0) = 1 (G ) ,
. Y/ oy yg 7Y (2),6< Dy}
is bounded by D, /4, with v + 1-high probability.
Fix M > & We have by the union bound

1
P (DY > k| D, =M) < o > P(Viekl,x~yiyi & S7(2),6 < Dy, | Dy =M).
“diinet
Using the fact that the vertices y; are not in S;”“(z), D,, can be replaced by

Dy, =#(S1w) \{zy1, o) = > Lymsy
z¢{y;,x}
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We have

1 . A
]P(_D;C,VZ]{;‘DJ::M)SH Z P(Vz,xwyi|Dx:M)IP(§<Dyi+1)‘

T Y1y Yk
distinct
Markov’s inequality and (6.2) allows us to conclude that

Wy,

§

k
nc,V _ 1 . _
P (D2 2k|D$_M)§g > IP(Vz,xwaDI—M)E

’ yl PR 7yk
distinct

y1, Yk i=1 m1N€ IP (Dx = M) '
distinct

The conditional probability in the right-hand side can be shown to be close to the probability density
of a Poisson variable, as in the proof of Lemma 6.3.7:
P(D, =M |Vi,x ~y;) M! ke

P (D, = M) Sr—m

Using (6.1), we get

P (DY > k| Dy =M) < M m; \*
vo= = k(M — k) \émy

Taking k = [M /4], Stirling’s asymptotics imply

P (DY >k|D,=M) < exp<—4ln€:;1(1 —|—0(1))>.

Note that Hypothesis 6.1.3 gives that

&M _ <§lnln N) (14 o(1)),

ma
and thus, as ¢ > 8vIn N/Inln N,
P (DY >k |Dy>¢&) =0(N).

Thus,ifz € V,,

—_

DY < —D,.

W

with v-high probability.
As x € V,, the neighbors of Z are in Sib™ (z), or in {y € S1(Z) NV, }. Thus,

#Sib~(z) + D}V > D.

The previous result on D3 14

implies that with v-high probability,
o — p nc,V P 1 1 p
#Sib™ () > D, — D~ ZD:&_ZDingiﬂ

where we used that when # € V,, by Theorem 6.2.10, D, — DY < &/2 which implies D;/2 <
-¢/2< DY ]
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Proof of Proposition 6.3.5. Firstly, notice that

1 +1g
[ e . 2 [ e . Slb(x)s ()Sb()
Z o\/ DY ug (2)uy(z) =5 Z o\/ DY vg (2)ve(z)* — #S)lb @

T

oe{£1} oe{£1}
because of the cancellations occurring when summing contribution of o = +1 and o = —1.
We consider first
2 - *
Z <Zx — 1> Z o\/ DY v, (z)ve(2)*,
zeVy oce{+1}

whose operator norm satisfies

Lly o+ lsr@ls |

I (1) 5 oVpE w1 L O o)

z€Vy oce{+1} zEV,
1

= Qi ()2 5 1* 5$$'D ]la:Nx:p x} Y ’ 1 1)).

_Tiﬁx;vy#sm(x)x o (T )+ Uy + Uareat /<yt (L ))( +o0(1))

Lemma 6.3.8 implies that with v-high probability, for all z € V,,
1 .
QDJ: < #Sib™ (z).
Together with Young’s Lemma and the fact that 1 ST (@) form an orthogonal family in the pruned graph,

it implies
2

3 (;_1) S o\ DR ve(@)un ()| = 0(1/6),

xT

Consider now the operator norm
Lsib— (o) Vop— o || Dy~ w) (1% u
3 Qjﬁ“ @I < max 5o ( Sib (x) _) ( Sib~ (2/) )
=, #Sib(x) =1, 52, (#5Sib~(2))?

, (1*31‘“‘@)“) (1§p (@' )”“)‘

# Sib™ ()

The first term is bounded by

Z 5, (1§1b () ) (1§ib—(x/)“) _ Z DY~ Z ity

b 2
z,x’' €V, (# Sib™ ($)) eV, #Slb ( ) v,y €Sib™ (z)

2
Z Uy,

€V 53 yE€Sib™ (z)

with v-high probability. We used Lemma 6.3.8 and Young’s inequality. This can be bounded as follows:

> 5mer <1glb Cile )<1§1b @) ) <22u > Di_

=ry (#8Sib (x))” vevins—(g) D0

Lemma 6.3.7 then gives that this is of order In N/ InIn N with very high probability.
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Similarly, using Young’s inequality, Lemma 6.3.8 and then Lemma 6.3.7 we see that the second term

is bounded by
oo w) (1%, u 1", u 2 P
> 59%@’]1%—(1)(9”')( : (x#) s)ib<—(sa:1) - ) <2, (%) 2 e
e vev, N VDs ) pesm@, D
2
In N
< _
=7 Z ( Dp* ) C’VlnlnN’
€V,

with v-high probability for some constant C;, > 0. The fact that (Vi (z))zey, is an orthonormal family

allow us to conclude that
In N
=0 (ln In N ) '

> Lsin=(e)Lop- () T Lso= (@) Lsin- )
Putting together the two bounds, we get the result. O

#Sib(z)

Lsib= () 5o )

#Sib™ (x)

>

IGVV

xGVV

6.4 The spectral gap and the semi-localization phenomenon

In this Section, we prove Theorem 6.1.9. To do so, we construct a block-diagonal approximation Aof A,
whose eigenvectors associated to the biggest eigenvalues are the u,(z) foro € {£1}andz € V,. A
spectral gap property is the proved for A, and can be transferred to a spectral gap property for A.

6.4.1 The block-diagonal approximation
We introduce some notation. It is convenient to consider the orthogonal projections
[P = Z Ug(x)ug(z)* and TI° =Id—IIP, (6.11)
eV,
oe{£1}
and the block-diagonal approximation of AP,

A= Z 0\/ DY ug(x)uy (z)* + ILAPTL. (6.12)

IGVV
oe{£1}

Proposition 6.4.1. Let v > 0. There exists C,, > 0 such that with v-high probability,

R In N A In N
A— AP <Oy A-A|<c, .
| I=CyVpmy o | =G\ oy

To prove this Proposition we use the following Lemma.

Lemma 6.4.2. Define forallz € V, o € {+1},

0o (2) = APuy(z) — o/ DY uy ().

This vector can also be expressed as

1 ORI Liy<a) ~ lgib-()
0o E ———1g \/DET =2
(x) = N~ NG Z #Slb (z) S O #Sib~ ()

yeST™ (z) yest™
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Proof of Lemma 6.4.2. We compute APu,(x):

1 o Liy<a
APy, (x) = N Lop(p) + E(Dg_lx + yeg;(x) Lsp )\ (a}) — yeg;(j) #S{ﬁ;(]blsf(y)
=0V Dz u,(z)
o |y o Z My=ay Lapin + N -
VZ\ o= VDe Lo #S @) v) ” Slb
The result follows when noticing that in the pruned graph S} (y) \ {¢} = ST~ (v). O

Proof of Proposition 6.4.1. The triangular inequality yields
JA— Al < |14 - A7) + 47 - A,
Proposition 6.2.11 allows us to bound the second part. The first part can be bounded as follows

JA— AP < || Y oV Drug(a)u(z)* — IPAPTIP|| + ||TI° APIIP + TIP APTI®||.
{L‘EVI/
oe{x1}

Recall that in Lemma 6.4.2, we defined the vector

0o (1) = APuy(z) — 0\/ DY ug(z) forallz € V,o € {£1}.

We have
APTIP = Y APug(x)us(z)" = Y o/ DY us(z)uq(2)* + B,
€V, eV
oce{£1} ce{+1}

where B =Y ey, 0s(2)us(z)*. We now bound the operator norm of B. Using the expression of
oe{£1}
d5(z) from Lemma 6.4.2, we write the operator as a sum B = Bj + By + B3 + By, with

1*

y<x
2 Lsp- e
ey Loy
= @) # Sib™ (z)
y<x

We now bound the operator norm of each of the four operators. The first one is

IB1|2 = max (u* B Biu) = > e S > Iy
1 = 12 1 1u = ImaXx , p— p— Sp ( )
fuli=1 lul=1, £, ZzZer DYDY, =l T
yesy (@)
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The orthogonality of the vectors (1 SP- (y) Jyel N] (\/ Dy Vi(y ))ye[n implies that we must take

y = 7/ in the sum above. As 7 = g and x' = ¢/ this means that the contributions for x # z’ vanish.
Furthermore, we can assume that u is of the formu = o, Vi (z). We thus get

eru
2
B = e LS b
Laev, 3=10y 4o Da yeS™ (z)

Lemma 6.3.7 implies that there exists a constant C, such that with v-high probability

In N
Bi? <0, )
11" < Inln N

The other bounds are proved similarly, in Section 6.6. Thus, there exists a constant C!, > 0 such
that with v-high probability,

InN
APTIP|| < C,
TP < ey [
The result follows from the fact that ITP and TI" are orthogonal projections. O

6.4.2 Bounds on ITAPIT

The last step before proving Theorem 6.1.9 is to bound the operator norm of ITAPII. To do so, we use
the fact that the pruned graph is actually a forest.
Let us consider ITAPIL. By definition, see (6.11), we have

OAT=A~ Y 0VDrus(a)us(x)* = (AP — A)

xGVu
oe{£1}

= Y oVDs (us(@)ua(z)" — vo(2)v(2)")

zeV,
oe{£1}
+ (AP — Z oV Dz vy (2)vs(z)").
IEVV
oce{£1}

Proposition 6.4.1 implies that the error || AP — AP|| is at most of order \/In N/InIn N, and Proposition
6.3.5 that the second part is at most of order y/In N/Inln N. We now prove that the third part is of

order \/In N/Inln N.

Lemma 6.4.3. We have

J4° = 37 ov/Drvs (v, (2)"] < 21/2.

IGV:/
oe{£1}

Proof. The matrix
A=A 3 oV Dsvs(a)vs(a)*

LBGVU
oe{£1}

is the adjacency matrix of the graph G= GP|yc. The degree of the vertices of this graph are bounded
by &, and the graph is actually a forest by Theorem 6.2.10.
Thus, a standard estimate — see for instance [ADK21a, Lemma A.4] - implies that

14'] < 2v/€.
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This Lemma yields the following bound on ||TI” APTI"||.

Proposition 6.4.4. Let v > 0. There exists a constant C,, > 0 such that with v-high probability, we have
—p = In N
" APTIY || < O/ .
| = Inln N

We now prove the main result. Firstly, we introduce some notation. Let > 0 and A > 0. We define the
sets

6.4.3 Semi-localization

WY, ={z € [N]: |\/DE =X <n} and Wy, ={x€[N]:|[y/D, - A <n},

and the orthogonal projections

H?\n = Z ut(z)uy(x)*  and ﬁ&)m =1- Hgn'
erfm

The following semi-localization result, and its proof, are very close to [ADK21a, Theorem 3.4].

Theorem 6.4.5. Let v > 0. There exists c,,C,, > 0 such that with v-high probability, the following

In N

statement is true. For all eigenvalue |\| > Cy\/ %

0 < n < |\A|/2, we have

with associated normalized eigenvector q, for all

> (gui(@)’>1-

zeWy "

2
lc,,\/lnN
nvVInlnN |

Proof. Asin [ADK21a, Theorem 3.4], the core of the proof is the spectral gap property of the form
Spec(ﬁgmAﬁﬁm) CR\[A=n,A+n.

Consider first the block-diagonal approximation A. The orthogonal projections IIP and II§ .
commute and we have the inclusion property

PTIP  _ TP
IIPIL =11 .

Note that we also have o o
Iy, =1d —IIPIIY = I + I3 11

These properties allow us to rewrite ﬁgmflﬁ&)m as
I, ATy, =TI}, TIPATIPTI} , + TIDATT”. (6.13)

The spectral gap property can be shown for IT} WAHE " by showing it for each of the two terms in
(6.13): they are the two blocks of a block decomposition of the operator. By definition, we immediately
have _ -

Spec(HK’anAHpHin) CR\[A=n,A+n).

For the second part, Proposition 6.4.4 implies that there exists a constant C,, > 0 such that with v-high

probability,
b A C InN C In N
PATY v, v _
Spec(IT"AIT™) C | 2\/1nlnN’ 5 VlnlnN}CR\[A n, A+ 1),

as we chose 1 such that |[A £ 7| > |\|/2 > C,y/In N/Inln N /2.
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We have proved o
Spec(IT} , ATT} ) C R\ [A =1, A + 7).

Properties 6.4.1 allows to upgrade this to a spectral gap property for ﬁimAﬁi,n: there exists ¢, > 0
such that with very high probability

- N N
P P _ _ - —
Spec(lly, Allyy) © RAN = (0= e\ 5wl At (0= ey )l

By convention, if n — ¢, 4/ % > 0, then the interval is (). Assume that 7 > ¢,/ %, otherwise

the result is vacuous.

We now conclude as follows. Let A be an eigenvalue associated to a normalized eigenvector ¢, we
have (A — A\)g = 0. Multiplying by ﬁﬁm and introducing Id = Hlim + ﬁim, we get

I, (A = VI g + TI3, (A — VTIR g = 0,

which simplifies to
(HKUAHKW - A)Hﬁmq = —HKWAHI;mq.

Finally, we have
I ,q = —(ITy , AT, — A)*lnimAngmq.

The spectral gap property and Proposition 6.4.1 imply the bounds
1

/ InN
n—=cv lnrinN
_ R In N
I, ATIR || < [|[A— A < e/ .
|| An )\’nH — H H >C Inln N

In N In N
Cun/ T 2¢,
HH}))\qu < Inln N A< 77ln1nN,

(T3, ATEY ,, = V) 7| <

They allow us to deduce

=%\ amN
which is the wanted result. O

Proof of Theorem 6.1.9. Notice that by Theorem 6.2.10, with v-high probability, DY < D, — £/2. Thus,
assuming \,n > \/£/2 we get

b . 6.14
W)\JI*\/% C W)\ﬂ? ( )

Setn=mn— \/g . The inclusion (6.14) implies that for all vector u,

1= Y wr(@up(@)* | ull < T3 50l
CEEWA,,,]

We have by Theorem 6.4.5 that with v-high probability,

In N In N
{1 > wr@ur@” | all < Il < -

~ 9

l’EWA,n " n- €/2

219



CHAPTER 6. SEMI-LOCALIZATION IN THE GENERALIZED RANDOM GRAPH MODEL

6.5 The biggest eigenvalues and the localization phenomenon

We now turn to the biggest eigenvalues. We show that they are close to the square roots of the degrees
of some vertices in G. Furthermore, assuming that the average degrees d, are well separated, we obtain
the localization of some eigenvectors around single vertices.

Theorem 6.5.1. There exists a constant C,, > 0 such that with v-high probability, for alli € [N], if

Ai(A) > C, % then
[ InN
< _
<Gy Inln N
In N
< _
- C”\/ Inln N

Proof. This is a consequence of Proposition 6.4.1. There exists C!, > 0 such that with v-high probability

p A In N
i(A) = N(A) < ||[A - Al < Iy —
IM(A) = M) < 14— Al < e[ BN
foralli € [N].

The i-th eigenvalue of A satisfies \;(A) = =+, /Dfr&) if \;(A) > ||TI” APTI" ||. Furthermore, Theorem
6.2.10 implies that with v-high probability, for all x € V),

Ai(A) = 1/ Dr

orif \i(A) < —Cy\/ 22255, then

Ai(A) + 1/ Dr

| Do — D3| <£/2

Hence, there exists a constant C), such that with v-high probability: for all ¢ such that )\1(121) >

| TI” APTI” |,
— In N
i) = v/ Dol < N\ v
We have a similar result when X;(A) < —||TI" APTT"||. O

We now consider the phenomenon of localization around a single vertex, in general a stronger result
than the semi-localization. According to Theorem 6.4.5, it occurs when # W, ,, = 1 for an appropriate
pair (A, 7). We fix v > 0 and n > 0.

We introduce the set of isolated vertices:

o Vy €[N,y #a|ds — dy| > <4x/ulnNdx + 4«/1/lnNdy> v 1672

V,, =<z €[N]:
! odzz%lnN

(6.15)
We shall show that the eigenvectors associated to the vertices in V;, , are localized with v-high proba-
bility.

Theorem 6.5.2. There exists C,, > 0 such that with v-high probability, for all eigenvalue A > C,, %

of A, with associated eigenvector w, and all ) < \/2, we have the following property.
IfWx, N V;, # 0 then there exists x € V;, such that

1 Cl,\/lnN>2

2
(w,uq(z))” =1 - (ﬁ\/m
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Proof. We shall show that if Wy, NV}, # (), then #W), ;, = 1. Theorem 6.5.2 is then a consequence
of Theorem 6.4.5.

Letz € Wy, N V:,n and y € W), with d, > %” In N. Note that this second point holds with
v-high probability as soon as we take C,, > 0 big enough. Lemma 6.1.10 implies that with v-high
probability,

dy —dy —2v/vInNd, —2/vInNdy, < D, — Dy, <d; —dy,+2/vInNd; +2/vinNd,.

Using (6.15), we have
1 1
dw—dy—§|dm—dy| <D, - D, de—dy+§|dm—dy\.
Notice that if D, > D, then d, > d, as otherwise we would have
1
D, - D, < _i‘dx —d,| <0,

a contradiction. We can show similarly that if D, < D, then d, < d,.
Thus, we have

1
Dy = Dy| = Slds = dy. (6.16)

Finally, we have by (6.16) and (6.15),

D,—D dy —d
’ /D:U— /Dy’ Z \/ X 5 y’ Z \/| 552 y‘ 22?7’
and thus either x = y or y & Wi . O

Example 6.5.3. Consider Example 6.1.6. The weights are chosen as the quantiles of a law with heavy

tail. Let o > 2. We set
N 1/a
7
In that case, if i < NY/(22+2) e have

N 1/ac
‘wi - wi—1| > = -

1 7

for some constant ¢ > 0. As the sequence (|w;; 1 —w;|) is increasing, we get that {1, ..., [ N*/(+2) |} ¢
vV, , withn = @N 1/(42)  On the other hand, Theorem 6.5.1 implies that for i < | N'/(2¢+2) ]|,

<n
with v-high probability, that is for all such 1,
(i) € Wy, (A) -
Bennett’s inequality shows that D; > D; 1 with v-high probability for i < | N'/(2+2) . thus 7(i) = i
for such ¢’s.

It then follows from Theorem 6.5.2 that with v-high probability, the eigenvectors corresponding to
the N'/(22+2) firgt eigenvalues are localized.
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6.6 Bounds for the proof of Proposition 6.4.1

Consider the operator

PP ek
v s \/DT # Sib-
y-<:c
Its operator norm is
4u*1 pP— 1* _ u
S p ’
| B2||> = max (u*ByBju) = max Z 1 (@) sP (@) Z 1,
lull=1 1=t 5y Z, Zoy /DR DE 4 Sib™ (2) Siby, yesr ()
y=<r
y'eST ()
y/<x/
*
4u 1 P (s )15p (x/) .
T,z

= = ”z;vz 7., \/Dp D \/#slb (x) Sib_,

4u* 15{,7(‘%) Si)_(m)u

max .
||u||:1§, Z2DY #Sib (x)

We can assume that u = )\, a,V1(x) and write
B2 < max 2 T St

We now turn to the operator

=Yz X #Slb

zeV I yeSib™(

Its operator norm is

4UCEU$/
- * BX Bau 1*
I1B5ll* = Julis 37 Z ZoZw# Sib~ (z) Sib, 2 b= () LsP~ ()"
z,z' eV ' yeSib— (z)
y’ €Sib™ (')

The orthogonality of the vectors (1 S () Jyeiv) = (/D b Vi(y ))ye[n] yields

404 2 Up Uy
1Bsl = 3 plld 5N p,
z,2' €V ZoZy# Sib (x) Siby y€Sib~™ (z)NSib~ (')

Ug Uy 2

#Sib (z)Sib, by Zsm- @y

We apply Young’s inequality to replace

1B < 30 sy > p<> 4z Ds Sy on

2
ey ZoZy (#Sib™ (2 )’ yeSib— (z)NSib~ (/) ey Za (#51D7(2))" | 67 )

Lemmata 6.3.8 and 6.3.7 give that with v-high probability

I1Bs|* <

4u? 2v InN (mN)
z,x’' €V

1—6InlnN Inln N
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Finally, consider the operator
2 Lsp-(y1
B-Y 2 Y _Sws

eV Za y,2€8ib™ (z) (# Sib (1:))

and define for x € V,

u(z) = #Sib(2) Sib~ (z)
1
W= e 2 st

Notice that

2 2
) = Zgse @y 2 Mo T Zgse e 2 o

y,2€Sib™ (z) yESib~ ()
T Z# SQib_(x)U(x)'
Furthermore,
= aseer, X % Zgsear X )
y,2€Sib™ () yeSib ()

Thus, Lemmata 6.3.7 and 6.3.8, and the Schur test imply that

[Ba] = O(1).

6.7 Estimation of the size of )V, , (Proof of Proposition 6.1.8)

Let A\, 7 > 0 such that 2 lﬁfoN <1 < A\/2. We consider the expectation IE [#WV) ,], that we rewrite
as

E#EW= Y. P(A=-n?<D.<OA+n)’)+ Y, P(A=—n?><D,<(A+n)?).
z€[N] z€[N]
we<VIn N we>VIn N

The first part can be bounded using Bennett’s inequality [BLM13, Theorem 2.9]:

P (Dy > (A=n)°) < exp (—(A - n)zln<w> —(A =)+ dx> =O(N7?),

so that
E#Wal= Y P(A-n><D.<(A+n)?)+0(N).

z€[N]
wge>VIn N

We start be recalling the following Lemma of approximation of the degrees by Poisson variables.

Lemma 6.7.1 (Approximation of degrees by a Poisson variable [vdHof16, Theorem 6.7]). There exists a
coupling (D, P,) of the degree D,, of vertex x and a Poisson variable x with parameter w,, such that

P(D.#P) < w%v <1+2m?>.

my my
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This Lemma will be key in estimating IE [#W), ;] for some A, > 0. Indeed, we have

E#Wa)= >, P(A-n><D,<(\+n)?°)+0(N ")
v

< Z P ((/\—77)2 <P, < (A+n)2) +%f <1+2”mlj> +O(N—1).
T€[N]

wg>VIn N

By Hypothesis 6.1.3, the last term is of order at most (In N')?/3. The first term can be written in term of
incomplete Gamma functions

o
F(s,x)—/ t~te7tdt.
X
Indeed, we have

> P (=< P< (b)) = ) (W) Tyl
zEe[N e[N

we>VIn N we>VIn N

where we set for convenience Ly = | (A —71)?| and Uy = [(\ + 7)?].
We shall use the two following standard properties of incomplete Gamma function.

Lemma 6.7.2. Lets > 1 andx > 0. Then, I'(s) — 2°~! < I'(s,z) < I'(s). Furthermore, I'(s,x) ~
e % asz — oo,

Proof. Tt is immediate that I'(s, ) < I'(s). For the other bound, we have

[(s,z) =T(s) — /0 t5temtdt > T'(s) — J:Sl/o e tdt > T(s) — x5 L

To prove the asymptotic estimate, we remark that

P o0 t s—1 o0 t s—1
@ = / (> e~ D)t = / < + 1> e 'dt.
5T re™ " = x 0 T
The monotone convergence theorem then implies that the limit of the left-hand termis 1 asz — co. [

We kept in the sum only terms x such that w, — oo as N — o0, hence by Lemma 6.7.2, we have

- w1 whN 2 25
E [#Wh,] < xez[;v] e w<(UN_1)!—(LN_2)!>(1+0(1))+0(<1HN) ).
wz>m

We now consider two cases:
« The weights (w,) are the (/N + 1)-quantiles of an exponential law as in Example 6.1.5.
« The weights (w,) are the (N + 1)-quantiles of law with heavy tails as in Example 6.1.6.
In the exponential case, we then have

fUN—1 N2

E[#Wiy) < N/OOo e ot <(UN T 2)!> dt(1+ o(1)) + 0<(ln N)%).

Using that the k-th moment of an exponential law of parameter o + 1 is k!/(a + 1)* we get

E[#Wa) < N— j - <(a - 11)LN_2 T 11)UN_1> (1+0(1)) + 0((1n N)25>.
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That is,
E[#Wy, <N

(a + 1)\_0(4)\77)%1 (1 + 0(1)) + O((IDN)Q(S) (6.17)

In the heavy tail case, we have

a2ta+1 00 L tLNfOsz tUN*Oé*Q
E[#Why] < Nm /to e ((LN N U 1)!> dt(1 + o(1)) + o((lnN)%).

Finally, we have

a2ttt (T(Ly —a—2,t)) T(Un —a
(a—1)d

Using Lemma 6.7.2, we get

—1,t9)
E[#Wy,) <N ) 0 > (1+o0(1)) + O((ln N)%).

I(Ly—1) LUy

2qa+1 o o
E[#WA,W]SNatO (F(LN a—2) T'(Uny-a-1)

T 140(1))+0O( (In N)*
(a—1Dd\ T(Iy-1 T'(Uy) (I+o(1))+ ((n ) )

Using Stirling’s asymptotics we have

F(LN —a— 2) F(UN — - 1) B Ly —a—1 Un —a—1
N(Iy-1) Ty <<e> - <e> ) (1+0(1))

1 1
_ oot ((A O n)2a+2) (1+ o(1)).

Finally, we get
a2t8£+1 4(0[ + l)eOé-‘rl,r/
(a—1)d \20+3

We now turn to the proof of Proposition 6.1.8. The proof will use the following variant of Lemma
6.2.9.

E[#Wy,] < N (14 o(1)) + 0((1n N)25>. (6.18)

Lemma 6.7.3. For each vertex x € [N], define
= #{y € Si(x): Wy = Wy} = Z ]l{zN%wawy}.
y#T

Let v > 0. With v-high probability, we have

- 2v. InN

Df < —_—.

T~ 1—-6lnlnN

Proof of Lemma 6.7.3. Let k > 1 be an integer. The union bound implies

P(ﬁ;z >_k:' Z P (Vi € [k],x ~ xi,wy < wy,).

k
- 1 Wy Wy, 1
+ - T _
p(0:20) < 3 TS tan) < X T (5 ).
1Tk =1 T1y--Tk 4=1
distinct distinct
where in the last line, we used that 1 ¢, <., } < Wz, /w,. By definition of the second empirical moment,

P(Df = k)< % <m?>k (1+o(1)).

mq

we have

Taking k = [ 25 érll erNJ allows us to conclude. O
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Proof of Proposition 6.1.8. Let k > 1 be an integer. We use the union bound to write

1 .
P(#Win > k) < o5 > P(Vie[k,(A\=n)® <Du < (A+0)%).
T1yeens Tk
distinct

Set D = D, — D forall z € [N]. By Lemma 6.7.3, we have for all z € [N] that

. . - 2v4+2 InN
D, =D} +D, <D,
e T P e S e T i N
with v-high probability. For convenience, write ¢, y = 21”;"52 I Iﬁ éVN'

Now, notice that the random variables ﬁ; are independent. It implies

k
1 .
P (#Wr, > k) < 7 § HIP (()\ —n)? —en <D < (>\+77)2) +O(N7)
T1yeeyTh =1
distinct

k
= % (Z]P ((/\—77)2 —anN<D; < ()\+77)2>> LO(NY).

Notice that we have

k
1
P(#Wan 2 k) < <ZIP (A=n)?—cun <Dy < (A+1n)*+ Cu,N)) +O(N™)
(E#W)\,nJrc,,,N/Q)\)k _y
< 1 +O(N™").

Markov inequality gives the crude bound

1 w:12: g . 1 ma ’
P =8 < g (Zac: (A=n)?— CV,N)2> K (N((A —n)? - Cv,N)2> .

Choosing k = L( )\2272)4 NV i’: 11;1 ]]\\,[ | gives the result. The result can be improved in our two examples

using expressions (6.17) and (6.18), derived above. O
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Chapter 7

Future research

We conclude by gathering a few research directions that arise naturally from this Thesis.

7.1 Topological expansion of unitary integrals, and beyond

Our investigation in Chapter 3 was motivated by the study of multi-matrix models. In particular, we
imposed condition on the potential so that the measure ,u,y over the unitary group is a probability
measure. We may ask if there is a topological expansion when V is possibly complex. This has been
shown by Novak in the case of the HCIZ integral [Nov20]. The same techniques may be used to improve
the result of Chapter 3 to any small enough polynomial potential.

A second limitation of our work is that it is restricted to the perturbative regime. Simply showing
that the multi-matrix models converge in the large dimension limit is difficult in general - in particular
when the potential is not convex.

Beyond the unitary group, we may apply the same program for integrals over the orthogonal group.
This had already been studied by Collins, Guionnet, and Maurel-Segala [CGMO09] for the leading order.
In particular, there are Dyson-Schwinger equations in this case as well. The combinatorial part of this
question would be to introduce possibly non-orientable maps of unitary type, and show Tutte-like
equations for their generating series. This is similar to what is done when going from perturbation of
the GUE measure, to perturbations of the GOE measure.

In the light of Chapter 4, we may even ask what a -deformed equivalent of these integrals would
look like. In the case of the HCIZ integral, this has already been studied [MP22]. To answer this more
prospective question in general, one would need to develop a 3-deformed Weingarten calculus.

7.2 [3-ensembles and maps

In Chapter 4, we proposed a new way of expressing the large N expansion of the cumulant of the
[B-ensemble. This expansion must coincide with the one of LaCroix, in terms of possibly non-orientable
maps. However, we managed to show bijectively the correspondence only for the first two orders. To
extend this, a key part would be to extend the many-to-one mapping of Section 4.5 to relate orientable
and non-orientable maps of any topology to suitably labelled maps with a prescribed topology and
number of local minima.

Understanding the higher order of the expansion could allow the computation of exact formulae for
expectations of product of distances in maps of a given topology. This is however dependent on having
exact formula to compute cumulants of the S-ensemble. As explained in 4.6 the case of expectations of
distances in planar maps is related to the S-ensemble in the 5 — oo limit. Furthermore, we showed
that the case of planar trees can be obtained, provided we know the asymptotics of power sums of roots
of Hermite polynomials.

In another direction, the many-to-one mapping of 4.5 could pave the way to constructing the scaling
limits of non-orientable surfaces. Indeed, since the breakthrough of Le Gall [LeG13] and Miermont
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[Mie13], the scaling limit of many families of maps have been computed. In particular, higher genus
Brownian surfaces have been shown to be the scaling limit of random maps of higher genus, see for
instance [Bet10; BM22]. Such constructions often rely on bijections between the studied family of
maps, and simpler combinatorial objects. The many-to-one mapping may provide a way to approach
the construction of the scaling limit of maps on the projective plane: it relates non-orientable maps
on the projective plane, which are usually complicated to work with, and planar maps, which are
well-understood. It thus supplements the existing bijections of Chapuy and Dotega [CD17], and of
Bettinelli [Bet22].

7.3 Other Fay-like identites

The identities obtained in Chapter 5 are only valid for hyperelliptic curves. In principle, more general
spectral curves can be obtained by considering two-matrix models or linearly coupled chain of matrices.

In such models, exact identities between observables are provided by the Eynard-Mehta formulae
[EM98]. Obtaining exact asymptotics in the large dimension limit can be — as mentioned in the last
Section - a difficult problem.

In all cases, the ones we treated in Chapter 5 and the prospective situation just described, the
interpretation of these formulae remain to be found. There could be a geometric interpretation, akin to
the trisecant interpretation of Fay’s identity or its role in the Schottky problem, or an interpretation in
terms of integrable systems.

7.4 Different regimes for the localization in the GRG model

The results obtained in Chapter 6 depend on two assumptions: an assumption on the behavior of the
first and second empirical moments of the sequence of weights, and an assumption on the tails of this
distribution. We may wonder how these assumptions can be relaxed. The first one, concerning the
moments is not sharp: it does not cover the case of a Erdés-Rényi graph with average degree of order
In N, studied by Alt, Ducatez and Knowles [ADK21a]. We believe however that the hypothesis on
the tails is close to optimal. Indeed, when tails become so heavy that the empirical second moments
diverges polynomially in IV, there may be a number of vertices of very high degree that are all connected
together: in this regime, there are pairs of vertices x, y whose weights are such that w,w, is of order
N'. In that case, p,, is of constant order. This is in stark contrast to the case we considered, in which
Py ™ “7;1‘”11;\}’ with wyw, < N. A different study is thus necessary to tackle this very heavy tail case. In
particular, different heuristicts are needed to study these large degree vertices: they may form cliques
rather than be almost isolated.

Furthermore, a hard question would be to show the delocalization-localization transition in the
GRG model. Showing that eigenvectors associated to small eigenvalues are delocalized — without even
showing a sharp transition — would be a difficult problem. The derivation of local laws, a key step
to prove the delocalization result, would be made more difficult because of the inhomogeneity of the
model.

7.5 A new point of view on Dyson-Schwinger equations

In an ongoing work with Alice Guionnet and Slim Kammoun, we study the approach of Kazakov
and Zheng [KZ22] to solve experimentally the Dyson-Schwinger equations. They propose to solve
the Dyson-Schwinger equations by turning it into a semi-definite programming (SDP) problem, that
can efficiently be solved on a computer. However, the equivalence of the SDP problem and of the
Dyson-Schwinger equations is not proven in full rigor. Completing the work of Kazakov and Zheng
would provide a new point of view on the Dyson-Schwinger equations, by seeing it as an optimization
problem.

228
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A key element of the reformulation of Kazakov and Zheng is that, as in the Hamburger problem, a
matrix of moments must be positive semi-definite. How this constraint help determine the moments of
random matrices remains to be understood.

7.6 Large deviations for the empirical measure of sub-Gaussian Wigner
matrices

In an ongoing work with Alice Guionnet and Ella Hiesmayr, we study the perturbation of a GOE matrix
GG by a subgaussian Wigner matrix R, i.e. the matrix

Xe=(1-¢)G+¢€R,

for some small € > 0. Our main problem is to prove a large deviation principle for the empirical
measure of X.. A key tool that has been used successfully to derive large deviation principles is based
on computation of spherical integrals, see for instance [Hus22; CDG24]. In our case, it turns out that
the quantity

Jim % nE [ezNTr(RODOT)] , (7.1)
where D is a deterministic matrix and O is a Haar-distributed orthogonal matrix, is expected to be the
most complicated term of the rate function of the large deviation principle. One way to approach the
computation of (7.1) is to proceed perturbatively: as in Chapter 3, this quantity is a generating function
of cumulants, which may be computed using Weingarten calculus. While we managed to compute
these cumulants, showing that the formal expansion does converge to a function that is the quantity
(7.1) remains to be done.
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Chapter 8

Appendices

8.1 Derivation of the Dyson-Schwinger equations

We derive the Dyson-Schwinger equations for the case of a perturbation of the GUE.
Proof of Lemma 2.6.3. 1t suffices to show this on monomials
k1 yk kr
Xgi Xgs - Xg/s

where q1,...,q, € [l], k1,. ..,k € N. We then obtain the full result by linearity. We have

—
S (XX X )
o Xy g \ I F 4/
l N p—1 r
-y > (ITxr ] (G 1T x
B k4 Xy ") @ kd
p:l 1(2)7‘7(2):1 p’:l i,’i(Q) ’ AV p’:p+1 ](2)7]
l N p—1 r
- X 5. (0x X X
= Z H Q! q,9p Xqg<2aqp i(z),i’ H a4y
p=1;2 j@=1 \p'= e i’ \p'=p+1 @
r p—1 r i
/ k /
= | 0 | I a7 @1 ) x (0x,%07) x |1 [T X
p=1 p'=1 p'=p+1 |
7'

In the expression above, Id denotes the identity matrix. Setting 7 = j in the equality above and summing
on ¢, we obtain the second claim. O

Proof of Theorem 2.6.4. Fix q € [m|. We consider the integral

0 N ¢
———Pyyexp [ -NTrV— =) TrX?|dX; --dX, =0, (8.1)
wp 0(Xq)ij ™7 ( 2 ; Z) "

in which the polynomials P and V' are evaluated in the matrices X1, ..., X,,, A1,..., A,. We shall

assume this in the sequel to make notation lighter. We divide by Z?) and use the notation <>g :

(Y = udv [f],
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where f is any function of the matrices X1, ..., Xy, 41, - .., A;. We compute the derivatives in (8.1)
and obtain
N
9 N 9 X7
P, - N . Trlv+ =2 P o =0
<<8(Xq)ij z,J>>V <<8(Xq)ij 1"< + 2)) [ >V

Lemma 2.6.3 allows us to rewrite this
N
N
<(aqu) > - N <(quv +Xq) Pi,vj,>v =0.
juj/ VvV

Set i = i’ and j = j’ and sum on both of these indices to obtain the first Dyson-Schwinger equation:

N

(Tr@Tr (OP))y = N (Tr (D, V + Xq)P))y - (8.2)
which can be rewritten in terms of cumulants as
(W @ W +Wi,) (0P) = NWP, ((D,,V + X,)P). (8.3)

We now consider the potential V=V+ 22:2 ty Py. We differentiate (8.3) with respect to to, ..., 1
and then set to = --- = ¢; = 0. As we have for any K = {i1,...,igx} C [l], any I’ > 1 and
polynomials @1, ..., Qy,

0
H aiti|t1='”:tz=ow‘]~y,l/(Qla ceey Ql/) = N#KW‘J/\{1+#K(Q11 ceey QZU ]Dila cee 7Pi#K)7
e K
we obtain the wanted equations. O

8.2 Coverings of higher genus surfaces

We continue our study of ramified coverings started in Section 2.4.2 by considering ramified coverings
whose base space X is an orientable compact surface of genus g > 1 rather than the sphere CP.

The surface ¥ now has a non-trivial homology group with 2g generators. We make a choice of a
symplectic basis (Ap, B)1<n<g. We choose representatives (ay, by,) of these classes intersecting at a
point Py only. This allows us to define, as in Section 2.7.2 a fundamental polygon 3. for the surface.
This will be more convenient to depict maps on high genus surfaces using these fundamental polygons.
We can assume that the edges of the fundamental polygon correspond, in clockwise order, to

ay, by, al_l, bl_l, a9, b, a2_1, b;l, .y Qg, by, a;l, b;l.
Similarly, the fundamental group of ¥ is also generated by the classes of (ay,bn)1<n<g. We abuse
convention and identify them with a particular choice of representative for each of them.

We now define a map m on X. Fix a point P in the interior of 3. Let al (resp. b}) be a path going
from P to the middle of a;, and then from the middle of a;l to P (resp. to the middle of b;, and then
from the middle of bi_l), and a;. We assume that we chose them so that these path are non-intersecting.
This defines a map m whose underlying surface is homeomorphic to . Said otherwise, if we denote by
3 the universal cover of ¥, the paths (ay,, b,) define a map # in 3. The map m is the projection of the
dual map to m.

Let m: 3 — ¥ be a ramified covering with set of branch points R = {P}. The map m on X may be
lifted to a map m on 3, as depicted in Figure 8.1.

In terms of monodromy representation, m is determined by one permutation for each of the 2¢
paths (a;, b;), and by one permutation for each branch point of 7. Let d be the degree of 7. We now
explain how to obtain the permutational model for the map m. Assume first that P is the only branch
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wg

Figure 8.1: Covering of a torus by a double torus. The paths o) and b} and their lifts are depicted in
blue and red.

point, with a small loop in the clockwise direction around P represented by 7. Let p; represent a;, and
o; represent b; for i € [g]. Note that we have

™= Jg_lpglagpg ce Jl_lpl_lalpl.
In terms of m, P is a vertex of degree 4g. Since the map is oriented, the half-edges are oriented.
Denote by
hi,hgi1, hag+1, hagst, - -5 hg, hog, hag, hag
the half-edges around P in the clockwise direction, with h; part of a;. Notice that with this choice, hy
and hgg are the two half-edges of a% if1 <k < gandof b;ﬁg if g+ 1 < k < 2g. Using this labelling,
in m we have
29
om=(1g+129+139g+12g+229+23g+2...... 9293g4g), and om = [](i29+1).
i=1
€(7))ic[am) encode the orientation of the h;’s: €(i) = +1if 1 <14 < 2g, and €(i) = —1if
4g. Finally, let tn,: [4g] — [2g] encode the types, or color, of the half-edges. For i € [4¢],

I/\/-\

tm(7) =4 mod 2g.

Note that ¢y 0 iy = tm, and €(am(i)) = —€(i) for all ¢ € [4g]. This give m the structure of a oriented
colored map.

Fori € [4g], each half-edge h; has d lifts. Assuming that we have labelled the sheets of the covering,
we denote them by }Ali,j,j € [d]. Let k € [g]. An oriented edge from h; to h; a4 corresponding to a;

lifts to d paths, between the half-edges ]Ali7 ; and h 1) for all j € [d]. Similarly, an oriented edge

i+2g,0,
from h; to hii o4 corresponding to b/, lifts to d paths, between the half-edges iLz ; and h
Jj € [d]. This remark allows us to give the permutational model of m.

The map h is determined by the vertex permutation oy acting on the set of half-edges by

7 h if i = 4g.

i+29,01.(5) for all

om(4),7(7)

and by the edge permutation oy acting on the set of half-edges by

~ ila ). pc@
arﬁ(hi,j) — m (4 )’pk (4)

am (0,0, ()

if1<k=ty(i)<g

,  foric [4¢g],j € [d].
ifg+1<k=tn(i)<2g ori € lagl.j € ld

>

233



CHAPTER 8. APPENDICES

The edge permutation « is an involution without fixed point: assume that ¢(i) € [g],

2(h: ) = - ) -} _ _ — B
i) = 0l i) 50 ) = Pag ) peem o0 ) = M

The fact that a3 does not have fixed point follows from the fact that o, does not either. The argument is
similar if ¢(¢) > g. We then define the orientation and coloring data €3 = (é(4, 7)) and t4: [4g] X [d] —
[2g]: for all i € [4g],j € [d],

The quadruplet (o, (v, €q, ti) determines the half-edge labelled, oriented, colored map m.

The construction we just described can be seen as a generalization of the map-as-a-lift construction of
Section 2.4.2. We now give a generalize the previous construction. It gives a higher genus generalization
of the description of Hurwitz numbers as maps.

Figure 8.2: Lifting of the map m on the torus to a map m on the double torus, in the case r; = 1,73 = 0.

Consider the same surface X, curves (ap, by)1<h<g, and point P as before. Let ry,...,724 > 0 be
integers. For all i € [g], we add:
1) (ri)

RGN

L )
SRS

. along a;, between P and a;, r; vertices v

- along b, between P and b;, Tg+4; vertices v

This gives a map m on X.

Assume that 7: ¥ — ¥ is ramified at P with any profile, and at the vgj Vs with a simple profile. Let
( ()

#,79) be permutation representing P and the v;

\ T ’s. Assume that we chose the loops so that

g
[Lowontonen = amsy? - omglmyror) - omly) oo™ o), (8.9)

h=1

Counting tuples of permutations (with a prescribed cyclic type) satisfying (8.4) is equivalent to computing
Hurwitz numbers. We now explain how we might see such tuples as defining multicolored maps of
unitary type.

In m, we distinguish the white vertices (the preimages of P) and the colored vertices (the preimages
of the vi(j ) ’s), with v of color i, for all j € [r;]. With this coloring, the map m is a multicolored map of

i
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unitary type: the edges are consistently colored, the labels of the half-edges connected to white vertices
are labelled by elements of
I'=A{(i,7) € [49] x [d]},
each preimage of a degree 4 colored vertex vz(j ) is numbered by j, and the edges between two such
vertices have an orientation which mirror the monotonicity of the labels.
In fact, in some cases, the multicolored maps of unitary types can be seen as coverings over surfaces
of genus g > 1. Such a fact has been shown by Novak [Nov25] in the case of the integral

/ exp(zN Tr UVU*V*)dUAV.
U(N)?

He can interpret the coefficient of the expansion of the logarithm of this integral in z and NV in terms
of generalized monotone Hurwitz numbers, counting covering whose base space is a torus with a
monotonicity condition. An example of a covering counted by these numbers is displayed in Figure 8.2.

We now give for the sake of completeness the permutational model of such maps. Denote similarly
as before by

O 2O, pO O

0) 1,(0) 1(0) 1(0)
g+1 29+1, 3g+l7"'7h§])7h h h

2g 2 '%3g 1 ""4g

the half-edges around P in the clockwise direction, with hgo) part of a;. Notice that with this choice,

h,go) and hgg are the first and last half-edges of a; if1 <k < gandof b;c_g ifg+1 < k < 2g. Denote

the other half-edges in aj, by h,(:), el h,(fm“), h](fr’“ﬂ) = hg;)Jrk.
When lifting the map m to a map m, each half-edge hz(-p ) is lifted to d half-edges, which we denote

by hP) for J € [d]. The vertex permutation is then given by

i,J
E%J if p=0andi # 4g
A ifp=0andi=4g
7 1171—(.7) . .
O'ﬁl(hg;)) - ib(p_(ill) if p £ 0 and p odd foralli € [4g],j € [d],p € {0,...,7(G mod 2¢)}-
i:wiT (4)
hgf;ﬂ) if p#£ 0andpeven .

Consider an edge e, part of ag if 1 <4 < g or part of bgfg if g+ 1 < i < 2g. The edge e is made of the
two half-edges hl(?p) and h§2p+1) with p € {0,...,r; — 1}. This edge is lifted to d edges, which are
mage oﬁ hg}) and BEZH) for j € [d]. The edge made of hl@”) and hz(?riﬂ) = hz(g_)zg is lifted to d edges,
made o

. A(QTZ) "(27‘1'-"-1) _ "(O) . . < . < g
hw and hi,a;l(j) hz’+2g,a;1(j)’ forje[d,if1<i<g;

s B2 nd BEED 50

i ioio() ~ Mivzg iy fori € ldhifg +1<i <29

Using this remark, we may write the edge permutation «y; as follows: for each i € [2¢], j € [d],

/A”LZ(?LU ifpisevenandp < 2r; — 1
jP=1) ifpisoddandp < 2r; — 1

an(h) = { ;)
Ai+29,ai_1(j)

(0)
hi+2g,pi (4)

ifp=2r;and1 <i<g

ifp=2r;andg+1 <4< 2g.
We then complete the definition of o so that it is an involution.
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A permutational model for a map of unitary type can be deduced: we set

(HE?F)QQ,U ) if1<i<g
() = f‘%mpmgn).wgn(j) ?f g+1<i g 29 |

M 2000 if2g+1<i<3g

i‘§0—)2g,pi(g) if 3g +1 <4 <d4g

and for all i € [2¢g], p € [r;]:
PG

The permutations 73 and (Ti(p ))ie[zg] ,pe[r; act on the set of half-edges
P 170,
I= {hi?j : (1,7) EI},

that can be identified with I. We can check that the permutations 0| 7, 7, (Ti(p )) are the permutational

model for the map of unitary type m.
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Résumé

Cette these traite de plusieurs problémes reliés aux matrices aléatoires et a I’énumération de cartes.
Informellement, les cartes sont des graphes dessinés sur des surfaces. Les travaux des physiciens Brézin,
Itzkson, Parisi, et Zuber ont permis de comprendre que le probléme de I’énumération des cartes est
relié a la distribution des valeurs propres de matrices aléatoires Hermitiennes Gaussiennes. Ce lien,
beaucoup étudié depuis, s’est révélé fructueux dans les deux directions: une bonne compréhension de la
combinatoire des cartes permet de décrire le spectre de matrices aléatoires, et des méthodes analytiques
applicables aux intégrales de matrices permettent d’approcher des problémes combinatoires a priori
difficiles. Le Chapitre 3 de cette thése propose une description de modéles de matrices aléatoires unitaires
en terme d’une famille de cartes, les cartes de type unitaire. Ces cartes constituent une généralisation
d’une famille d’objets combinatoires liés aux probabilités libres, les nombres de Hurwitz monotones.
D’autre part, la distribution de valeurs propres de matrices Hermitiennes unitairement invariantes
est un cas particulier d’'une famille de mesures appelée 3-ensemble. Au Chapitre 4, on propose une
méthode directe de calcul des moments du -ensemble en terme de cartes. Cette approche propose un
point de vue nouveau sur les moments du S-ensemble, différent de celui considéré par LaCroix, dans le
cadre la b-conjecture de Goulden et Jackson en combinatoire algébrique.

Des relations clés pour étudier les liens entre cartes et matrices aléatoires sont les équations de
Dyson-Schwinger. En théorie des matrices aléatoires, ces équations apparaissent comme conséquence
de invariance par translation de la mesure de référence considérée. Au dela, ces équations apparaissent
sous d’autres formes dans de nombreux domaines: en particulier, il s’agit des équations de Tutte en
combinatoire des cartes. Elles peuvent étre vues comme un cas particulier de la récurrence topologique
de Eynard et Orantin. Ecrites pour le 5-modele et dans la limite de grande dimension, les équations de
Dyson-Schwinger peuvent étre interprétées comme définissant une courbe hyperelliptique, la courbe
spectrale. De nombreuses observables de matrices aléatoires correspondent a des objets géométriques
définis en terme de la courbe spectrale. Il est alors possible de réinterpréter des identités probabilistes
de matrices aléatoires d’un point de vue géométrique. Une telle approche est discutée au Chapitre 5,
pour obtenir des analogues Pfaffiens de la formule de Fay.

Plutot que le spectre, on peut étudier les vecteur propres de matrices aléatoires. Dans ce cadre,
on discute du probléme de localisation des vecteurs propres d’une matrice d’adjacence d’un graphe
aléatoire. Cette question est liée notamment au probléme de la localisation d’Anderson, un probléme
encore partiellement ouvert en physique mathématique. Au Chapitre 6, on étudie le probléme de
localisation pour le modéle Generalized Random Graph, qui généralise le modéle d’Erds-Rényi.
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